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PREFACE 


This book is the first volume of a course in math^matics 
designed to present in a consecutive and homogeneous mafiaer 
an amount of material generally given in distinct courses under 
the various names of algebra, analytic geometry, differential 
and integral calculus, and differential equations. The entire 
course covers the work usually required of a student in his first 
two years in an engineering school, the first volume containing 
the work of the first year. In arranging the material, howevefr, 
the traditional division of mathematics into distinct subjects is 
disregarded, and the principles of each subject are introduced as 
needed and the subjects developed together. The objects are to 
give the student a better grasp of mathematics as a whole, and 
of the interdependence of its various parts, and to accustom hiin 
to use, in later applications, the method best adapted to the 
problem in hand. At the same time a decided advantage is 
gained in the introduction of the principles of analytic geometry 
and calculus earliet* than is usual. • In this way tH^se subjects 
are studied longer than is otherwise possible, thus leading to 
greater familiarity with their methods and greater freedom and 
skill in their application. 

In carrying out this plan in detail the subject-matter of this 
volume is arranged as follows: 

1. An introductory chapter on elimination, including the use 
of determinants. This chapter may be postponed or omitted, if a 
teacher prefers, without seriously affecting the sul?sequent work. 

2. Graphical representation. Here the student learns the use 

Of a system of coordinates and the definition abd plotting of a 
function. , 

3. The study of the algebraid polynomial This l^idudes the 
analytic geometry of the straight line, the morel'^odt^ni 

la 
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theorems of the theory of equations, and the definition of a 
derivative. Simple applications of the calculus to problems, 
involving tangents, maxima and minima, etc., are given. In this 
way a student obtains an introduction to the principles of the 
calculus, free from the difficulties of algebraic computation. 

4. The study of the algebraic function in general. The knowl- 
edge of analytic geometry and calculus is here much extended 
by new applications of the principles already learned. Simple 
applications of integration are also introduced. The study of the 
conics forms part of the work in this place, ^but other curves are 
also used and care is taken to avoid giving the impression that 
analytic geometry deals only with conic sections ; in fact, the 
chapters which deal especially with the conics may be omitted 
without affecting the subsequent work. 

6. The study of the elementary transcendental functions. It 
has been thought best to assume the knowledge of elementary 
trigonometry, since that subject is often presented for a(|^ssion 
to college, — a tendency which should be encour^ed. The 
chapter discusses the graphs, the differentiation of transcendental 
functions, and the solution of transcendental equations. 

6. The work closes with chapters on the parametric represen- 
tation of curves, polar coordinates, and curvature. In the first of 
these chapt^ the solution of locus problems,, which, from some 
standpoints, IS the most important part of analytic geometry; 
finds its natural place; for this problem involves, in general, 
the expression of the coordinates of a point on a locus in terms 
of an arbitrary parameter, and possibly the elimination of the 
parameter. 

As compared with the usual first course in analytic geometry, 
there will be found in this vblume fewer of the properties of &e 
Sonic sections, except as they appear in problems set for the 
student On the other hand, a greater variety of curves are 
given, and it is believed that greater emphasis is placed on the 
essential principles. All work in thtee dimehsions is postpone^, 
to the second year, and is to be taken up m the second volume 
in connection with functions of two er,.gbgj;{^^yariables, pMi^ 
diffelehtiaticn; and double anid ttijde fnt^iatioB, 
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Tlus volume contains the matter usually given in a hrsl eour$e 
in differential calculus, with the exception of differ^x^alfii, serlasJ 
indeterminate forms, partial differentiation, envelopes, and some 
advanced applications to curves. These subjects will' find their 
appropriate place in the further development of the course In 
the second volume. Integration has been sparingly;^ used as the 
inverse operation of differentiation, and without employing the 
integral sign. Simple applications to areas and velocities are givein. 
To do more would require the expenditure of too much time on 
the operation of integration, and the introduction of too many 
new ideas into one year’s work. The integral, as a limit of a 
sum, with its many a pplicat ions, will form an important part of 
the second year’s work. 

In the preparation of the text the needs of a student who 
desires to use mathematics as a tool in engineering and scientific 
work have bpen primarily considered, but it is believed that the 
course is also adapted to the student who studies mathematics 
for its own sake. Abstract discussions are avoided and frequent 
applications and illustrations are given. Illustrations, however, 
which are beyond the range of a first-year student’s knowledge 
of physical science are omitted. The proofs are made as rigorous 
as the maturity of the student will admit. It is to be remembered 
in .this connection that the earlier chapters are to l?e studied by 
students who have just entered college. 

In the preparation of t&ie book the authors have had the advice 
and criticism of the mathematical department of the Massachu* 
setts Institute of Technology. In particular, they are indebted 
to the head of the department. Professor H. W, 'Tyler, at whose 
invitation the book has been written, and whose suggestions have 
been most valuable. 

MASSACBDSliTTS IsSTlTDTB 01 TbOHNOIAXHT 

September, 1907 
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CHAPTER I 

ELIMINATION 

!• Determinant notation. Elimination is the process of obtain- 
ing from a certain number of equations containing two or more 
unknown quantities one or more equations which do not contain 
all of these quantities. The ({uantities removed are said to have 
been eliminated. The solution of equations is essentially the elim- 
ination of all but one of the unknown quantities. The process of 
elimination leads to the formation of certain expressions in the 
coefficients, for which a special name and a corresponding notation 
have been invented. In this chapter we shall consider equations of 
the first degree, or linear equations. These are equations in which 
no term contains more than one unknown quantity, and that in 
the first degree. 


Ex. 1. 


aix + hiv + Cl = 0, 

a2X + h2y + <^2 = 0 . 


( 1 ) 


To eliminate y, multiply the first equation by 62, the second by — 5i, and 
add. To eliminate x, multiply the first equation by — 02, the second by ai, 
and add. There results 


(ai52 — a25i) x + (C162 — C261) = 0, 
(a\h2 - a2&i) y -f {aiC2 - 02^1) = 0 . 


Unless Uiba ~ = 0, equations (2) give at once the solution of (1). 

If ai62 ajbi = 0, the method used to eliminate y also eliminates x, and the 
equations need further discussion, to be given in § 6. 

1 
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Ex. 2. aix + hiy + Ciz -f- di = 0, 

a^x + b^y + C2Z + d2 = 0, (1) 

asx + bsy + CzZ + dg = 0. 


To eliminate y and 2, multiply the first equation by (62C8 ~ &8C2), the second 
by — (61C8 — &8C1), the third by (61C2 — 62^1), and add. There results 

[ai(62C8 ~ 68C2) - a^ibiCji - 63^1) 4 - ai(biC 2 - b 2 Ci)]x 

"f [di (^2^8 — ^8^2) — ^2 (biCs — bsCi) + dg (61C2 — ^2^1)] = 0, 
or (aib^Ci -f a^b^ci + azbiC2 — axbzC2 — a2&iC8 — azb2Ci)x 

+ (di62C8 f d 2 bzCx + dzbiC 2 — dibzC 2 — d 2 biCz - d8&2Ci) = 0. . (2) 

To eliminate x and 2, multiply the first equation by — (a2C3 — agCg), the 

second by (aiCg -- agCi), the third by ~ (aiCg — a2^*i)» and add. There results 

((i\b2Cz + dibzCi -j- (izb\C2 — dibzC^ — d2b\Cz — ^3^2^!) V 

4 - (aid2C8 + UgdsCi 4- a8diC2 ^ aid8C2 — a2diC8 - a8d2Ci) = 0 . ( 3 ) 

To eliminate x and y, multiply the first equation by (a263 — azb2), the second 
by — (dibz — the third by {dibo — d2bi)^ and add. There results 

(ai 52 C 3 + rt 2 ^ 3 Ci 4 - dzbiC2 — dibzC2 ~ d2b\Cz — 08^2^1) z 

4" (01162^8 4" 012^8^1 4" dzbid2 — dibzd2 — d^^idz — U8^2di) = 0. (4) 


Equations (2), (3), and (4) give the solution of (1), unless 

dxjn^z 4- dnbzCi 4" dzbiC2 ~ dibzC2 — d^iCz — CI362C1 = 0. 


Ilie exceptional case will be considered in § 6. 


The binomials which occur in the solution of Ex. 1 are called 
determinants of the second order. The symbol 



is used to denote the determinant Oj&j — aj)y Then equations (2) 
of Ex. 1 may be written 


«2 







Cl 

c. 


= 0 . 



DETERMINANT NOTATION 3 

The polynomials which occur in the solution of Ex. 2 are called 
determinants of the third order. The symbol 

^2 ^2 ^2 
«8 h «3 

is used to denote the determinant 


The results of Ex. 2 may then be written 


ai 






Cl 









d^ 

^2 

&2 

C2i 

X + 

d^ 

h 

C2 

= 

0 , 


tta 
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f'2 

y + 


d^ ^2 






h 

C 3 




«3 

K 

Csl 


«8 

^8 






h 

^*1 



\ 

d. 









^2 

K 

6>2 


«2 

\ 

d^ 

= 

^ 0 . 








K 

^‘a 


«3 

h 

d% 






By the work of Ex. 2, 


a^ h,^ 

% K 


= a. 


K 

K 



+ «, 


h 

h 


<^2 


which may be taken as the definition of a determinant of the 
third order. 

Similarly a determinant of the fourth order is indicated by the 
symbol 

a^ Cj cZj 

*2 h f'-i 
“j h ’ 

a^ ^4 ^4 ^4 


and is defined as equal to 
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If now each of these determinants of the third order is expressed 
in terms of determinants of the second order, we shall have finally 
the determinant of the fourth order expressed as an algebraic 
polynomial of twenty-four terms. 

2. In general a determinant of the nth. order is an algebraic 
polynomial involving quantities, called elements. The symbol 
of the determinant is obtained by writing the elements in a square 
of n rows and n columns. If in such a symbol a row and a col- 
umn are omitted, there is left the symbol of a determinant of the 
next lower order. This new determinant is said to be a minor of 
the original determinant, and is said to correspond to the element 
which stands at the intersection of the omitted row and column. 
We shall now give as definition : 

A determinant is equal to the algebraic sum of the products 
obtained by multiplying each element of the first column by its 
corresponding minor, the signs of the products being alternately 
plus and minus. 

By repeated application of the same definition to the minors 
obtained, we eventually make the value of the determinant depend 
upon determinants of the second order, and thus obtain the poly- 
nomial indicated by the original symbol. 

Students who desire a more general definition and discussion of 
determinants are referred to treatises on the subject. We shall 
derive here, as simply as possible, only those properties which are 
of use in solving equations. Before doing so, however, we need to 
show that the word ‘‘column'' may be changed to “row" in the 
above definition, thus : A determinant is also equal to the sum of 
the products obtained by multiplying each element of the first row 
by the corresponding minor, the signs of the products being alter- 
nately plus and minus. 

For a determinant of the third order the student may verify 
that 


«i \ 

a, \ 

% K 



-k 


-t-Ci 


h 



DETERMINANT NOTATION 
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The theorem thus shown to be true for a determinant of the 
third order may be proved for one of the fourth order as follows : 


«, Cj dy 

«2 K Cj d., 

«3 h ‘'■3 ^3 

«4 ^4 ‘•■4 



K C.3 «?8 

m 

A h dy 


hy Cy dy 

= “l 

^8 ^8 ^8 

-a-, 

h ‘’a ^3 

+ <h 

^2 ^2 ^2 


J4 6'4 d^ 

1 

64 C4 <^4 


J4 C4 <^4 


— a,\h. 


^8 ^8 


(by definition) 


^2 C 2 d. 


d. 


-aih h* -c ^d 

H T 4 < ‘ ^4 <^4 ^ ' ^4 C 4 

+“.(», h l--«. ^ J +‘^.^ 

I T '4 <^4 * ^ <^4 ^ C, 




. g ^2 ^2 4 . /7 ^2 ^ 2 1 


d., 

C4 


(as already proved) 

T r* ! ^3 ^9 ^9 I 

^1 1 ®2 J ~ “s -J + ®4 ' 

I |®4 “4 * C4 «4 * C, 

'> {“’Is’ d] j’ rf’ ll 


«. ^ '■ 
^ ^4 




(by a rearrangement) 

Cj <^2 flfj C 2 d^ \ d^ a, 

C3 d^ - 6, a, C3 d^ + Cj a, \ d^ - d^ a. 


C 4 t ?4 ^4 C 4 0^4 


^4 ^4 ^4 n 4 


(by definition) 


In a similar manner the theorem may be proved successively 
for determinants of the fifth, the sixth, and, eventually, any order. 
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3. Properties of determinants. 

1. A determinant in nnchaufjed in value if the rows and the 
columns are intarhaiujed in such a manner that the first row 
becomes the first column^ the second row the second column^ and 
HO on, 

I'lic student may verify that 




K 


rt, 

h„ 

) 

a, 

K 



\a. 

% 

«» 

«, 

K 




K 

K 


K 



h 

^2 



This proves the theorem for (h*terminants of the second and 
the third orders. To prove it for one of the fourth order, proceed 
as follows : 


a^ (\ t/, 
(t.3^ b.j^ d., 

^4 ^4 ^*4 ^^4 


\ K K ^ 

^ l ^8 ^*4 

d^ d,, d^ d^ 



'^•2 


^'t '■i j 

c, (7,1 

h^ c, (7, 


K < 

— a,. 

K + "a 

Ik, d„ — a^ 

l>., (L 


'u 



K C. (7. i 

7'a t'a (K 



Ik, K 7'. 

\I\ K K 



= (t, 

'■•2 '‘a •'* 

— (i„ : f, (•„ c, 

+ 

^ '■•2 ‘’('-“ai '2 <’a 


<K <7* <K 

|(7, (7, (7. 


(7, (/„ (7^: j(7, (7, 


The expressions on the right of these equations are equal, and 
hence the determinants of the fourth order are equal. In the same 
manner the theorem may he proved for determinants of higher 
oixler. 

It follows from this theorem that any property which is true of 
the rows is also true of the columns, and vice versa. The following 
theorems are stated for both rows and columns, but are proved for 
the rows only. 
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2. If two consecutive rotes (or columns) of a determinant are 
interchanged^ the sign of the determinant is changed. 

The student may verify that 





a, k 

= 

= — 

«2 

a, 

K 

K 

5 









«2 h 




h 

^'1 


rt, 




K 

<•2 

= 


<■1 

y 


K 

c^ 

= — 


K 

^8 • 

"a 

CO 



«3 h 

<•3 


"3 

\ 



a. 

K 

<^2 


The theorem is then proved for determinants of the second and 
the third orders. To prove it for a determinant of the fourth order, 
consider 


a, 

i, 


d , 


ffl, 




«2 

K 


d ., 

and 

<'3 

K 


d ^ 

«8 

K 

‘^3 



«2 

K 

'-2 


«4 

K 


‘^4 


«4 

K 

‘'’4 

d . 


By definition, 


U/j Cj d^ 

i h., c„ d., 

I "4 ^ ^ 

!«, \ (/, 
j ^3 ^3 ^3 ^8 

l«2 Cj 

!«4 K «4 «^4 


= "i 

/'2 '■2 

' 3 l 

- «2 

h '■x 

+ «3 

/>, r, 4 /, 
fj, d.. 

-«4 

kj, d.^ 


1^ '4 

1 

1 

1 

A ^ 


' 4 


% «8 



'■3 <•. 


4 ’, 4/, 




C, (i, 

= Oj 

(!», r, 4/,, 

^4 <^4 <^4 

-«3 

(/., 

^4 ^ 4 ^^4 

+ ^'1 

4 -, 4/3 

-«4 

^3 ^8 ^^8 

K ^'2 ^^2 


Comparing these two expression.s, it will be noticed that the 
minors which multiply and (the elements of the unchanged 
rows) differ in the two expressions by the interchange of two (con- 
secutive rows, and tliat the minors which multiply and (the 
elements of the interchanged rows) are the same in the two expres- 
sions but are preceded by opjx)site signs. It is evident on reflection 
that these laws always hold ; and hencce, if the theorem is true 
for detenninants of any order, it is true f(jr determinants of the 
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next higher order. The theorem is known to be true for determi- 
nants of the third order ; hence it is universally true. 

3. A determinant is equal to the algebraic sum of the products 
obtained by multiplying each element of any row {or column) by its 
corresponding minor ^ the sign of each product being plus or minus 
according as the sum of the number of the row and the number of 
the column in which the element stands is even or odd. 

For the hth row may be made the first row of a new determi- 
nant by k — 1 interchanges of two consecutive rows. By theorem 2, 
if k is odd, the new determinant is ecjual to the original one ; and 
if k is even, the new determinant is equal to minus the original one. 
Tlie new determinant may now be expressed by definition as the 
algebraic sum of the elements of its first row multiplied by their 
minors, whicli are tlie same as those of the A th row of the original 
determinant. Hence the original determinant is ecjual to the alge- 
braic sum of the elements of its A'th row multiplied by their minors, 
the products being alternately plus and minus wlien k is odd, and 
alternatidy minus and plus when k is even. From this the law of 
signs as given in the theorem at once folio wa 




<0 

6i 

Cl 

d\ 


Oi 

bi 

Cl 



Ol 

6, 

Cl 



0| 

64 

C| 

d. 


6a 

Ca 

iU 


ag 


C8 

<6, 


<ll 

64 

C| 

d. 


Ol 

6, 

Cl 

dx 


6a 

ca 

iU 


fli 


Cl 



as 

6i 

Cg 

dt 


02 

63 

C« 

dt 

04 

6« 

Cl 

di\ 


08 

bs 

Ca 

(is 


«3 

^3 

C8 

dt 


Os 

bt 

Ci 

dt 


16, f, (i. 


a, c, <1, 


Ol hi di 


0, 6, c. 

= — tti 1 feg Cg tig 

+ 64 

Os Cg (ig 

~ C| 

02 hi d% 

+ dt 

at bt ct 

i ba Ca (ia i 


Oa Ca cia 


Oa hi di 


at bt ct 


When a determinant is thus expi'essed it is said to be expanded 
according to the elements of the A*th row. We shall call the 
coefficient of an element the quantity which multiplies it in 
the expansion. 

Then the coefficient of an element is plus or minus the corre^ 
spmiding minor accorditig as the number of the row added to the 
number of the column is even or odd. 



PROPERTIES OF DETERMINANTS 


9 


The coefficient of shall be denoted by that of by 
and so on. Then 


«i \ 
^8 


''I 

«8 

= + h^B.^ + 

==^c,i\ + c,C, + c,C, 

= ^' 2^2 

^ ^8 ^' 8 * 


4. If any two rows {or eolumns) of a determinant are inter- 
changed^ the sign of the determinant is changed. 

For suppose the determinant is expanded as in theorem 3, and 
that two rows other than that used in the ex])anHion be inter- 
changed. A similar interchange takes jdace in the minors of the 
expansion. Hence, if the theorem is true for ea(*.h of the minors, 
it is true for the determinant. In other words, if tlie theorem is 
true for determinants of any order, it is true for those of the next 
higher order. But the theorem is cerUiinly true for determinants 
of the second order, Henr^e it is always true. 


5. If two rows {or columns) of a determinant are the same, tlu 
determinant is equal to zero. 

Let a determinant with two rows the same l)e exj)anded accord- 
ing to the elements of some other row. Each minor of the exi)an- 
sion has two rows the same. Hence, if the theorem is true for 
determinants of any order, it is true for determinants of the next 
higher order. But the theorem is certainly true for determinants 
of the second order, for 


ajij — 0. 


Hence it is universally true. 
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6. The sum of the products obtained by muUipUjing the elements 
of any row {or cnluaiin) taj the coejjlcicnts of the corresponding ele- 
ments of some other roni {or column) is zero. 

Consider, for example, 


/>, r., (L, 

K ''a 

^ ^'4 "'i 


— + ^2^2 "I" ^2^2 ^2-^2' 


If we replace '' 2 » right-hand side of this equation 

^'v same su[)stitutioii must he made on the left- 

hand sitle. 'I'hen vve have 


".2 

"i 




Ihit the det(*rminant is zero, hy theorem 5 ; therefore 

d = 0 . 

It is evident that the ])roof is general and establishes the 
theorem. 

7. If each element of any mm {or column) is multiplied by the 
same quantity, the determinant is multiplied by the same quantity. 

This follows at once from theoi'em 3. Fur example, 

. h ^•<’1 
. h., Jci- (i. 


"a K '^3 

k'c^ d^ 


= ke^Cy -f- k'cf^.^ -f- ke^C^ -f- k'C^C^ 
— i ' [<•,<''1+ '’2^3+ <■3^+ 

= k 


"x \ ^X 

ffj <‘j rf,. 

"a K '•a < 

a, fe, r, rf. 
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8. If each of the elements of any row {or column) is increased 
hy the same multiple of the corresponding element of any other 
row {or column), the value of the determinant is unchanged. 


We wish to show, for example, that 




k, c^ d^. 


a^ h^+kd^ (\ rfj 
a^ kd,^ d,^ 
(i^ h^+kd,^ c.^ r/., 
a^ h^+kd^ e^ d^ 


( 1 ) 

( 2 ) 


Let the coefficients of the elements in the second column of 
(1) be /^j, 7^3, B^. It is evident that these are also the coeffi- 

cients of the elements of the second c.olumn of (2). Hence (2) is 

{l\ + “h {ho + kd.,) Bo + {h.^ + kd.^) B.^ -f {h^ + kd^) B^, 

which ecjuals 

hji, + hB^ + 4- /•(</, />\ + d,B, + d,B, dji,). 


The cotdticient of k in tins (*([nati(>n is zero, by theoniin 6, and 
the remaining terms enual th(‘ determinant (1). Hence (2) = (1). 

It is evident that the proof is general. The following are sptjcial 
cases: If /r = l, the elements of one row or (jolumn are added to 
the corresponding elements of another row or column ; if /r = — 1, 
the elements (»f one row or column are subtracted from those of 
a nother row or column. 

This theorem is often used in simplifying determinants. 


Ex. 1. (Vmsider 


1-21 2 

3-6 8 6 

- 1 2 8-4 

8-62 r, 


(1) 


If the elements of the second column are adflewl to those of the fourth column, 
this becomes 


1-2 1 0 

8-53 0 

-1 23-2 

8-6 2 0 


( 2 ) 
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If twice the elements of the first column are added to those of the second 
column, (2) becomes 


10 1 0 

3 13 0 

-103-2 
3 12 0 


(3) 


If the elements of the first column are subtracted from those of the third 
column, (3) becomes 


10 0 0 

3 10 0 

-10 4-2 

3 1-1 0 


(4) 


Expressing (4) as the sum of the product of the elements of the first row 
and their coefficients, it becomes 

1 0 0 

0 4 -2 ; 

1-1 0 

1 4 — 2 1 

and this is equal to 1 ^ ^ — 2. 


Ex. 2. Consider 


X 

Xi 

X2 


V 1 
Vi 1 
Vi 1 


By successive subtraction of the elements of one row from those of another 
we have 


X V \ 


X-Xi V -Vl 0 

i 

X -Xi V -Vl 0 

Vl 1 

= 

xi Vl 1 

li 

Xi -Xi Vi-Vi 0 

% 1/2 1 


«2 Vi 1 

1 1 

Xi Vi 1 


? J L 11^6 lasl^ transformation being made by 

— X2 Vi — ® 

theorem 3. 


4. Solution of n linear equations containing n unknown quan- 
tities, when the determinant of the coefficients of the unknown 
quantities is not zero. We are now prepared to show that the 
method used in § 1 to solve equations with two or three unknown 
quantities can be so generalized as to apply to any system of 
equations of the first degree in which the number of equations is 
equal to the number of the unknown quantities. For convenience 
we will take the case of four equations, but the student will readily 
see that the method is perfectly general 
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Consider the equations 

+ h^y + c^z + d^w + = 0 , ( 1 ) 

+ hy + V + ^2^ + ^2 = 0, (2) 

a^x + h^y + c^z + d^w + ^3 = 0 , ( 3 ) 

+ ^4^ + d^w + <?4 = 0. (4) 


Let the determinant of the coefficients of the unknown quan- 
tities X, y, Zj w be denoted by D, so that 

Cj d^ 

d^ 

^8 h ^8 ’ ' 

^4 ^4 ^4 ^4 

and let denote the coefficient of a^, the coefficient of and 
so on. We assume i) =5^= 0. 

If now we multiply (1) by (2) by (3) by Jg, (4) by A^, 


and add the results, we have, by theorems 3 and 6, § 3, 

Dx + e^A^+ e^A^ + e^A^ + e^A^ = 0. (5) 

Similarly, by using B^, B^, B^, B^ as multipliers, we have 

Dy 4 - e + ^2^2 + + ^4^4 == 0 ; (6) 

by using Cg, C^, as multipliers, we have 

Dz + ^2^2d' ^8 ^3+ ^4^4 = 0; (7) 

and by using i>j, Z>g, as multipliers, we have 

JDw -f- 4 " ^2^*2 "h ^8-^3 4 " ^4-^4 ~ d. (8) 


Now it is clear that any values of x, y, z, w which satisfy (1), 
(2), (3), (4) satisfy also (5), (6), (7), (8). Conversely, any values 
which satisfy (5), (6), (7), (8) satisfy also (1), (2), (3), (4). For if 
we multiply (5) by (6) by 6j, (7) by c^, (8) by d^^ and add, we 
obtain (1). Similarly (2), (3), (4) can be obtained from (5), (6), 
(7), (8). Hence (1), (2), (3), (4) and (5), (6), (7), (8) are equivalent 
equations. 
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Now + e, ■■ 


h <^i 
«2 ^2 




^3 ^8 


Cj^i + + e,5, + — 


Cj d^ 


^8 


d. 


«lC'i+ e2C'2+ «3^8+ ^4^4 = 


^1 

^2 ^2 


dj^ 

d„^ 

d. 


^4 6, e. 


and 


6jZ>i+ ^2^+ ^sAd" ^4 A = 


^1 ^1 
^2 «2 
^^3 ^3 


Hence the solution of (5), (6), (7), and (8) is 

/ 



«1 


«i 

d!j 


<*4 

«1 

^r 

dr 


«2 

h 

<^2 

^2 


«2 

«2 

<^2 

d^ 


«8 

h 

^3 

tfg 


«8 

^3 

C3 

ds 


«4 

h 

^4 

t^4 

fkt -- 

(*4 

^4 

C4 

dr 


fflj 

K 


d^ 


(tj 



d^ 


«2 

K 

^'2 

d. 


“2 

\ 

«2 

d. 


«3 

h 

‘"'s 

dg 


«8 

\ 

*^3 

d% 



K 

<^4 

d. 


<*4 

K 

«4 

d^ 


«i 

h 


dr 


«1 

\ 

Cl 

Cl 


«2 

K 

«2 

d. 


«2 

\ 

C2 

C2 


«8 

K 

«3 

d^ 


«3 

K 

C3 

C3 


«4 

K 

«=4 

dr 

/j/5 _ - - , , 

«4 

■h 

C4 

C4 



h 


d^ 

> W — ““ 

“1 

\ 

Cl 

dr 


«2 

K 


d. 


«2 

\ 

C2 

d. 


«8 

K 


d. 


«8 

h 

Ca 

ds 


<*4 

K 

«4 

d^ 


«4 

K 

C4 

d^ 


and this is the solution, and the only solution, of (1), (2), (3), (4). 
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Hence we may state the following important theorem : 

Any system of n linear equations containing n unknown quan^ 
titus has one and only, one solution when the determinant formed 
hy the coefficients of the unknown quantities is not zero. 

This solution may be written down at once, for each unknown 
quantity is equal to minus a fraction, of which the denominator is 
the determinant of the coefficients and the numerator is a similar 
determinant formed by replacing the coefficients of that unknown 
quantity by the absolute terms. 


Ex. 1. 


3aj-l-62/ — 4 = 0, 
2x — 3y“f“7 = 0. 



Ex. 2. 2x — Sy-fa: — 1 = 0, 

4x + 5y — 2;?-l-2=0, 
X — 2y-f32: — 8=0. 



5. Systems of n linear equations containing more than n un- 
known quantities. When in a set of linear equations the number 
of equations is less than the number of unknown quantities, the 
equations have usually an infinite number of solutions, but may 
have none. The general method of procedure in solving them is to 
pick out a number of the unknown quantities equal to the number 
of the equations and having the determinant of their coefficients 
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not zero. These are solved by the method of § 4. We then have 
these unknown quantities expressed in terms of the others. 

Ex. 1. 2aj-f3y+z + 4 = 0, 

* — 2y-f32-f2 = 0. 


If we choose x and y for the unknown quantities, we have 




= ~7. 


Then, solving as in § 4, we have 


X 


z + 4 3 

3 ^ 4-2 ~2 


2 3 

1 -2 



“ 2 , 


2 z + A 
1 32 : 4-2 _ 6 

2 3 7 7 

1 -2 


and since z may be given any value whatever, the equations have an infinite 
number of solutions. 


Ex. 2. 23J4'3y4“2:4"4 = 0, 

2x-t-3y4*22;4-3 = 0. 


If we choose to solve for x and y, we have 


D = 


2 3 
2 8 


= 0 . 


But if we choose to solve for y and we have 


The solutions are 


D = 


3 1 
3 2 


= 3. 


y = -§ X - f , 

Z = l. 


It is possible that no selection of the unknown quantities will 
lead to a determinant of the coefBcients which is not zero. In this 
case the equations may have no solution. The discussion is too 
complex for this book, but the student will probably have no diffi- 
culty with the cases likely to occur in practice. 
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£2x« 8. 2x*4’8y-f-2j-i“4 = 0, 

2x-}“8y'i“j5-i“3 = 0. 

The determinant of any pair of unknown equations is zero. By subtracting 
the second equation from the first we have 1 = 0, showing the equations to be 
contradictory. 


6, Systems of n linear equations containing n unknown quan- 
tities, when the determinant of the coefiicients of the unknown 
quantities is zero. Consider again equations (1), (2), (3), (4) of 
§ 4, but with the assumption that D = 0. We may proceed exactly 
as in § 4, but equations (5), (6), (7), (8) do not now contain the 
unknown quantities. In fact, these equations are, in general, con- 
tradictory, and consequently equations (1), (2), (3), (4) have, in 
general, no solution. 


Ex. 1. 


Here 


X-2/+ z-j-8 = 0, 

2x-fy-f3z + l = 0, 
x + 22^ + 2z + 4 = 0. 




1 

3 

2 


= 0 . 


Eliminating y and z by the method of § 4, we have Ox — 24 = 0, which is 
absurd. Hence the equations have no solution. 


It is, of course, possible that when Z> = 0 each of the other 
determinants in (5), (6), (7), (8) is also zero. Each of these equa- 
tions is then simply 0 = 0, and gives no direct information about 
the solutions of (1), (2), (3), (4). As a matter of fact, in this case, 
(1), (2), (3), (4) have, in general, an infinite number of solutions, 
but may, under special conditions, have no solutions. 

The general discussion is too complex to be given here. We 
shall simply state the following theorem: 

A set of linear equations containing n unknown quantities has^ 
in general^ no solution when the determinant of the coefficients of 
the unknown quantities is zero, but mag, under certain conditions, 
have an infinite number of solutions. 



18 


ELIMINATION 


lu practice, one of the n equations jnay be temporarily set aside, 
and the other n — 1 equations, which contain n unknown quan- 
tities, may be examined by the method of § 5. If these equations 
can be solved, the solution can be tested in the equation which 
has been set aside. 

Ex. 2. 2a;— 3y-f a; — 1 = 0, 

X — 2y-f32;-f4 = 0, 

7x - 11 y + 62 + 1 = 0. 

If the method of § 4 is used, the I'esult is 0 = 0. Solving the first two equa- 
tions for X and y, we have 

X = 7 2 + 14, 
y = 5 2 + 9, 

and these results are found on trial to satisfy the last of the given equations. 
Since z may have any value, the equations have an infinite number of solutions. 


7. Systems of linear equations in which the number of the 
equations is greater than that of the unknown quantities. If 

there are more equations of the first degree than there are unknown 
quantities, there will be, in general, no values of the unknown 
quantities which satisfy all equations. There may be such values, 
however, when certain relations exist among the coetficients of 
the equations. To obtain these relations we may , pick out a num- 
ber of equations equal to the number of the unknown quantities 
and solve them. If the solution is substituted in the remaining 
equations, there will result certain expressions in the coefficients 
which must be zero if the equations are to be satisfied. 

The most important case is that in which there are n + \ equa- 
tions containing n unknown quantities. For example, consider 

a^x -f h^y + c^z + = 0, 

+ Ky + ^ 2 ^ + ^^2 = 

%x + h^ + c^z + = 0 , 

a^x + h^y + cjn = 0 . 
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The solution of the first three equations, if 


«i h 
h Cz 

*3 h «8 


:?fc 0, is (§ 4) 


a?==- 



d, 

d. 

K 

C2 


&2 Ci d^ 
h Cs tfg 



K 

Cl 


«i ^ 

Cl 



K 

C2 


«2 ^2 

C2 


«« 

\ 

Ca 


«8 \ 

Ca 



d. 

Cl 

1 

«i 

Cl *^1 



“2 

d^ 

C2 


«2 

Cg d^ 




d^ 

Cs 



Ca 



a, 

\ 

Cl 


«1 

^ c, 

> 


«2 

\ 

C2 


«2 

^2 Cj 




K 

Ca 


«8 

\ C3 



l«i 

\ 

d. 





«2 

K 

d. 





«3 

\ 

d. 






\ 

Cl 





«2 

K 

C2 





«3 


C3 







5? = • 


Substituting these values in the first member of the last equa- 
tion, we have 



|«i 

Cl 

d. 

«s 

K 

C2 

d. 


K 

Ca 

d. 

h 

c« 

d. 


«i 


Cl 



«2 

h 

C2 



«a 

h 

c. 
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Hence, in order that the last equation may be satisfied, we must 
have 


\ Cj 

\ Ca 

«« h 

^4 ^4 ^4 


d, 

d, 

d. 


Extending this to any number of variables, we have the theorem : 

In order that a system of n + \ linear equations containing n 
unknown quantities shall have a solution, it is necessary that the 
determinant formed from the coefUcients of the unknown quantities 
and the absolute terms shall he zero. 


Ex. 1. 


Here 


25+ «~2=0, 

235 + y — + 3 = 

a; — 2y-32:-f4 = 0, 
6x — 3y — 42:-fl = 0. 


1 11-2 



showing that if the first three equations have a solution it will satisfy the fourth 
equation. In fact, the solution is x = 1, v = — 2, « = 3. 


It should be noted that the converse of the theorem stated is 
not necessarily true. All that has been proved is that if n of the 
equations have a solution, that solution satisfies the {n + l)st equa- 
tion when the determinant is zero. But the determinant may be 
zero when the equations are contradictory. 


Ex. 2. 


Here 


2x — 3y4- « + l = 0, 
2x — 32^-}-52r4*2 = 0, 
2x — 3y-6z — 3 = 0, 
2x — 8y-f2« — 8 = 0. 



but any three of the equations may be seen to be contradictory by the method 
of §6. 
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8. Linear homogeneous equations. An equation ia homoge^ 
neous with respect to the unknown quantities when the sum of 
the exponents of the unknown quantities is the same in each term 
In particular an equation of the first degree is homogeneous when 
each qf the terms contains one of the unknown quantities; for 
example, 

+ a^x^ = 0 , 

where x^, x^^ x^, x^ are the unknown quantities. 

This equation is, of course, satisfied by placing x^ == 0, = 0, 

^8 = 0, = 0, but in practice this solution is generally unimportant. 

In such equations, in fact, it is usually the ratios of the unknown 
quantities which are important ; for if each unknown quantity is 
multiplied by the same number, the equation is unaltered. In fact, 
if we place 

x^ x^ x^ 

~ = a?, ~ y, ~ 

the homogeneous equation just written becomes the non-homogene- 
ous equation 

= 0 . 

In this manner a set of homogeneous equations containing n 
unknown quantities may be reduced to a set of non-homogeneous 
equations containing n — 1 unknown quantities by dividing each 
equation by one of the unknown quantities. The methods of the 
previous articles may then be used. But this method of proced- 
ure is open to the objection that the unknown quantity by which 
the equations are divided may possibly be zero when the division 
is invalid. It is better, therefore, to handle the homogeneous equa- 
tions as they stand, slightly modifying the methods used for non- 
homogeneous equations in a manner which will be clear from the 
exanaples. 

Ex, 1, ctiZi + "1“ dzZs 4* = 0, 

biXl 4" 4" ^9^9 4" “ 0, (1) 

C\X\ 4* 4” c^Xz 4* ^4X4 = 0* 
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We will handle this by the method of § 4, in that we temporarily look upon 
*8 as the unknown quantities. We liave, in the first place, 


ai 

(h 

as 



a4X4 

a2 

as 

61 

b 2 

68 

Xi 

4- 

64X4 

62 

ba 

Cl 

Ca 

Cz 



C4X4 

Ca 

Ca 


(I 2 

as 



ai 

a 4 X 4 

as 

bi 

bi 

bz 

X 3 

•f 

61 

64X4 

ba 

Cl 

Ca 

CSi 


i 

Cl 

C4X4 

Ca 

ai 

(I2 

as 



«! 


a 4 X 4 

bi 

ba 

bz 

xa 

4 

61 

62 

64X4 

Cl 

Ca 

Ca 



Cl 

Ca 

C4X4 


which may be written as 


ai 

aa 

as 



a2 

aa 

04 




61 

62 

ba 

Xi 

-f 

62 

ba 

64 

X4 

= 0, 

(2) 

Cl 

Ca 

Ca 



C2 

Ca 

C4 




<*1 

d'i 

aa 



ai 

aa 

04 




bi 

ba 

ba 

X2 

— 

bi 

ba 

64 

X4 

= 0, 

(8^ 

Cl 

Ca 

Ca 



\ci 

Ca 

C 4 i 




ai 

aa 

as 



ai 

da 

04 




bi 

62 

ba 

Xa 

4 - 

bi 

ba 

64 

X4 

= 0, 

( 4 ) 

Cl 

Ca 

Ca 



Cl 

Ca 

C4 





From these follow : 


Xi : Xa • Xs ' X4 = 

Oa Os (I4 

ba ba 64 

; 

Oi da 04 

61 ba 64 

• ! 

Oil da 04 

61 62 64 

1 ^ 

(i\ 0,2 da 
bi ba ba 


Ca Cs C4 


Cl Cs C4 


Cl C2 C4 


Cl Ca Ca 


The result (5) holds even when one or more, but not all, of the determinants 
involved are equal to zero. Then the corresponding unknown quantities are 
equal to zero. For example, if 


ai 

as 

04 


ai 

02 

04 

bi 

ba 

64 

= 0, 

61 

62 

64 

Cl 

Ca 

C4I 


Cl 

Ca 

C4 


and the other determinants in (6) are not zero, (3) and (4) show that = 0 and 
= 0, while (2) shows that the ratio of Xi and X4 are correctly given by (5), 

If all the determinants in (5) are zero, the values of the unknowns are not 
thereby determined. In this case, two of the equations (1) should be solved for 
two of the unknown quantities in terms of the others, and the results tested for 
the last equations. 



ELIMINANTS 23 

It should be noted that contradictory equations cannot occur. The student 
should compare the contradictory equations 

2*-3y + 4 = 0, 

2X'-3y — 2 = 0, 

with the homogeneous equations 

2xi -Sx2 +4 xz =0, 

2 — 3 X2 — 2 its = 0 . 

By subtracting one equation from the other we have 

(5 Xs = 0, 

whence Xa = 0 and Xi : Xq = 3 ; 2. 

Ex. 2. The four equations 

aiXi + a2X2 + 03X3 + (I4X4 = 0 , 

4" ^ 2 X 2 + ^3^3 + ^4^4 = 0, 

4 - C2X2 + ^3X3 4 * C4X4 = 0 , 

4 ^2X2 4 ' ^3X3 4 * ^4X4 = 0 , 

have, of course, the common solutions, Xi = 0, X2 = 0, X3 = 0, X4 = 0. In order 
that they may also be satisfied by tlie same ratios of the unknown quantities, it 
is necessary that 

Q>1 0.2 CLz 

bi 62 ^8 0 

Cl C2 C3 C4 
di d2 ds d4 

The proof is as in § 7. The condition is also sufficient, for the proof of § 7 
shows that if three of the equations have a solution, that will also be a solution 
of the fourth equation ; and, as just noted, three homogeneous equations always 
have a solution. 

9 . Eliminants. The result of eliminating all the unknown 
quantities from two or more equations is an equation the left- 
hand member of wliich is called the eliminant, or resultant, of 
the given equations. The following cases are important : 

1. w + 1 uon-homogeueous linear equations with n unknown 
quantities. To eliminate the unknown quantities, we may solve 
n of the equations and substitute the solutions in the remaining 
equation. The work and the result are as in § 7 ; that is, 

The eliminant of n + 1 no^v-liomogeneous equations with n un- 
known quantities is equal to the detenninant of the coefficients and 
the absolute terms. 
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2. n homogeneous linear equations with n unknovm quantities. 

To eliminate the unknown quantities, we may solve n~l equa- 
tions for their ratios and substitute the results in the remaining 

equation. The work and the result are as in § 8 ; that is, 

Tlie eliminant of n homogeneous equations with n unhnovm quan- 
tities is equal to the determinant of the coefficients. 

3. Two equations containing one unknown quantity. Let it be 
required to eliminate x between the equations 

-I- ijic -f- Cj = 0, (1) 

a^a?-\-h^x-\-c^ = Q. ( 2 ) 


If we multiply each equation by x, we have 

a^a? b^a? 4 - c^x = 0 , 

and aj*’ -|- b^x^ + c^x = 0. 


( 3 ) 

( 4 ) 


These four equations may now be considered as linear in the 
three xmknown quantities a?, x?, and x. Elimination gives, by 1, 


0 

«1 

K 


0 


K 



h 


0 


h 

^2 

0 


( 5 ) 


It is clear that if equations (1) and (2) have a common solution, 
equation (6) must be true. Conversely, it may be shown that if (5) 
is true, (1) and (2) must have a common solution ; but this proof is 
too long to be given here. 

The method used in the above problem may be used for 
equations of any degree and is known as Sylvester’s method of 
elimination. It consists in multiplying the given equations by 
successive powers of x until we have one more equation than we 
have powers of x. The eliminant is then found as in 1. 

The method may also be used to eliminate one of the unknown 
quantities from two equations containing two unknown quantitiea 
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PROBLEMS 


Find the value of each of the follovring determinants : 

^ L. 

2 . 


4. 


4 

6 



1 

0 

1 



X 

y 1 


8 

6 


7. 

3 

2 

0 

, 

11. 

1 

2 -1 


X 

1 



1 

1 

0 



4 

3 2 


y 

1 



0 

a 

6 






X 

1 


8. 

a 

0 

c 

, 

li . 

1 

110 


X2 

1 



b 

c 

0 


0 

1 1 1 


1 

0 


» 





1 

0 1 1 

• 

10 

4 

• 

9r 

a 

h 

y 



1 

1 0 1 


11 

|2 

- 

3| 

h 

9 

b 

f 

f\ 

• 


0 

Oi 6i 

Cl 

1 

2 

8 

loT 

1 

1 

1 

1 i 

13. 

0 

02 62 

C2 

2 

3 

1 

a 

b 

c 

ai 

61 Cl 

0 

3 

1 

2 



62 

C2 


Oa 

62 Ca 

0 


Prove the following relations : 



4 

2 

1 



v/ 


1 - 

-2 

-3 



1 

2 

3 

14. 

3 

4 

2 

= 0. 


17. 

— 

2 

1 

3 

= 

= 

2 

1 

3 


6 

6 

3 




- 

3 

1 

2 



3 

1 

2 


6 

4 

1 













15. 

3 

2 

1 

= 0. 



X 


z 



1 


1 

1 


2 

1 

1 



18. 

X2 

y 2 


II 

X 

y 

z 








X8 

yZ 

Z ^ 



X2 

y 2 

z ^ 


0 

0 

0 

6 0 












0 

a 

0 

0 6 












16. 

X 

y 

1 

z w 

= (a(f ~ 6c)2. 


1 

1 

1 








c 

0 

0 

d 0 

19. 

X 

y 


= (x 

— 

y)(y- 

z ) (z 


0 

c 

0 

0 d 



X2 

y 2 









20 . 


21 . 


22 . 


0 0 Ca (^2 


Oa 

6* 

0 

0 

_ ai 

bi 

Cl di 

0 

0 

Cl 

di\ 

Oa 

h ■ 

Ca c^a 


1 

4 

-8 

6 


6 

0 

2 


1 


0 

6 

-8 

- 1 


1 

-6 

-3 


4 


2 -8 

4 

2 


8 

8 

4 

— 

3 


|6 

1 

3 

4 


4 


L 

2 


6 


Oi + di 

61 Cl 


Oi 


Cl 



h 

Cl 

Oa “f" ^fa 

62 Ca 

= 

Oa 


Ca 

+ 

da 

b 2 

Ca • 

Os + di 

63 Cs 


Os 

bi 

Cs 


ds 

bs 

Cs 


(Xo 3 ai 3 Oa as 0 

0 Oo 3ai 3a2 as 

ao 2 ai Oa 0 0 

0 Oo 2 ai 02 0 

0 0 Oo 2 oi Oa 


= Oo 


Oi 2 (Xa Os 0 
0 Oi 2 02 Os 
Oo 2 oi Oa 0 
0 Oo 2 Oi Oa 


s= Oo { a^ag — 6 ooOiOaOs + 4 < Zoa ; + 4 ofos — 8 ofof }. 
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GRAPHICAL REPRESENTATION 

10. Real number. The science of mathematics deals with vari- 
ous kinds of numbers, each of which has arisen through the desire 
to perform, without restriction, some one of the fundamental oper- 
ations. The simplest numbers are the positive integers, or whole 
numbers. If one restricts himself to the use of these, he may add 
or multiply together any two of them without obtaining a new 
kind of number ; but he may not divide one number by another not 
exactly contained in it, nor subtract a larger number from a smaller. 
In order that division may always be performed, the common frac- 
tionsy which are the quotients of one integer divided by another, 
are necessary. In order that subtraction may always be possible, 
the idea of a negative number must be introduced. The integers 
and fractions, both positive and negative, together form the class 
of rational numbers. On these numbers the operations of addition, 
subtraction, multiplication, and division may always be performed 
without leading to a new kind of number. 

The operation of evolution, however, leads to two new kinds of 
numbers, — the irrationaly exemplified by V2 ; and the compleXy of 
which V— 2 is an example. The complex numbers will be noticed 
in § 12 ; we shall here speak only of the irrational numbers. An 
irrational number is defined as one which cannot be expressed 
exactly as an integer or a common fraction, but which may be so 
expressed approximately to any required degree of accuracy. The 
simplest examples are the roots of rational numbers ; for example, 
V? may be approximately expressed as f f etc., but can- 

not be expressed exactly. There are also irrational numbers which 
are not the roots of numbers and cannot be expressed by means of 
radical signs. A familiar example is the number 7r = 3*14159-*-. 
An irrational number may be either positive or negative. The 

28 
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rational and the irrational numbers together form the class of real 
numbera. 

A rigorous investigation of the nature and properties of these 
numbers, especially of the irrational numbers, is too advanced for 
this book. An elementary discussion, however, is given in any 
course in algebra, and is here assumed as known. 

The real numbers may be represented graphically on a number 
scale, constructed as follows : 

|On any straight line assume a _j — 2-^ — | 1 1 

fixed point 0 as the zero point, or ^ 

origin, and lay off positive numbers 

in one direction and negative numbers in the other. If the line 
is horizontal, as in fig. 1, it is usual, but not necessary, to lay off 
the positive numbers to the right of 0 and the negative numbers 
to the left. Then any point M on the scale represents a real 
number, namely, the number which measures the distance of M 
from 0 ; positive if M is to the right of 0, and negative if Jf is 
to the left of 0. Conversely, any real number is represented by 
one and only one real point on the scale. 

11. Zero and infinity. There are two mathematical concepts 
usually included in the number series, for which special rules of 
operation are needed. These are zero, represented by the symbol 0, 
and infinity, represented by the symbol oo. 

Zero arises in the first place by subtracting a quantity from an 
equal quantity ; thus, a — a — 0. It signifies in this sense the 
absence of quantity — nothing. It cannot, then, either operate 
upon a quantity or be operated upon; for all operations imply 
the existence of the quantities concerned. Literally, then, the 


0 Cb 

expressions a x 0, ~ ’ q ’ £ire meaningless. However, it is possible 
to put into these symbols conventional meanings, as follows: . 


Take the three expressions ax, -> -> and consider what hap- 

Ct CO 

pens when x is taken smaller and smaller, constantly nearer to 
zero but never equal to it. It requires only elementary arith- 

metic to see that ax and may each be made as small as we 

a 
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please by taking x sufficiently small, while - becomes indefinitely 

great as x decreases, and may be made larger than any quantity 
we may choose to name. We may express the first two results 
concisely by the formulas 

a X 0 = 0, - = 0. 

a 


We can express the last result in a formula, however, only by 
introducing the concept infinity. Wlien the value of a quantity 
is indefinite, but the quantity is increasing or decreasing in such 
a way that its numerical value is greater than any assigned quan- 
tity, however great, it is said to become infinite. It is then denoted 
by the symbol co, called infinity. We can accordingly express our 
third result by the formula 


a 



which means that when the denominator of a fraction decreases, be- 
coming constantly nearer to zero, the value of the fraction increases 
and becomes greater than any quantity which can be named. 

The symbols a oo 

a X oOf — > — 

00 a 


are also literally meaningless. We can, however, give a conven- 

(X> 00 

tional meaning to them by writing and studying the 

X a 

effect of increasing x indefinitely. Elementary arithmetic leads 
to the results expressed by the formulas 


a X 00 = 00, 



00 


00 

— =z= 00. 

a 


0 00 

Two other forms also occur in practice, namely, “ and — • These 

X 0 CO 

arise when we have a fraction ~ in which the numerator and 

y 


the denominator either approach zero together or increase indefi- 
nitely together. The value of the fraction cannot be determined 
unless we know a law to govern x and y. These fractions are 
consequently called indeterminate forms^ and will be considered 
later in the course. 
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Neither zero nor infinity can be said to have an intrinsic alge- 
braic sign. In some cases a quantity may increase in value, 
remaining always positive. It is then said to be -f co. At other 
times it may increase numerically, remaining always negative. 
It is then said to be — oo. Often, however, the quantity is indefi- 
nitely great in such a way that the sign is ambiguous. An 
example is tan 90°. If an acute angle is made nearer and nearer 
to 90°, its tangent increases indefinitely, remaining positive. But 
if an obtuse angle is made nearer and nearer to 90°, its tan- 
gent increases indefinitely, remaining negative. Hence we say 
tan 90° = 00 , and no algebraic sign can be attached to it. 

Similar considerations hold for the sign of zero. 

12. Complex numbers. If one restricts himself to the use of 
the real numbers, named in § 10, it is impossible to perform the 
operation of evolution without exception; for the even root of a 
negative number is not a real number. It is therefore necessary, 
if the generality of all algebraic operations is to be maintained, to 
introduce a new kind of number, called a complex numher. These 
numbers will be used very little in this volume, and the following 
r6sum6 of the matter usually contained in algebra is sufficient for 
our present purposes. A further discussion wiU be given in the 
second volume. 

The imaginary unit is V— 1, and is denoted by i. Then 

By multiplying this equation successively by i, we find 



and, in general, 

= = = — 1, i'**+* = — ^ 

where h is zero or any integer. 

If h is any real number, the product hi is called a pure imagi- 
nary number. The square root of any negative number is pure 
imaginary; thus, 

vzi^vi vz:i=2t. 


V— 5 = Vs V— 1 = iVo. 
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If a and 6 are any two real numbers, the combination a + bi 
is called a complex imaginary number, or, more simply, a complex 
immher. A complex number reduces to a pure imaginary number 
when a = 0, and to a real number when & = 0. If a = 0 and 5 = 0, 
the complex number a + 5i = 0; and conversely, if a + hi = 0, 
then a = 0 and 5 = 0. 

All operations with complex numbers are carried out by using 
the ordinary laws of algebra and replacing all powers of % by their 
values just determined. 

Ex. 1. V- 8 X V- 2 = iV3xt'v^ = i»V6 = - Ve. 

o 3 + Vir4_8 + 2i^2+2i_6 + 10i + 4{!>_2 + 10i_l+6V3i 
' 2-Vr4'“ 2-2i ^ 2 + 2i“ 4-4i» ~ 8 “ 4 ' 

Two complex numbers such as a + 5i and a — hi, where a and 5 
have the same values in each, are called conjugate complex numbers. 
Their product is a real number ; thus, 

(a 4- hi) {a — hi) = a* + 5*. 


It is clear that the complex numbers have no place on the num- 
ber scale of § 10. 

13. Addition of segments of a straight line. Consider any 
straight line connecting two points A and B. In elementary 
geometry only the position and the length of the line are consid- 
ered, and consequently it is immaterial whether the line be called 
AB or BA ; but in the work to follow it is often important to con- 
sider the direction of the line as well. Accordingly, if the direction 
of the line is considered as from A to B, it is called AB ; but if 
the direction is considered from B to A, it is called BA. It wiU 

be seen later that the distinction 
' ]g J between AB and BA is the same 

2 as that between + a and — a in 

algebra. 

Consider now two segments A Rand BC on the same straight 
line, the point B being the end of the first segment and the begin- 
ning of the second. The segment AC is called the sum of AB and 
BC, and is expressed by the equation 

AB + BC==AC. 


( 1 ) 
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This is clearly true if the points are in the position of fig. 2, hut 
it is equally true when the points are in the position of fig. 3. 
Here the line BC, being opposite in 
direction to AB, cancels part of it, q 

leaving AC. g 

If, in the last figure, the point C 
is moved toward A, the sum AC becomes smaller, until finally 
when C coincides with A we have 


AB + BA = Q, or BA = -AB. (2) 

If the point C is at the left of A, as in fig. 4, we still have 
AB + BC = AC, where AC = — CA by (2). 

It is evident that this addition 
^ is analogous to algebraic addition, 

j-jjj 4 and that this sum may be an arith- 

metical difference. 

From (1) we may obtain by transposition a formula for sub- 
traction, namely, 

BC = AC-AB. (3) 


This is imiversally true since (1) is universally true. 

This result is particularly important when applied to segments 
of the number scale of § 10. For if a; is any number corresponding 
to the point M, we may always place x = OM, since both x and CM 
are positive when M is at the right of G, and both a? and OM are 
negative when M is at the left of 0. Now let and be any 
two points, and let x^ = OM^ and x.^ = OM^. Then 


= O if, - OM^ = x^- x^. 

On the other hand, 

= OM^~ OM^ = x^—x^ 

It is clear that the segment is positive when is at the 

right of Jfj, and is negative when is at the left of Jf^. 

Hence, the length and the sign of any segment of the number 
scale is found by subtracting the value of the x corresponding to 
the beginning of the segment from the value of the x corresponding 
to the end of the segment. 
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14. Projection. Let AB and MN (figs. 5, 6) be any two straight 
lines in the same plane, the positive directions of which are respec- 
tively AB and MN. From A and B draw straight lines perpendicu- 
lar to MN, intersecting it at points A' and B^ respectively. Then A^ R' 




is the projection of AB on MN, and is positive if it has the direction 
MN (fig. 5), and is negative if it has the direction NM (fig. 6). 

Denote the angle between MN and AB by <}>, and draw AC par- 
allel to MN. Then in both cases, by trigonometry, 

AC =^AB cos (f>. 

But AC=^A'B', and therefore 

A'B' ==AB cos if>. 

Hence, to find the projection of one straiyht line upon a second, 
multiply the length of the first hy the cosine of the angle hePween the 
positive directions of the two lines. 

Ex. It is customary in mechanics to represent a force by a straight line, 
the length and the direction of which denote respectively the magnitude and the 
direction of the force. Then the component of the force in any direction is the 
projection upon that direction of the line which represents the force. 

B B 




In particular, let F\ and represented respectively hy AB and AC (figs. 
7, 8), be two forces acting at A along the same line, and let MN be a line 
which makes an angle <p with A B. 
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The respective components of Fi and F 2 are represented by A'R and A'C\ 
and the resultant component is represented by A'B'-\-A'C', 

But A'B'—Fi cos 0, and A'C'=F 2 cos <p ; hence, by substitution, the resultant 
component is Fi cos 0 + E 2 cos 0. It is to be noted that in fig. 8 Fi and F 2 have 
opposite signs. 


15. The projection of a broken line upon a straight line is defined 
as the algebraic sum of the projections of its segments. 

Let ABODE (fig. 9) be a broken line, MN Si straight line in the 
same plane, and AE the straight line ^ 

joining the ends of the broken line. 

Draw AA\ BB\ CC'y DD\ and 
EE^ perpendicular to MN) then 
A^B\ B^C\ C^D\ PE\ and A'E^ 
are the r,espective projections on 
MN of AB, BO, CD, DE, and AE. 


» ! \ 

1 

» 

\d 

1 ) 

r 1 1 

\ 0 ^ ! 





But A!B^ + B^a + C'D' + = A' E\ (by § 13) 

Hence, the projection of a broken line upon a straight line is 
equal to the projection of the straight line joining its extremities. 

Ex. If ABODE (fig. 9) represents a polygon of forces, we have the result: 
the component of the resultant in any direction is the sum of the components 
of the forces in that direction. 


16. Coordinate axes. Let X’X and L' Y be two number scales 
at right angles to each other, with their zero points coincident at 0, 

as in fig. 10. 

Let F be any point in the 
plane, and through F draw 
straight lines perpendicular to 
^ X^X and YX respectively, 
intersecting them at M and N. 
If now, as in § 13, we place 
X = OM, and y = ON, it is 
clear that to any point F there 
corresponds one and only one 
pair of numbers x and y, and 
to any pair of numbers corresponds one and only one point F. 




M 




-2 


-5 


Fio. 10 
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If a point P is given, x and y may be found by drawing the two 
perpendiculars JfP and iVP as above, or by drawing only one per- 
pendicular as MP. Then MP = ON = y and OM = x. 

On the other hand, if x and y are given, the point P may be 
located by finding the points M and N corresponding to the num- 
bers X and y on the two number scales, and drawing perpendiculars 
to X'AT and P' Y respectively through M and N. These perpen- 
diculars intersect at the required point P. Or, as is often more 
convenient, a point M corresponding to x may be located on its 
number scale, and a perpendicular to AT'X may be drawn through 
M, and on this perpendicular the value of y laid off. In fig. 10, 
for example, M corresponding to x may be found on the scale X^X, 
and on the perpendicular to X^X at Jf, MP may be laid off equal 
to y. When the point is located in either of these ways it is said 
to be plotted. It is evident that plotting is most conveniently per- 
formed when the paper is ruled in squares, as in fig. 10. 

These numbers x and y are called respectively the abscissa and 
the ordinate of the point, and together they are called its coordi- 
nates, It is to be noted that the abscissa and the ordinate, as 
defined, are respectively equal to the distances from F' Y and X^X 
to the point, the direction as well as the magnitude of the distances 
being taken into account. Instead of designating a point by writing 
x=^a and y = — 6, it is customary to write P(a, — J), th*fe abscissa 
always being written first in the parenthesis and separated from 
the ordinate by a comma. X^X and Y' Y are called the axes of 
codrdinateSy but are often referred to as the axes of x and y 
respectively. 

17. Distance between two points. Let y^ and Po{x^yy.^ 

be two points, and at first assume that 1\P^ is parallel to one of 
the coordinate axes, as OX (fig. 11). Then y^^l/v MfM^^ 

the projection of on OAT, is evidently equal to I\P^, But 
Y (§ 13). Hence 

= ( 1 ) 

In like manner, if — x^, is parallel 
to OY, and 

= ( 2 ) 



Fig. 11 
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If =?fc ojj and ^ I[P^ is not parallel to either axis. Let 
the points be situated as in fig. 12, and through ij and draw 
straight lines parallel respectively to OX and OY. They will meet 
at a point R, the coordinates of which are readily seen to be 
yi). By (1) and (2), 


I^R — S/jj ajj, RI^ — y^- 

But in the right triangle P^Rll, 


Vv 


p,f^ = ^r"+rp^, 

whence, by substitution, we have 



iji’ = V {x^ - a^i)" + {y, - y^)\ 


( 3 ) 


It is to be noted that there is an ambiguity of algebraic sign on 
account of the radical sign. But since is parallel to neither 
coordinate axis, the only two directions in the plane the positive 
directions of wliich have been chosen, we are at liberty to clioose 
either direction of as the positive direction, the other becoming 
the negative. 

It is also to be noted that formulas (1) and (2) are particular 
cases of the more general formula (3). 

Ex. Find the coordinates of a point equally distant from the thi:ee points 
Pi(l, 2), P 2 {- 1, - 2), and - 5). 

Let P(a;, y) be the required point. Tlien 

PiP = P 2 P and P 2 P = PaP. 

But PiP = 1)2 -f- (y — 2)2 

P 2 P = V{ar+T)M- (y Ti)% 

PaP = V(x - 2)2 + (y + 5)^. 

V(x - 1)2 + ( 2 / - 2)2 = V(x -f 1)2 -f (y + 2 ) 2 , 

V(x + 1)2 + (?/ + 2)2 V(x ~ 2)2 + (y + 6)2, 

whence, by solution, a; = f and y = — J. Therefore the required point is 

(I. - !)• 
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18. Collinear points. Let P{x, y) be a point on the straight line 
determined by and P^ {x^y so situated that i?P = I 

There are tliree cases to consider according to the position of 
the point P. If P is between the points and (fig. 13), the 



segments iJP and have the same direction, and iJP<iJi^; 

accordingly / is a positive number less than unity. If P is beyond 

from ij* (fig. 14), f\P and FJl still have the same direction, but 

P^F > P^P^] tlierefore I is a positive number greater than unity. 

Y ^ > Finally, if P is beyond 7^ from P^ (fig. 15), 

X P and JF}7^ have opposite directions, and 

X j / is a negative number, its numerical value 

/ I ! ranging all the way from 0 to oo. 

X j i lu the first case P is called a point of 

I 1 I internal division, and in the last two cases 

— i \ 1 X . . . 

X M O Ms " it is called a point of external division. 

In all three figures draw I^M^y PMy 
and perpendicular to OX In each 

figure OM = OM^ + M^M ; and since 7JP == I (i?i^), M^M = l{M^M^y 
by geometry. 


Fio. 16 


whence, by substitution, 


x=.x\+l{x^—x^. 


By drawing lines perpendicular to OF we can prove, in the 
same way, 

y = yi+i{y^-yx)- ( 2 ) 



COLLIKEAR POINTS 


In particular, if P bisects the line I = and these formulas 
become , 

* = y^h+Jk. 

2 ^2 


Ex. 1. Find the coordinates of a point ^ of the distance from Pi (2, 3) to 
P2(3, -8). 

If tlie required point is P{x, y), 

X = 2 + § (.3 - 2) = 2?, 

J/-3 + 2(-8-3)=|. 


Ex. 2. Prove analytically that the straight line dividing two sides of a tri- 
angle in the same ratio is parallel to the tliird side. 

Let one side of the triangle coincide with OX^ one vertex being at 0. Then 
the vertices of the triangle are 0(0, 0), A{xiy 0), 

B(X 2 j 2 / 2 ) (lig- 1^1)- Let CD divide the .sides OB Y 

and AB so that OC = l(OB) and AD = l(AB). 

If the coordinates of C are denoted by {Zz^ 2 / 3 ) 
and those of D by (X 4 , 2 / 4)1 tlien, by the above 
formulas, 

Xs ~ lX2y 2/3 = ^ 2 / 2 i 

and X4 = xi -f 1{X2 - Xi), 2/4 = ^2/2- 

Since 2/3 = 2/4i C'-D is parallel to OA. Fio. 10 



19. Let us now see what happens as different real values are 
assigned to 1. When Z = 0, P coincides with (fig. 17). As I 



Fig. 17 


increases in value, the 
point P moves along the 
line toward till, when 
Z = 1, it coincides with 
As the value of I con- 
tinuas to increase, the 
point P continues to move 
along the line away from 
P^ and in the same direc- 


tion as before. 


If negative values are assigned to Z, in ascending order of numer- 
ical magnitude, the point P moves along the line, away from i^, in 
the opposite direction from 
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It follows that 

^i) a.nd + I iVi— 

may be made to represent the coordinates of any point of the 
straight line determined by the points and ^ by assigning the 
appropriate value to I, the range of values for each segment of 
the line being indicated in fig. 17. 

Ex. Consider the straight line determined by the two points Pi(— 1, — 4) 
and Pa(5, 6). Any other point P on this line has the coordinates 

x = 2/ = -4 + 10i. 

When Z < 0, it is clear that x< — 1, 2/<~4; hence P lies at the left 
of Pi. When 0 < i < 1, it is clear that -~l<x<6, •-4<2/<6; hence P 
lies between Pi and Pa. When i > 1, it is clear that x > 6, y>Q; hence 
P lies at the right of Pa. 

20. Variable and function. A quantity which remains un- 
changed throughout a given problem or discussion is called a 
constant A quantity which changes its value in the course of 
a problem or discussion is called a variable. If two quantities 
are so related that when the value of one is given the value of 
the other is determined, the second quantity is called a function 
of the first. When the two quantities are variables the first is 
called the independent variable, and the function is sometimes 
called the dependent variable. As a matter of fact, when two 
related quantities occur in a problem it is usually a matter of 
choice which is called the independent variable and which the 
function. Thus, the area of a circle and its radius are two 
related quantities such that if one is given the other is deter- 
mined. We can say that the area is a function of the radius, 
and likewise that the radius is a function of the area. 

The relation between the independent variable and the function 
can be graphically represented by the use of rectangular coordi- 
nates. For, if we represent the independent variable by x and the 
corresponding value of the function by y, x and y will determine 
a point in the plane, and a number of such points will outline a 
curve indicating the correspondence of values of variable and 
function. This curve is called the graph of the function. 
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£x. 1. An important use of the graph of a function is in statistical work. 
The following table shows the price of standard steel rails per ton in the 
respective years: 


1896 $24.33 1900 $32.29 

1896 28.00 1901 27.38 

1897 18.76 1902 28.00 

1898 17.62 1903 28.00 

1899 28.12 1904 28.00 


If we plot the years as abscissas, calling 1896 the first year, 1896 the second 
year, etc. , and plot the price of rails as ordinates, making one unit of ordinates 
correspond to ten dollars, we shall locate the points Pi, P 2 , . . ., Pio in fig* 18. In 
order to study the variation in price, we join these points in succession by straight 


Y 



lines. The resulting broken line serves merely to guide the eye from point to 
point, and no point of it except the vertices has any other meaning. It is to 
be noted that there is no law connecting the price of rails with the year. 
Also the nature of the function is such that it is defined only for isolated 
values of x. 


Ex. 2. As a second example we take the law that the postage on each ounce or 
fraction of an ounce of first-class mail matter is two cents. The postage is then a 
known function of the weight. Denoting each 
ounce of weight by one unit of x, and each two y 
cents of postage by one unit of y, we have the 
series of straight lines (fig. 19) parallel to the 
axis of X, representing corresponding valuesi of 
weight and postage. Here the function is defined 
by United States law for all positive values of x, 
but it cannot be expressed in elementary mathe- 
matical symbols. A peculiarity of the graph is 
the series of breaks. The lines are not connected , . 
but all points of each line represent correspond- 
ing values of x and y. 


Fig,. 19 
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Ex. 8. As a third example, differing in type from each of the preceding, let 
us take the following. While it is known that there is some physical law con- 
necting the pressure of saturated steam with iUs temperature, so that to every 
temperature there is some corresponding pressure, this law has not yet been 
formulated mathematically. Nevertheless, knowing some corresponding values 

of temperature and pressure, we can construct 
a curve that is of considerable value. In the 



- x - r\”TrrT]”rn \' jc 
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table* below, the temperatures are in degrees 
Centigrade and the pressures are in millimeters 
of mercury. 


Temperature 

Pressure 

100 

760 

106 

900 

no 

1074.7 

115 

1268.7 

120 

1490.5 

126 

1743.3 

130 

2029.8 

136 

2353.7 

140 

2717.9 

145 

3126.1 

150 

3581.9 


Let 100 represent the zero point of tempera- 
ture, and let each unit of x represent 6 degrees 
of temperature ; also let each unit of y represent 
100 millimeters of pressure of mercury, and locate 
the points representing the corresponding values 
of temperature and pressure given in the above 
table. Through the points thus located draw a 
smooth curve (fig. 20) i.e. one wdiich has no sudden 
changes of direction. While only the eleven points 
located are exact, all other points are approxi- 
mately accurate, and the curve may be used for 
approximate computation as follows : Assume any 
temperature, and, laying it off as an abscissa. 


measure the corresponding ordinate of the curve. 


While not exact, it will, nevertheless, give an approximate value of the corre- 
sponding pressui'e. Similarly, a pressure may be assumed and the corresponding 
temperature determined. It may be added that the more closely together the 
tabulated values are taken, the better tlie approximation from the curve, but 


the curve can never be exact at all points. 


* From C. H. Peabody’s Steam Tables/' computed for sea level at a latitude of 
45 degrees. 
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Ex. 4. As a final example, we will take the law of Boyle and Mariotte for per- 
fect gases, namely, at a constant temperature the volume of a definite quantity 
of gas is inversely proportional to its 
pressure. It follows that if we repre- 
sent the pressure by x and the corre- 

k 

spending volume by y, then y =z - y 


where k is a constant and x and y are 
130sitive variables. A curve (fig. 21) in 
the first quadrant, the coordinates 
of every point of which satisfy this 
e(iuatioii, represents the comparative 
changes in pressiu'e and volume, show- 
ing that as the pressure increases by a 
certain amount the volume is decreased 
more or less, according to the amount 
of pressure previously exerted. 

This example differs from the pre- 
ceding in that the law of the function 

is fully known and can be expressed in a mathematical formula. Consequently, 
we may find as many points on the curve as we please, and may therefore con- 
struct the curve to any required degree of accuracy. 



21. Classes of functions. We .shall consider in iliis book only 
those functions of one variable which can be expres.se(l by means 
of elementary mathematical symbols. Tlie simplest kind of such 
functions is the algebraic pohjnomialy expressed by 

where all the exponents are positive integers and the coefficients 
ap • • •, a^ are real or complex numbers or zero. The 
number n is the degree of the polynomial. These functions are 
discussed in Chaps. Ill and IV. 

The quotient of two algebraic polynomials is a rational algebraic 
fractioUy expressed by 

^0 ^” + H h (ir,_^x+a ^ 

b^x”^ + H + ' 

Examples of functions of this kind are discussed in Chap. VL 
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If a function requires for its expression the use of radical signs 
combined with algebraic polynomials, it is an example of an irr ac- 
tional algelraic function ; for example, 



Examples of such functions are found in Chap. VI. 

The general definition of an algebraic function is given in 
Chap. IX, and examples of non-algebraic, or transcendental func- 
tions, are given in Chap. XIII. 

22. Functional notation. When y is a function of sc it is cus- 
tomary to express this by the notation 

y =/('«)• 

Then the particular value of the function obtained by giving x a 
definite value a is written /(«). For example, if 

f{x) = x^->t 3ar^-|-l, 

then /(2)=2*‘-|-3-2*-|-l = 21, 

/(0)=0»-f-3-0*+l = l, 

/(- 3) = (- 3)*4-3(- 3)^-1- 1 = 1, 
f = ft® -f- 3 ft^ “i” 1. 

If more than one function occurs in a problem, one may be 
expressed as /(*), another as F(x), another as <f>{x), and so on. It 
is also often convenient in practice to represent different functions 
by the symbols ffx), f^{x), f^{x), etc. 

If f{x) is any function, and we place 

y =/(»). 

we may, as already noted, construct a curve wliich is the graph of 
the function. The relation between this curve and the equation 
y = /(^) that all points the coordinates of which satisfy the 

equation lie on the curve ; and conversely y if a point lies on the 
curvCy its coordinates satisfy the equation. 
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The curve is said to be represented by the equation, and the equa- 
tion is called the equation of the curve. The curve is also called 
the locus of the equation. Its use is twofold, — on the one hand, 
we may study a function by means of the appearance and the 
properties of the curve, and, on the other hand, we may study the 
geometric properties of a curve by means of its equation. Both 
methods will be illustrated in the following pages. 

PROBLEMS 

1. Find the perimeter of the triangle the vertices of which are (2, 3), 
(-3,3), (1, 1). 

2. Prove that the triangle the vertices of which are (~4, ~ 3), (2, 1), 
(— 5, 5) is isosceles. 

3. Prove that (6, 2), (—2, — 4), (5, — 5), ( — 1, 3) are points of a circle the 
center of which is (2, — 1). What is its radius ? 

4. Prove that the quadrilateral of which the vertices are (2, 2), (4, 6), 
(— 1, 4), (—3, 1) is a parallelogram. 

5. Find a point equidistant from the points (—8, 4), (6, 8), and (2, 0). 

6 . Find the center of a circle passing through the points (0, 0), (—3, 3), 
and (5, 4). 

7. Find a point on the axis of x which is equidistant from (0, 4) and 
(-3,-3). 

8. A point is equally distant from the points (1, 1) and (—2, 3), and its 
distance from OY is twice its distance from OX. Find its coordinates. 

9. Find the points which are 4 units distant from (2, 3) and 5 units distant 
from the axis of y. 

10 . A point of the straight line joining the points (—4, — 2) and (4, — 6) 
divides it into segments which are in the ratio 3 : 6. What are its coordinates ? 

11. Find the coordinates of a point P on the straight line determined by 
Pi(2, - 1) andP 2 (- 4, 6), when = ?. 

12. On the straight line determined by the points Pi (2, 4) and P 2 ( — 1, — 3) 
find the point three fourths of the distance from Pi to P 2 . 

13. If P(x, y) is a point on the straight line determined by Pi(xi, y{) and 

P P I 

-p 2 (iC 2 i 1 ^ 2 ), such that —1— = — , prove 
PP 2 ^2 

_ I 1 X 2 -f ^Xi _ hy2 "f hVi 
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14. The middle point of a certain line is (1, 2) and one end is the point 
(— 3, 6). Find the coordinates of the other end. 

15. To what point must the line drawn from ( 1 , — 1) to (—4, 5) be extended 
in the same direction that its length may be trebled ? 

16. One end of a line is at (2, — 5) and a point one fourth of the distance 
to the other end is ( — 1, 4). Find the coordinates of the other end of the line. 

17. Find the points of trisection of the line joining Pi(0, 3) and P 2 ( 6 , — 3). 

18. Find the lengths of the medians of the triangle (2, 1), (0, — 3), (—4, 0). 

19. Given the three points ^(—3, *3), J5(3, 1), and C((), 0) upon a straight 

AD AB 

line. Find a fourtli point D such that 

DC BC 

20. Given four points Pi, P 2 , P 3 , P 4 . Find the point halfway between Pi 
and Ps, then the point one third of the distance from this point to P 3 , and 
finally the point one fourth of the distance from this point to P4. Show that 
the order in which the points are taken does not affect the result. 

21. Prove analytically that if in any triangle a median is drawn from the 
vertex to the base, the sum of the sfiuares of the other two sides is equal to 
twice the scpiare of half the base plus twice the sipiare of the median. 

22. Prove analytically that the straight lino drawn between two sides of a 
triangle so as to cut off the same proportional parts measured from their com- 
mon vertex is the same proportional part of the third side. 

23. Prove analytically that if two medians of a triangle are equal the tri- 
angle is isosceles. 

24. Prove analytically that in any right triangle the straight line drawn 
from the vertex to the middle point of the hypotenuse is equal to one half the 
hypotenuse. 

25. Prove analytically that the lines joining the middle points of the opposite 
sides of a quadrilateral bisect each other. 

26. Show that the sum of the squares on the four sides of any quadrilateral 
is equal to the sum of the squares on the diagonals, together with four times the 
square on the line joining the middle points of the diagonals. 

27. Prove analytically that the diagonals of a parallelogram bisect each 
other. 

28 . Prove analytically that the line joining the middle points of the non- 
parallel sides of a trapezoid is one half the sum of the parallel sides. 

29. OABC is a trapezoid of which the parallel sides OA and CB are per- 
pendicular to 00. D is the middle point of AB, Prove analytically that 
OD = CD. 
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30 . The following table gives the price of a bushel of wheat in the New 
York market from 1800 to 1004. Construct the graph. 


1800 

.083 

1895 

.660 

1900 

.804 

1801 

1.004 

1896 

.781 

1001 

.803 

1892 

.908 

1807 

.054 

1002 

.836 

1803 

.730 

1808 

.052 

1003 

.853 

1804 

.611 

1809 

.704 

1004 

1.107 


31 . The following table shows hourly barometric readings at a United States 
weather bureau station. Construct the graph. 


1 A.M. 

28.85 

0 A.M. 

20.04 

5 P.M. 

20.13 

2 

28.87 

10 

20.05 

6 

20.18 

3 

28.00 

11 

20.06 

7 

20.21 

4 

28.02 

12 M 

20.05 

8 

29.24 

5 

28.04 

1 P.M. 

20.05 

0 

20.25 

6 

28.07 

2 

20.06 

10 

20.20 

7 

28.08 

3 

20.08 

11 

20.20 

8 

20.02 

4 

20.10 

12 

20.20 


32 . The following table shows the number of inches of rainfall in Boston 
during the years 1880-1801. Construct the graph. 


1880 

38.80 

1886 

46.47 

1881 

40.22 

1887 

41.01 

1882 

48.42 

1888 

60.27 

1883 

35.56 

1880 

54.70 

1884 

53.86 

1800 

60.21 

1885 

44.07 

1801 

40.63 


33 . The following is a portion of a railway time-table. The letters indicate 
stations, and the adjacent number gives the distance from A to each of the other 
stations. The second and the third columns give the times at which two trains 
running in opposite directions leave each of the stations. Make a graph showing 
the motion of each train and thus determine the time and place of their passing. 


A 

10.45 AM. 

2.00 

E 99 

1.06 P.M. 

10.48 

B 21 


1.30 

G 126 


9.53 

C44 

11.50 

12.66 

H 161 

2.59 

8.66 

D64 


12.11 P.M. 

I 177 


7.48 

E 84 


11.30 A.M. 

K200 

. 4.15 

7.00 A.M. 
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34. The following table shows the amount of 81.00 put at interest at 4% 
compounded annually, (’onstnict the graph. 


5 yr. 

1.217 

30 yr. 

3.242 

10 

1.480 

35 

3.946 

15 

1.801 

40 

4.801 

20 

2. 101 

45 

5.841 

25 

2.000 

50 

7.110 


35. Make* a graph showing tlie nilation between the side and the ai^a of a 

HCluait*. 

36. Make a graph .showing tlie relation between the radius and the area 
of a circle, 

37. Make a graph sliowing tlie relation betweini tlie radius and the volume 
of a Hpliere. 

38. The space a throiigli whicdi a body falls from rest in t seconds is given 
by the formula a = \ gt‘K A.ssumiiig g ~ 32, construct tlie graph. 

39. The velocity ac({uired by a body thrown towards the earth’s surface 
with a vtdocity Vo is given at the end of t .seconds by the formula r = ro -f 
Construct the graph. 

40. Two partichvsof ma,sa mi and at a distance d from each other attract 
each other with a force given by the formula 

Assuming mi ™ 5 and - 20, constmet the graph of F. 

41. Ohm’s law for an electric current is 

Klectromotive force 

( urnuit ~ 

Uesistance 

Assuming the electromotive force to bo consUint, plot the cur\e showing the 
relation between the re.si.stance and the current. 

42. lf/(x) = - 8x2 + 7x - 1, find /(8), /(O), /(a), /(a -f h). 

43. If /(x) =r x8 ^ show that /(2) — 4 /(I) = /(O). 

44. If/(x) = -f 2x2 4- 8, prove that/{— x) =/(x). 

45. If /(x) = x^ 4- 3 x3 — 7 X, prove tliat /( ~ x) = — /(x). 

46. If /(x) = x2 — a2, prove that /(a) =/( — a). 

47. If fx (x) = x2 4 - a2, and /a (x) = 2 x, prove that /j (a) ~ af^ (a) = 0. 

48. If /(X) = ^x - ^x2 - (x^ - , prove that / (a) = - / . 
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49. If /(x) = - — prove that /(a) • /( — a) = 1. 

1 4- X 

^ a4 -f 2x* + 2x 4- 1 X .r/ % 

50. If /(x) = , prove that /(x) = /l-^J • 

51. If/{x) = yJ'^^, find/(3),/(0),/(-3),/(a),/Q. 

52. If /(x) = [x, prove tlmt (x 4- l)/(^) + 0* 

53. If/i(a:) =^1^ + and /^(a;) = \l^' I’”*'’® 

[A (*)r-L/2 (■«)]* -[/i(«)r- 

54. If /(x) - ---- , prove that /[/(x)J = x. 

X ~ 1 
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THE POLYNOMIAL OF THE FIRST DEGREE 

23. Graphical representation. An algebraic polynomial of the 
first degree is of the form mx 4- where m and h are numbers, 
which may be positive or negative, integral or fractional, rational 
or irrational. We shall restrict the values of m and t, however, to 
real numbers. In i)articular cases h may be zero, when the poly- 
nomial becomes the monomial tux. 

To obtiiin the graph of the polynomial, we write 

y=zvix-\-hy ( 1 ) 

and proceed as in the examples of the previous chapter. We assign 
to X any number of values assumed at pleasure, say x^, x^, x^, 

etc. ; compute the 
corresponding values 
of y, namely, 

?/i = mXj^ -h b, 

y^ = m.r^+b, 

and plot the points 
A (^*i> 3^i)> 

(fig. 22). We then 
Yiq, 22 draw the straight 

lines Foil, 

each connecting two successive points, and shall prove that these 
lines form one and the same straight line. For that purpose draw 

50 
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through eacli point lines parallel to the coordinate axes, forming 
the triangles shown in fig. 22. Then, by § 13, 


^2^ = 3^2 - i/v Viy = 3/4 “ Vr 


( 3 ) 



Hence th(‘ trianghcs of the figure are similar, and the angles 

e([ual. Therefore tlie line is a 

straiglit line. 

Again, let us take on this line any otlier point, such as 7^, 
which has not been used in constructing the graph, and draw 
and 11 Jl ])arallel to OX and OY re>spectively. Then, since 
the triangles PJIJI and J\HrJl are similar, 

ixn, i[R^ 

3/5- 3^4 3/2- 3/1 . 

that IS, 7 -— - = ;7- = m. ('tv ( 1 )) 

^6 *^'2 

Therefore = mx^ — 7nx^ + y^> 

whence, by substituting the value of given in (2), 

Hence the coordinates of 7^ satisfy the equation (1). 

We have now shown that all points the coordinates of which 
satisfy equation (1) lie on a straight line, and that any point on 
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the line has coordinates which satisfy (1). We have accordingly 
proved the following proposition : The eq^tation y = mx + h always 
represents a straight line. 

24. The general equation of the first degree. The equation 
Ax -f* Hy “f* (7 = 0, 

where A, B, and C may be any numbers or zero, except that 
A and B cannot be zero at the same time, is called the general 
equation of the first degree. We shall prove: The general equa- 
tion of the first degree vnth real coefficients always represents a 
straight line. 

1. Suppose A ^ 0 and B - 4 ^ 0. If any value of x is assumed, 
the value of y is determined. Therefore y is a function of x^ 
which may be expressed by solving the equation for y\ thus, 

B 

This equation is of the form y = mx + ?>, and therefore repre- 
sents a straight line l)y § 23. 

2. Suppose == 0, ii ^ 0: The equation is then 

% + C’=0, or y=-^. 

iS 

All points the coordinates of which satisfy this equation lie 

C 

on a straight line parallel to OX at a distance — ~ units from it ; 

and, conversely, any point on this line has coordinates which 
satisfy the equation. Hence the equation represents this line. 

3. Suppose ^ =5^ 0, R = 0. Tlie equation is then 

C 

Ax + (7=0, or a' = , 

A 

and represents a straight line parallel to OF at a distance 

units from it. ^ 

Therefore the equation Ax + By + (7 = 0 always represents a 
straight line. 
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25 . In order to plot a straight line it is, in general, convenient 
to find the points L and K (fig. 23), in which it cuts OX and OY 
respectively. If the coordinates of L are {a^ 0) and tliose of K are 
(0, J), these coordinates will satisfy tlie equation A.e + Bi/+ 0. 
By substitution we find r 


^ a' 




B 


The quantities a and which 
are equal in magnitude and 
sign to OL and OK respectively, 
are called the intercepts of the 
straight line. It is evident that 
the h found here is the same as 
in y = mx + h. 

If (7=0, i.e. if the equation is Ax A- By then a 
i = 0, and the straight line passes through the origin. 



Fig. 23 


= 0 and 
To plot 

the line, we must find by trial the coordinates of another point 
which satisfy the e(juation, plot this point, and draw a straight 
line through it and tlie origin. 


Ex. 1. Plot the line 3a; ~ 5y + 12 = 0. Placing y = 0, we find a = — 4. 
Placing a; = 0, we find 6 = 2i{. We lay oft’ OL = — 4, OK = 2^, and draw a 
straight line through L and K. 

Ex. 2. Plot the line 3x - 5 y = 0. Here a = 0 and h = 0. If we place x = 1, 
we find y = The line i.s drawn through (0, 0) and (1, 


26 . Any straiykt line may he represented hy an eq nation of the 
first degree. 

The proof consists in showing that the coefficients 7?, C\ 
in the general equation of the first degree, may be so chosen that 
the equation may represent any straight line given in advance. 
Let (iCp and be any two points on a given straight 

line. The coordinates of these points will satisfy 

Ax -{- By -j-’ (7 = 0, 

provided Ay By C have such values that 

Ax^ + By^ + 6 ’ = 0 , 

Ax^ + By^+ 6 ' = 0 . 


( 1 ) 
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Solving these equations for the ratios of A, B, C, we have (by § 8) 


Vx 

1 




Vx 


1 


‘^2 ^ 


Vi 


If tliese values are used in (1), that equation represents a 
straight line which has two points 'in coiiiiiion with the given 
line, and therefore coincides with it throughout. Hence tlie 
theorem is proved. 

The result of substituting from (2) in (1) is 


X 

y 


Vi 

^^2 

V'l 


1 

1 

1 


- 0 , 


which is the equation of a line through two given points. 

27 * Slope. I^t 2/i) and y.,) (tigs. 24, 25) be two 

points upon a straiglit line. If we imagine that a point moves 
along the line from to II, the cliange in x caus(*d by this 
motion is measured in magnitude and sign l)y x ,,— and the 


F 




change in y is measured by y^-^yy We define tlie do'pe of the 
straight line as the ratio of tlie cliange in y to the change in as 
a point moves along the line, and shall denote it by the letter m. 
We have then, by definition, 
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It appears from equations (4) (§23) that the letter m in the 
equation y — mx + b has the meaning just defined. It follows that 
if the equation of a straight line is in the form Ax + By + (7=0, 
its slope may be found by solving the equation for y and taking the 
coefficient of x, thus, 

A C ^ A 

y = — — ic — - . whence to 

B B B 

A geometric interpretation of the slope is readily given. For if 
we draw through ^ a line parallel to OX, and through a line 
parallel to 0 F, and call R the point in which these two lines inter- 

RP 

sect, then x^=P^R, and y^’-'Ui—RP^] and hence m = — -• 

P^R 

It is clear from the figures, as well as from equations (4) (§ 23), 
that the value of vi is iiidej>endent of the two points and P^ 
and depends only on the given line. We may therefore choose /J 
and ^ (as in figs. 24 and 25) so that is positive. There are 
then two essentially different cases, according as the line runs up 
or down toward the right hand. In the former case RP^ and m 
are positive (fig. 24) ; in the latter case RP^ and m are negative 
(fig. 25). We may state this as follows: 

The slope of a straight line is positive when an increase in x 
causes an increase in y, and is negative when an increase in x 
causes a decrease in y. 

When the line is parallel to OX; = yv consequently m = 0, 
as explained in § 1 1. If the line is parallel to OF, x^'=> and 
therefore m = oo in the sense of § 1 1. 

28. Angles. The slope of a straight line enables us to solve 
many problems relating to angles, some of which we take up in 
this article. 

1. The angle hetween the axis of x and a hioum line. Let a 
known line cut the axis of x at the point L, Then there are four 
angles formed. To avoid ambiguity, we shall agree to select that 
one of the four which is above tlie axis of x and to the right of 
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the line, and to consider LX as the initial line of this angle. We 
shall denote this angle by </>. Then if we take P any point on 


r 




the terminal line of <\> and drop the perpendicular ilfP, we have, 
in the two cases represented by figs. 26 and 27, 


tan : 


MP 

LM^ 


MP 

But is equal to the slope of the line. Therefore 

LM 

tan = 


If the straight line is parallel to OF, = 90® and tan</) = cc. 
If the line is parallel to OX, no angle (f> is formed ; but since m = 0, 
we may say tan <^ = 0, whence = 0® or 180®. 

2. Parallel lines. If two lines are parallel, they make equal 
angles with OX, and hence their slopes are equal. It follows that 
two equations which differ only in the absolute term, such as 

Ax + By + Oj = 0 

and Ax + By + 0, 

represent parallel lines. 

More generally, two straight lines, 

gmd 

are parallel if 


A^x + + 0 ^ = 0 

A^x+B^y + C^^Q, 
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3. Perpendicular lines. Let A^aiid CD (fig. 28) be two lines inter- 
secting at right angles. Through P draw PR parallel to OX and 
let RPD = and RPB = (f)^. Then tan and tan (f>^ = 



slope of one is minus the reciprocal of the slope of the other. This 
theorem may be otherwise expressed by saying that two lines are 
perpendicular when the product of their slopes is minus unity. 

It follows that two straight lines whose equations are of the type 


Ax -f By + = 0 
and Bx — Ay + Cg = 0 

are perpendicular. 

4. Angle between two lines. Let AB and CD (fig. 29) inter- 
sect at the point P, making the angle BPDy which we shall 

call /3. Draw the line PR 
parallel to OX and place 
RPB = and RPD = 
Then 

and hence 

tan = tan {(f)^ — t^^) 

tan ^ 2 tan (j)^ 

1 -4- tan 4>2 



Fig. 29 


68 THE POLYNOMIAL OF THE FIRST DEGREE 


But tan (f>^ = mj and tan (f>^ = mg, where is the slope of CD 
and m^ is the slope of AB, Therefore 

1 + 

If (^2 is always taken greater than (f>^, tan y8 will be positive or 
negative according as yS is acute or obtuse. 

29. Problems on straight lines. We shall solve in this article 
certain important problems which depend on the equation 

y == nix 4- K 

The essential problem is, in every case, to determine m and b so 
that the line will fulfill certain conditions. Since two quantities 
are to be determined, two conditions are necessary and sufficient ; 
hence, in general, one and only one straight line can be found to 
satisfy two given conditions. 

1. To find the equation of a straight line which has a known 
slope and passes through a known point. Let m^ be the known 
slope and be the known point. The equation of the line 

will be of the form y = m^x + b, where b, however, is unknown. 
But the line contains the point Therefore 

Vi = ni^x^+ b, 

whence b^y^-- m^x^. 

The required equation is, therefore, 

y m.^x + y^ - 

or, more symmetrically, 

y-y^-=m^{x--x;). 

Ex. Find the equation of a straight line with the slope — ^ passing through 
the point (6, 7). 

First method. We have y = - | x + ; 

then 7 = - § (6) 4- 6, 

whence h — 

Therefore the required equation is 

v = - S* + V. 

2X"|-3y — 31 — 0. 


or, finally, 
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Second method. By substituting in the formula we have 

3,-7 = -f(x- 6 ), 
whence 2 x + 3 y — 31 = 0, as before. 


2. To find the equation of a straight line passing through a 
known point and parallel to a known line. 

The slope of the required line is the same as that of the given 
line, which can he found by § 27. Hence the problem is the same 
as the preceding. 

Ex. Find the equation of a straight line passing through ( — 2, 3) and parallel 
.0 3 X — 5 2 / + 6 = 0 . 

First method. The slope of the given line is . Therefore the required line is 
2 / — 3 = J (x + 2), or 3 X — 5 2 / + 21 = 0. 


Second method. As explained in § 28, 2, we know that the required equation 
is of the form 

3x — = 

where C is unknown. Since the line passes through (— 2 , 3), 

3(- 2) -6(3)4- 0 = 0, 
whence 0= 21. Therefore the required equation is 


3x — 62 / 4 - 21 = 0. 


3. To find the equation of a straight line passing through a 
known point and perpendicular to a known line. 

The slope of the required line may be found from the slope of 
the given line, as in § 28, 3. The problem is then the same as 
problem 1. 

Ex. 1 . Find a straight line through (6, 3) perpendicular to 7x4-02/4-1 = 0. 

First method. The slope of the given line is — Therefore the slope of the 
required line is By problem 1, the required line is 

2 / — 3 = ^(x — 6), or Ox — 72/ — 24 = 0. 

Second method. As shown in § 28, 3, we know that the equation of the 
required line is of the form Ox — 72/4-0 = 0. Substituting (6,3), we find 
C = — 24. Hence the required line is 0 x — 7 y — 24 = 0. 
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Ex. 2. Find the equation of the perpendicular bisector of the line joining (0, 6) 
and (5, — 11). The point midway between the given points is (|, — 3), by § 18. 
The slope of the line joining the given points is — by § 27. Hence the required 
line passes through (^, ~ 3), with the slope Its equation is 

y -f 3 = ~ I), or lOx - 32y - 121 = 0. 


4. To find the equation of a straight line through two known 
points. 


This problem has already been solved in § 26, and the result 
given in the form 


X 

y 


Vx 


y^ 


1 

1 

1 


= 0 , 


which is the same as 


X 

x’l 



y -Vx 
Vx-y^ 


= 0 . 


(Ex. 2, § 3) 


Or, by § 27, the slope of the required line is 

hZJl. 


Hence, by problem 1, the equation of the required line is 


y^- Vx , , 


Ex. Find a straight line through (1, 2) and (— 3, 6). 

By the formula, 

y -2= ^ ~ ^ - {z - 1), or 3a; + 4y-ll = 0. 

— O — 1 




5. To find the condition that three known points should lie on 
the same straight line. If the three points are {x^, y^, {x^, y^; 
and (iCg, 7/g), the condition that they should lie on the same straight 
line is 


Xx 

yx 


y^ 

*8 

y^ 


1 

1 

1 


= 0 , 


as is evident from 4. 
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30. Intersectioii of straight lines. 

I^t Ajiu + "f* Gj = 0 

and -f- + C^ = 0 


be the equations of two straight lines. It is required to find their 
point of intersection. Since the coordinates of any point on one 
of the lines satisfy the equation of that line, the coordinates of a 
point on both lines must satisfy both equations simultaneously. 
Hence the coordinates of the point of intersection of the lines is 
found by solving the two equations. 

There are three cases. 


1 .' 


A 




¥= 0 . 


The solutions are then 



G, B, 


A A 


0, B, 


A A 


A A 


A, B, 


A A 


A A 


The two straight lines intersect in the corresponding point. 


2 . 


A 

A 


B, 


= 0, but at least one of the determinants, 


C'x A 

B, 


and 


A C'x 
A 0, 


not equal to zero. 

The equations are then contradictory and the straight lines do 
not intersect. In fact, § 28 shows that the straight lines are 
parallel. 

This case may be brought into connection with case 1 as 
follows : In case 1 suppose that A^B^ — A^B^ is very small, but 
not zero. The values of x and y are then very large, assuming 
that the numerators are not small; and the point of intersection 
is then very remote. 
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Let now the lines be changed in such a manner that 
approaches zero. The values of x and y increase indefinitely, the 
point of intersection recedes indefinitely, and the lines approach 
parallelism. 



B, 


= 0 , 


C'l B, 
0, B^ 


= 0 , 


A 


Or 


= 0 . 


The equations are then not independent but represent the same 
straight line. 

In this case the attempt to use the solutions as given in 1 
leads to the indeterminate form ^ (§ 11). 

31 . If the three straight lines 


A,x + B,y + C^=0, . ( 1 ) 

+ ( 2 ) 

A,x+B,y + C,^(), (3) 


pass through the same point, the three equations have a common 
solution, and therefore 


A 

A 

A 


B, C, 

B, A 

B, C, 


( 4 ) 

♦ 


Also, if the three straight lines are parallel, the determinant (4) 
is zero. For if (1), (2), and (3) are parallel, AJi^—A^B^ = Q, 
A^B^—A^B^ = 0, AjRj— = 0, and therefore 


Conversely, if 


A 

B, 

A 


A 

B, 

A 

= 0. 

A 

B, 



A 

i?, 

B, 


A 

B, 

B, 

= 0, 

A 

B, 

B, 



the lines (1), (2), and (3) either pass through the same point or are 
parallel. For, by § 7, if two of the lines intersect, the coordinates 
of the point of intersection satisfy the other. 
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32. Distance of a point from a straight line. 

Take the equation of any straight Hue, written in the form 

y—mx — h = 0, (1) 

and consider the polynomial 

y — mx — 6, (2) 

which stands upon the left-hand side. We may substitute in (2) 
the coordinates {x^, y^ of any point P^, and thus obtain a value 
of (2) which is zero when iFJ lies 
on the line (1), but not other- 
wise. We wish now to obtain 
the meaning of 

i/j— mx^— b 

when Pi is not on (i). For that 
purpose, let LK (fig. 30) be the 
line (1), and let MPi, the ordinate 
of Pi, cut LK in Q. Then the 

abscissa of Q is and its ordinate is MQ. From (1) 

MQ = mXi -f- h. 

Hence yi — mXi — J — (mxi + b) 

= MPi-MQ = QPi. 


Y 



It is clear that — mXi — 6 is a positive quantity when (ajj, ^j) 
lies above the line LK, and is a negative quantity when (a:^, t/j) hes 
below T^K. It is also evident from the triangle PiQR, and from 
a like triangle in other cases, that the length of PyR is numeric- 
ally equal to cos But tan <f) = m, and hence 


cos<j> = 




± V 1 -f- 


±Vl-f m* 


We have, then. 
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We may, if we wish, always choose the + sign in the denomi- 
nator. Then P^R is positive when is above y ^ mx + J, and 
negative when is below. 

If the equation of the straight line is in the form 


Ax + Py +(7=0, 


m = — ” and 6 = — • 

P P 


Therefore 


and 


Ax^ + Pyi+ C = R(?/j^— &), 


Ax^ + Py^ + G 

vCF+^ 


It appears, then, that the polynomial Ax^ + + C and the per- 

pendicular P^R are positive for all points on one side of the line 
Ax + By + C ^ Q, and negative for all points on the other side. 
To determine which side of the line corresponds to the positive 
sign, it is most convenient to test some one point, preferably the 
origin. 

33, Normal equation of a straight line. Let LK (fig. 31) be any 
straight line and let OD be the normal (or perpendicular) drawn 
from the origin. Let the length of OD be p and let the angle 
XOD be a. Take P any point on LK, The projection of OP on 

OD is equal to the sum of the 
projections of OM and MP (§ 15). 
But the projection of OP on OD 
is p, since ODP is a right angle. 
The projection of OM on OD is 
iccosa (§ 14), and that of MP is 
y cos (cr — 9 0°) = y sin (T. Hence 

p^x cosa + y sin a:, 
or X cosa + y sina; •— jp = 0. 


Y 



This equation, being true for the coordinates of any point on 
LK and for those of no other point, is the equation of LK. It is 
called the normal equation of a straight line. 
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Since sin^o: -f cos®a = 1, it follows from § 32 that 
ajj cos a + sin a — JO 

is numerically equal to the distance of from 

X cos a + y sin a — j? = 0. 

It is sometimes desirable to change an equation 

Ax +By + 0=0 
into X cos a + ysina — jo = 0. 

For that purpose it is enough to notice that since any value of 
{x, y) which satisfies one equation must satisfy the other, the one 
is a multiple of the other. Hence 

.4 = ^' cos a, B = k sin a, 0 = — k/p, 

where k is an unknown factor. But from these last equations we 
have 

A^A-B^ = k\ 

• A 

Therefore cos a = — > 

±VA'^ + i>’* 

B 

sin a = — =r-t=Tz:;.“ > 

±^A^ + B^ 

Since ^ is to be positive, the sign of the radical must be oppo- 
site to that of C. 


PROBLEMS 

Plot the graphs of the following equations : 

1.6x — 3y*fl0 = 0. 3. x-|-3y>-7 = 0. 5.3x-f52/ = 0. 

2. 4x + 6y + 12 = 0. 4. 2 x~93/ = 0. 6. 4x + 7 = 0. 

7. 6y~8 = 0. 

8, Two numbers are to be found such that one half of one plus one third 
of the other is equal to unity. Show how one number may be graphically 
found when the other is known. 
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9 . A plane figure is in the form of a square, 3 ft. on one side, surmounted 
by a triangle constructed on one of its sides as a base. Express the area of the 
above figure in terms of the altitude of the triangle, and plot the graph of the 
function. 

10. Express the number of inches in any length as a function of the number 
of centimeters, and express the same as a graph. 

11. A uniform elastic string of length I is subjected to a stretching force/. 
If V is the new length, V — 1(1 mf)^ where in is a constant. Plot the graph, 
showing the relation between V and /. 

12 . If t represents the boiling point in degrees Centigrade at a height h in 
meters above sea level, then approximately h = 295 (100 — t). Plot the graph. 

13 . The pressure on a square unit of horizontal surface immersed in a liquid 
is equal to the weight of the column of liquid above it. Express the pressure at 
a depth x below the surface of a body of water, the density of the water being 
taken as unity. Express also the pressure x units below the surface of a body 
of water over which is a body of oil of den.sity .9 and of depth 8 units. Plot 
the graphs. 

14 . A road starts at an elevation of 100 ft. above sea level and has a uniform 
up grade of 15 per cent ; i.e. it rises 15 ft. in every 100 ft. of horizontal length. 
Express the distance above sea level on the road as a function of the horizontal 
distance from the point of departure, and construct the graph. 

15 . A tank of water contains 100 gal. A tap is opened, causing the water 
to flow out at a uniform rate of | gal. per minute. Express the amount of 
water in the tank as a function of the time, and construct the graph. 

16 . Find the equation of the straight line of which the slope is 7 and the 
intercept on OF is — 3. 

17 . Find the equation of the straight line passing through the point (0, — 3) 
and making an angle of 135° with OX, 

18 . Find the equation of a straight line making an angle of 00° with OX and 
cutting off an intercept — 5 on OF. 

19 . A straight line making a zero intercept on OF makes an angle of 120° 
with OX. Find its equation. 

20. A straight line making a zero angle with OX cuts OF at a point 5 units 
from the origin. Find its equation. 

21. Find the acute angle between the lines 2x — 3y + 5 = 0 and x + 22/-f2 = 0. 

22 . Find the acute angle between the lines 2x + 3y — 6 = 0 and 2x -f y + 1 = 0. 

23 . Find the acute angle between the lines 4x + 2 / — 2 = 0 and 3x + 5?/ + 8 = 0. 

24 . Show that 2x -f- 14y ~ 17 = 0 bisects one of the angles between the lines 
8x-|-6y~ll = 0 and 3x~42/ + 3 = 0. 

25 . Find the equation of the straight line through the point ( — 4, 6) parallel 
to the line 5x — 42/4-1 = 0. 
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26. Find the equation of the straight line through (3, — 1) parallel to the line 

X - = 8. 

27. Find the equation of the straight line through the point (2, — 11) per- 
pendicular to the line 9a; — 8?/-l-6 = 0. 

28. Find the equation of the straight line through the origin perpendicular 
to the line 6a; -f 5?/— 3 = 0. 

29. Find the equation of the straight line through the points (—2, —3) 
and (0, 4). 

30. Find the equation of the straight line through the points (2, — 1) 
and (3, 2). 

31. Find the equation of the straight line through the points (—1, 3) 
and (—1, 6). 

32. Find the angle between the straight lines drawn from the origin to the 
points of trisection of that part of the line 6x + 4^/= 24 which is included 
between the coordinate axes. 

33. Find the equation of the perpendicular bisector of the line joining 
(-3, o)and(-4, 1). 

34. A straight line is perpendicular to the line joining the points (—4, — 2) 
and (2, — 0) at a point one tliird of the distance from the first to the second 
point. What is its equation ? 

35. Find the equation of the straight line through (3, 5) parallel to the 
straight line joining (2, 5) and (— 5, -- 2). 

36. Find the equation of the straight line parallel to the line 2x — 3y-f-6 = 0 
and bisecting the straight line joining ( — 1, 2) and (4, 5). 

37. Find the e(iuation of the straight line perpendicular to 3x — = 9 and 

bisecting that portion of it which is included between the coordinate axes. 

38. What is the equation of a straight line the intercepts of which on the 
axes of X and y are 2 and — 5 respectively ? 

39. What is the equation of the straight line the intercepts of which on the 
axes of X and y are — 4 and — 7 respectively ? 

40. In the triangle A ( — 2, — 2), B (1, — 3), (7(0, — 7), a straight line is 
drawn bisecting the adjacent sides AB and BC, Prove that it is parallel to AC 
and half as long. 

41. Find the equation of a straight line through (4, |) and the point of 
intersection of the lines 3x — 4^/ — 2=0 and 12 x — 15?/ — 8 = 0. 

42. Find the equation of the straight line passing through the point of inter- 
section of X — 2?/ — 5=0 and 2x — 3y — 8 = 0 and parallel to 3 x — 2 2 / -f- 2 = 0. 

43. Find the equation of the straight line through the point of intersection 
of Ox — 22/ — 11 = 0 and 4x — Gy — 5 = 0 and perpendicular to4x - y-fl = 0. 
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44. Find the equation of the straight line joining the point of intersection 
of the lines 2x -- y ^ = 0 and x+ y -j- 1 = 0 and the point of intersection of 
the lines x — y — 7 = 0 and 2 x + 2 / — ^ =,0. 

45. Determine the value of m so that the line y = rnx 4- 3 shall pass through 
the point of intersection of the lines y = 2 x -f 1 and y = x + 6. 

46. Find the vertices and the angles of the triangle formed by the lines 
x = 0, X — yH-2 = 0, and 2x-f3y — 21=:0. 

47. Find the distance of (3, 6) from the line y = 4 x — 8. On which side of 
the line is the point ? 

48. How far distant from the line 2x4-3y-|-8 = 0is the point (7, — 4), and 
on which side of the line is it? 

•C 7/ 

49. Find the distance from the point (6, — a) to the line ^ ^ 

50. The base of a triangle is the straight line joining the points (—1, 3) and 
(6, — 1). How far is the third vertex (6, — 2) from the base ? 

51. The vertex of a triangle is the point (0, — 2) and the base is the straight 
line joining (— 3, 2) and (4, 3). Find the lengths of the base and the altitude. 

52. Find the distance between the two parallel lines 4x4-3y — 10 = 0 and 
4x + 3y-8 = 0. 

53. A straight line is 7 units distant from the origin and its normal makes 
an angle of 30® with OX. What is its equation ? 

54. The normal to a straight line which is 6 units distant from the origin 
makes the acute angle tan~^ with OX, What is the equation of the line ? 

55. A straight line 4 units distant from the origin makes an angle of 45® 
with OX. What is its equation ? 

56. The normal to a straight line makes an angle tan“^ Jwith OX. The 
line passes through the origin. What is its equation ? 

57. The normal to a straight line makes an angle of 90® with OX, The 
line is 7 units distant from the origin. What is its equation ? 

58. Find a point on the line 4 x -f 3 y = 12 equidistant from the points 
(-1, -2) and (1, 4). 

59. Find the equation of the perpendicular bisector of the base of an 
isosceles triangle having its vertices at the points (3, 2), (—2, —3), and 
( 2 , - 6 ). 

60. A point is equally distant from (2, 1) and (—4, 3), and the slope of the 
straight line joining it to the origin is Where is the point ? 

61. A point is 7 units distant from the origin, and the slope of the straight 
line joining it to the origin is §. What are its coordinates ? 

62. Perpendiculars are let fall from the point (6, 0) upon the sides of the 
triangle the vertices of which are at the points (4, 3), (—4, 3), and (0, — 6), 
Show that the feet of the three perpendiculars lie on a straight line. 
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63. Find a point on the line a;-f2y — 3 = 0, the distance of which from the 
axis of X equals its distance from the axis of y. 

64. One diagonal of a parallelogram joins the points (4, — 2) and (—4, — 4). 
One end of the other diagonal is (1, 2). Find its equation and length. 

65. Find the equations of the straight lines through the point (—2, 0) 
making an angle tan- ' J with the line 3a; + 4y + 6 = 0. 

66. Find the equations of the straight lines through (2, 2) making an angle 
of 45° with the line 3 a: - 2 y = 0. 

67. Find the equations of the straight lines through the point (2, 1) making 
an angle tan-^ J with the line 2x — y — 8 = 0. 

68. Derive the equation of the straight line making the intercepts a and b 
on the axes of x and y respectively. 

69. Prove analytically that the locus of points equally distant from two 
points is the perpendicular bisector of the straight line joining them. 

70. Prove analytically that the medians of a triangle meet in a point. 

71. Prove analytically that the perpendicular bisectors of the sides of a tri- 
angle meet in a point. 

72. Prove analytically that the perpendiculars from the vertices of a tri- 
angle to the opposite sides meet in a point. 

73. Prove analytically that the perpendiculars from any two vertices of a 
triangle to the median from the third vertex are equal. 

74. Prove analytically that the straight lines joining the middle points of 
the adjacent sides of any quadrilateral form a parallelogram. 

75. Prove analytically that the straight lines drawn from a vertex of a paral- 
lelogram to the middle points of the opposite sides trisect a diagonal. 
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34. Graph of the polynomial of the second degree. 

The polynomial of the second degree is ax^ + lx + c. Its 
graph may be plotted l>y equating it to y and proceeding as in 
§§ 20 and 23. 



Ex. 1. 4- 2. 

Place y " 2x 2 and assume integral 
values of x. The coiTespuiidiiig values of x and 
y are given in the following table : 


X 

V 

X 

V 

0 

2 

- 1 

1 

1 

5 

~ 2 

2 

2 

10 

-3 

5 

3 

17 

- 4 

10 

4 

26 

- 5 

17 


As in § 20, we plot these points (tig. t32), and 
are then to draw a smooth curve through them. 

Put we notice that these points are nearer 
together in some iilaces than in others. It follows 
that in some the curve would be more 

accurate than in othei*s. To obviate this diffi- 
culty we assume such fractional values of x 
as will locate x^oints between the more widely 
separated points already x^lotted. 

We thus form the table : 


X 

y 

X 

y 

1.5 

7.3 

- 3.5 

7.3 

2.5 

13.3 

-4.5 

13.3 

3.5 

21.3 

- 5.5 

21.8 

-2.6 

3.3 




Plotting these points also, and drawing the curve, we have (fig. 32) the grax>h of 
the given polynomial, -f- 2x + 2. The graph lies entirely above the axis of x, 
and recedes constantly from it as x increases numerically, since the polynomial 
is positive for all values of x, and increases in value as x increases. 

70 
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Ex. 2. 2x2 -f X - G. 

Place 2 / = 2 x2 4- X — 6 and aasume integral values of x 
Hence the table : 


X 

y X 

y 

0 

-6 - 1 

- 5 

1 

- 3 ‘ - 2 

0 

2 

4 -3 

9 

3 

16 



On plotting these points (fig. 33) we see that it 
is desirable to assume fractional values of x. 
Hence the table : 


X 

y 

X 

y 

1.5 

0 

-3.3 

12.5 

2.3 

G.9 

-3.7 

17.7 

2.G 

10.1 

- .5 

- G 

-1.5 

- 3 

- .3 

- G.l 

-2.5 

4 

- .7 

- 6.7 



In obtaining this new set of points wo have 
assumed — .5, — .3, ~ .7 as values for x, with the 
aim of locating as closely as pos.sible the turning 
point, or vertex^ as it will be called, of tlie curve. 

Plotting these points also, we draw the curve (fig. 33). 

It is especially to be noted that the curve cuts the 
axis of X when x = — 2 and when x = 1.5. But these two values of x, since they 
make 2 x2 -f x — G equal to zero, are the roots of the equation 2 x2 + x — G = 0. 

As the graph of the polynomial in Ex. 1 did not intersect the axis of x, we 
conclude that the equation formed by j)lacing it ecjual to zero ha s no real roots. 
Solving that equation we find that, in fact, the roots are — 1 ± V — 1. 

35. Let us now consider the general polj^noniial of the second 
degree, ax^+hx + c, of which the two polynomials just plotted 
are special cases. 

If we place y = ax^ -f- hx + c, we can write 


y — a\ x^+ ~x + - \ 

L a aj 
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The expression in brackets is the constant, — - > plus 

~t CL 


a function of x, 




> which is always' positive except for 


a? = — — - , when it is zero. 

2 a . 

At first we shall regard a as positive. It follows that y has its 

least value when a: = — • Therefore the lowest point, the vertex, 

la 

, ^ 

of the curve will be 




4 ac 


4a 


As values greater and 


less than — ^ are assigned to x, x + increases numerically, 
la la 

y increases, and the corresponding point of the curve rises in 

the plane. Moreover, if x is assigned the values — + h and 

b ^ ^ 

— k, k being any assumed constant value, the corresponding 

A a 

values of y are the same. Hence the curve is symmetrical with 

respect to the straiglit line which line passes through 

A a 


the vertex of the curve parallel to the axis of y. 

If a is negative, it can be proved in the same way that the curve 

has an axis of symmetry, x=^ — — > which passes through its 

A a 

vertex, which is in tliis case the highest point of the curve. 

36, Now that we have proved that the graphs of all quadratic 
polynomials in x are alike, having a vertex and an axis of sym- 
metry passing through it, we can plot them more easily than was 
possible before, as is shown by the two following examples. 


Y 



Ex. 1. 4x2 — 4x + 1. 

2 / = 4x 2 — 4x-f-l = 4(x2 — x + J) = 4(x — ^)2. 

Therefore the vertex of the graph is 0), and the 
axis of symmetry is the line x=^. Beginning with 
the value we assign to x values greater and less 
than thereby locating points on both sides of the 
axis of symmetry, and plot the graph which is repre- 
sented in fig. 34. 

We see that the equation 4x2 — 4x + l = 0 has two 
equal real roots, the graph being tangent (§ 37) to the 
axis of X at the point x = 


Fig. 34 
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£x. 2.‘ — 2a:*4-3x. 


y = - 2*2 + 3* 

/* 


II 

1 

1 

/ 

A 


/ 

■\ 

Therefore the vertex of the graph is (|, |) and / 

the axis of symmetry is the line « = The graph / 

is represented in fig. 35. We see that it crosses j 

the axis of x at two different points. Hence the 
equation — 2 -f 8 x = 0 has two unequal real 

II 1 

1 

\ 

roots, which are found to be 0 and 

Fig. 36 


37. Discriminant of the quadratic equation. 

the constant — ^ — --4— iii the equation 


Turning now to 




' h^-4ac 
4a^ 


+ U + 



of § 35, we have three cases to consider. 

1. If — 4 ae > 0, the vertex of the graph is below the axis of 
X when a > 0, and above the axis of x when < 0, and accord- 
ingly the graph intersects the axis of x in two points. 

2. If 4 ac == 0, the vertex of the graph is on the axis of x, 
and hence the graph intersects the axis of in a single point. 

3. If 5^— -4ac < 0, the vertex of the graph is above the axis 
of X when a > 0, and below the axis of x when a <0, and the 
graph does not intersect the axis of x at all. 

Now let us suppose that different values are assigned to the 
constants a, b, and c, in such a way as to make b^— 4 ac decrease, 
beginning with a positive value. Then the vertex of the graph 
rises or falls in the plane until, when b^-— 4ac ~ 0, it lies on the 
axis of X, At the same time, the points in which the graph inter- 
sects the axis of x have been approaching each other, and finally 
coincide, when the graph is said to be tangent to the axis of x. 

Eecalling that the abscissas of the points of the graph on the 
axis of X are the real roots of the equation formed by placing the 
expression equal to zero, we can tabulate the following results. 
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1. 11 — 4 ac > 0, the graph of hx + c intersects the axis 

of X at two points, and the ecjuation a.)?+ hx + r = 0 has two real 
roots, which are unequal. 

2. If 4 ac 0, the graph of ax^+ lx + c is tangent to the 
axis of X, and the e(iuatioii fu? + hx c =: 0 has two real roots, 
which are ecpial. 

3. If — 4 ac tlie gra])li of cu^+hx + c is entirely on one 
side of the axis of and the equation (ur+hx-\-c— 0 has only 
iiuaginary roots. 

The expression 4 ac is called the discriitihiani of the quad- 
ratic equation, as its sign indicates tlie nature of the roots of the 
equation. 


Y 



Fig. 36 


38. Graph of the polynomial of the nth degree. 

Let the polynomial be 

UqX^^ 4~ • • • + ^^n- \ “b 

In general this polynomial contains n + 1 terms. 
If any term is huiking, we may consider that its 
coellicient has become zero. 

We will begin by plotting the graphs of some 
special numerical cases. 

Ex. 1, x3. 

Place y — and assume values of x. Hence the table : 


X 

V 

X 

y 

0 

0 

1.5 

3.4 

1 

1 

- 1.6 

- 3.4 

2 

8 

2.3 

12.2 

- 1 

- 1 

- 2.3 

- 12.2 

- 2 

- 8 

2.7 

19.7 

.5 

.1 

- 2.7 

- 19.7 

- .5 

- .1 




Drawing a smooth curve througli these points, we have the curve of fig. 36. 
It, is called a cubical parabola. 
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Ex. 2. x\ 

Place y ~ and assume values of x. Hence the table 


X 

y 

0 

0 

1 

1 

2 

10 

-- 1 

1 

- 2 

10 

.8 

.1 

.7 

.2 

.8 

.4 

.1) 

.7 

1.1 

1.5 

1.8 

2.0 

1.5 

5.1 

The Cl 


Ex. 8. 


Place 


X 

y 

1.7 

8.4 

1.9 

18.0 

- .5 

.1 

— .7 

.2 

- .8 

.4 

~ .9 

.7 

- 1.1 

1.5 

1.8 

2.9 

- 1.5 

5.1 

- 1.7 

8.4 

- 1.9 

13.0 


The curve is r(‘pre\s(;nted in 87. 




Hence the table : 



n 


1 


■X 


X 

y 

X 

V 

0 

0 

1.8 

18.9 

1 

1 

1.9 

24.8 

2 

32 

- .7 

~ .2 

1 

1 

- .9 

- .0 

2 

- 82 

- 1.2 

2.5 

.7 

.2 

- 1.1 

- 5.4 

.9 

.0 

- 1.0 

- 10.5 

1.2 

2.5 

- 1.7 

! - 14.2 

1.4 

5.4 

~ 1.8 

- 18.9 

1.0 

10.5 

- 1.9 

- 24.8 

1.7 

14.2 




The curve is represented in fi*^. 88. 

In each of the three examples above, the curve crossed 
the axis of x at the origin, and the corresponding ecjuation 
had the root zero. 


Fig. 38 
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Ex. 4. 2 X* -f 8 X — 6. 

Place y = x*--2x2 + 3x--6 and assume values of 
Hence the table: 


X 

y 

X 

y 

0 

- 6 

1.6 

- 2.0 

1 

- 4 

2.6 

4.6 

2 

0 

2.7 

7.2 

3 

12 

-1.6 

- 18.4 

- 1 

-2 

-12 -1.7 

-28 

-21.8 


The curve is represented in fig. 39. 

This curve crosses the axis of x at 
the point x = 2, and hence the equation Y 

x3 — 2 x2 + 3x — 6 = 0 has 2 for a real root . 

Its other roots are imaginary, i.e. 3. 

Ex. 6. 4x* + 4x2 — 9x — 0. 

Place y = 4x®-{-4x2 — 9x — 9 and assume 
values of x. Hence the table : 


X. 


X 

y 

X 

y 

0 

- 9 

”l.6 


1 

1 

o 

1.3 

-6.2 

2 

21 

1.7 

6.9 

-1 

0 

- .6 

-4.0 

-2 

- 7 

-1.6 

0 



-1.3 

.7 


This curve is represented in fig. 40. It crosses the axis of 
X at three points, — when x = 1.6, when x = — 1.6, and when 
X = — 1. Hence ±1.6 and — 1 are real roots of the equation 
4x®±4x2 — 9x — 9 = 0. 


Without discussing any more numerical examples 
we can see that, in general, the abscissas of the points 
on the axis of x of the graph of the polynomial 



Fig, 40 


ha„^tX + a„ 

are real roots of the equation 

ttgaf'-h a^x"~^+ h + «„ — 0. 
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Conversely, the real roots of the equation 

• — h a^^iX + = 0 

are the abscissas of the points at which the graph of 
a^o(f'+ f- + 

intersects the axis of x, for they make y = 0. 

Moreover, if the graph of the polynomial does not intersect 
the axis of x, the corresponding equatioh has no real roots; and 
conversely, if the equation has no real roots, the graph of the 
polynomial does not intersect the axis of x, 

39. Solution of equations by factoring. Let f{x) be a poly- 
nomial which can be separated into factors f^{x)y fj(x)y f^{x)y • • *, 
each of which is necessarily of lower degree than f{x). Then the 
equation 

/(*)=0 (1) 

may be written in the form 

( 2 ) 

It is evident that any value of x which makes one of the fac- 
tors / 3 (^)> * • * zero, satisfies equation (2), and hence 

equation (1), i.e. is a root of equation (1). But such a value of x 
is evidently a root of some one of the equations 

/i(«)=0. /2(*)=0, 

Conversely, any root of equation (1) must satisfy eciuation (2), 
and hence must make some one of the i&ctoxs f^{x), fj^x), f^{x), • • • 
zero ; for if no one of these factors is zero, their product cannot be 
zero. Hence the solution of the equation f{x)= 0 is reduced to 
the solution of the separate equations 

/i(»)=0. /3(*)=0> /s(^)=^> 

In applying this method it is usually desirable to have no fac- 
tor of higher degree than the second ; but there is no advantage 
in carrying the factoring any further, as any quadratic equation 
can be readily solved. 
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Ex. 1. Solve the equation x® = 8. 

By transposition, — 8 = 0 ; 

whence, by factoring, (x — 2) (x^ + ‘2 x -i- 4) — 0. 

X — 2 = 0 or x2 + 2 X 4- 4 = 0 ; 

whence x = 2 or — l^V— 8. 

Since the original equation might have been written x = "^8, we see that the 

three values of x which have been found are each a cube root of 8. In fact, 

every number lias three cube roots, wliich may be found by solving the ecpiation 
formed by placing equal to the number. 

Ex. 2. Solve the equation x'^ -f 9 — 0. 

This e(|uation may be written 

(.x4q.0x2 + 9)-«x2=:0; 
whence, by factoring, (x^ + Vd x + 8) (x^ _ Vd x -f- 8) = 0. 

.-. x2 4- Vdx 4- 8 = 0, or x^ — Vd x 4- 3 = 0 ; 

-Vo^V-d Vd ± V— 6 

whence x = or 

2 2 

It is to be noted that every number has four fourth roots, which may be found 
by a method similar to that suggested above for finding its three cube roots. 

40. Factors and roots. It follows immediately from the pre- 
ceding article that if x — r is a factor of f(^x), then r is a root of 
the equation f{x) = 0. 

Conversely, if r is a, root of the equation fi^x) = 0, then the 
polynomial f{x) is divisible by x — r. 

Let /(.r) = a,,*" + a j.c" " ' H h _ , x + 

and let r be a root of f{x) = 0. Then 

/(r) = + a/'-' -{ + + a„ = 0. 

••• /(«)=/(■«) -/(O 

= d rtj 

-{a/‘ + • • • + rt„_ir + «„) 

As f{x) is expressed as a series of terms each of which, being 
the difference of the same positive integrfil powers of x and r, is 
divisible by x — r, it follows that / (x) is divisible by x — r. 
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Ex. By inspection — 1 is a root of the equation 

+ 2a:2 + 3a: + 1 = 0. (1) 

Hence x -h 1 is a factor of the left-hand member of the equation, whi(,h may 
accordingly be written 

(x-f l)(«3 + 2x + l) = 0. (2) 

Additional roots of equation (1) may now be found by solving the equation 
x^ + 2 X + 1 = 0 by methods given in §§52 and 63. 

It is to be noted that the solution of the original equation has been simplified 
by making it depend upon the solution of a depressed etjuation, i.e. one of degree 
lower than the degree of the original equation. 

41 . By means of the second theorem we can form an equation 
which shall have any given quantities, r.,, • • as roots. For 
if > 2 , • • • are the roots of the equation, its left-hand member 
must contain the factors x — rj, x — • • • , the right-hand mem- 

ber being zero. Therefore the equation 

{.c - r^) (x - r„) = 0 

has the required quantities as roots. Moreover, this equation can 
have no other roots, since any other value of x will make no fac- 
tor equal to zero, and hence the product will not be zero. There- 
fore the required equation is 


(X - rj) {X rj = 0. 


Ex. 1. Form the equation liaving as rooln 2-|-.SV — 1, 2 — 3 V— 1, — -J-. 

The required equation is 

(x ~-2 - 3 V^) (X - 2 + 3 V^i) (X + jV) = 0, 
or [{x-2)2 + 0][3x + l] = 0, 

or 3x3 - 11x2 -}-36x + 13 = 0. 

This method of forming an e(| nation suggests a method of factor- 
ing a quadratic expression. For if and nj are the roots of the 
quadratic equation ax^+ bx + c = 0, then ax^+ hx + c divisible 
by x — T^ and and hence 


aoc^ +bx + c = a{x — (x — r^). 
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Ex. 2. Factor 6 4- x — 1. 

The roots of the equation 6x2 + x~l = 0 are ~ ^ and 

0x» + X - 1 = 6(x + i) (x - -J) 

= 2(x + i). 3(x-i) 
= (2x + l)(3x-l). 


Ex. 3. Factor 4x2 -f 4 x — 2. 

The roots of the equation 4x2 + 4x — 2 = 0 are 


-1±V3 

2 


4 x2 4 4 X - 2 


= {2x + 1 - VS) (2x + 1 + VS). 


1- V3> 


Ex. 4. Factor x2 4 4 X 4 6. 

The roots of the equation x2-f4x40 = 0 are i— 2 4 V— 2. 

... a;2 4 . 4x 4 6 = (X 4 2 - V^) (x 4 2 4- VT^). 


42. Number of roots of an equation. The fundamental propa 
sition concerning the roots of an equation is that every equation 
formed hy placing a polynomial equal to zero has at least one root. 
The proof of this proposition, however, depends upon methods 
too advanced to be used here. We shall therefore assume it as 
proved, and proceed to prove, as a consequence of it, that every 
equation of the nth degree has n roots, and only n roots. 

Let the given equation 

a^x^ + 4 h = 0 

be denoted by f{x) =0. (1) 

Since this equation must have at least one root, let r^ be that 
root. Then f(x) is divisible by x — rf^ 40) and therefore 

f{x) = {x~r^f^{x), (2) 

/j(a:) being the other factor, and necessarily of degree n — \. 
Equation (1) can now be written 

and any root of /j(£c) = 0 

is a root of f{x) = 0 (§ 39). 


(3) 

(4) 
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But equation (4) must have at least one root ; and if we let 
be that root, and reason as before, we may write 

Mx) = {x-r^)f^{x), ( 5 ) 

fj{x) being of degree n — 2. 

By substitution in (2) we shall have 

fix) =^{x- r^) (X - r, )/,(«). (6) 

After separating n linear factors in this way, the last quotient 
will be tty. Therefore we shall have 

/(X) = afx - r^) {x-r,)---{x- r„), (7) 

the polynomial being expressed as the product of n linear factors. 
Then the equation f{x) = 0 may be written 

«o(^ - '^i) r,) = 0, (8) 

whence it is seen to have 7i roots (§ 39), i.e. r.^, • • •, 

It can have no other roots ; for if we let x have any value other 
than or r^, no factor of the first member of (8) is zero, 

and hence the product in the first member is not equal to zero. 
Therefore the equation of the nth degree has n, and no more 
than n, roots, and the polynomial of the nth degree can always 
be separated into n linear factors. In general, however, it is not 
possible to determine these factors where n > 4. 

It is to be noted that the roots may all be different, or some of 
them may occur more than once. In the latter case the equation 
is said to have multiple roots. 

43. If now the left-hand member of equation (8) of § 42 is 
expanded, the equation appears in the original form 

and it is evident that 

(- »-i) + (- rj + (- »-8) ^ > (1) 

(- r,) (- r,) (- r,) • • • (- r,) = ^ • 

“o 


and that 


( 2 ) 
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liquations (1) and (2) express respectively the following theorems: 

1. Tlie sum of the roots of an equation with their signs changed 
is the coefficient of x”"* divided hy that of x^\ 

2. The prodiiet of the roots of an equation vnth their signs 
changed is the constant term divided by the coefficient of 

Other theorems of tliis type are given in works on the theory 
of equations, but only these two have been stated here, since they 
are of special service in finding the remaining root of an equation 
after all the others have been determined. 

Ex. 1. 2'liree roots of die equation 2a;'‘ + 7a:^-|-8x2 + 2x — 4 = 0 are — 2, 

— 1 — V— 1, and — 1 -f V— 1. Find the fourth root. 

The sura of all the roots is -- and tlie sum of the three roots known is — 4. 
Therefore the fourth root is — ^ 4), or 

Ex. 2. Two roots of the etjuation — 7 x -f 1 = 0 are J and — Find 
the third root. 

The sum of the two roots known is — and the sum of all tlie roots is 0, 
since the coefficient of is 0; therefore the third root i« 0 — (•— ^), or 

Or the product of the roots known is — and the product of all the roots 
is — ; tln^refore the third root is (— ~ (— or 

44. Conjugate complex roots. Nothing was said in § 42 as 
to the nature of the roots r^y r,,y • • • , But if the coefficients 
Uq, • • • , are all real, and if a + hi is one of the roots, then 
a — hi is also a root. 

For if a + hi is a root of f(x) = 0, then f{a + hi) — 0. When 
f{a -h hi) is expanded the terms can be separated into two sets, 
— those containing a alone or involving only even powers of hi 
as a factor, and those involving only odd powers of hi as a factor. 
By § 12 the terms of the first set are all real and tlieir sum may 
be denoted by A ; and the terms of the second set contain i to the 
first power as a factor, and their sum may be denoted by Bi {By 
of course, being real). Then f {a + hi) = 0 may be written 

A + Bi = 0, 

whence (§ 12), A = 0 and ^ = 0. 

If, in the above, we replace hi by — hi, it is evident that the 
terms in the first set are not affected, as they involve only even 
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powers of hi as a factor, and those in the second set, involving 
only odd powers of hi as a factor, are changed in algebraic sign 
only. Therefore we have f[a + {-—hi)] — A--‘Bi, But we have 
seen that A = 0 and = 0 ; therefore f\ci + (— ii)] = 0. Since 
f\a+{—hiy\^f{ct — hi), however, it follows that /(a — &i)=0, 
and a — is a root of the given ecpiatioii / {x) = 0. 

This fact is usually stated by saying that complex roots occur 
in pairs. 

It follows that an equation of even degree may not have any 
real roots, and that an equation of odd degree must have an odd 
number of real roots, and thus at least one real root. 

45. It was proved in § 42 that every ]:>olynomial is equivalent 
to the product of n linear factors, i.e. 

where • • • > are the roots of tlie corresponding equation. 

Now if any one of these roots is complex, there will be a corre- 
sponding conjugate complex root. I.et a -f- hi and a — hi be two 
sucli roots. Then tlie corresponding factors are {x — a — hi) and 
{X’— a + hi)y which combine into {x — a)'^+h^y a real quadratic 
factor. 

Therefore every polynomial with real coefficients is equivalent 
to the product of real linear and quadratic^, factors. 

46. Graphs of products of real linear and quadratic factors. 

1. All the factors linear and none repeated^ as 

— ^'i) C — >’«) r„). 

Placing y equal to this expression, we have 

y = a,(x - r,) (x - rj • • • (x - r,). , ^ 

It is evident that the graph intersects the axis of aj at ^ dis- 
tinct points for which x = x = , a; = and at no other 

points, as no other values of x make y zero. Now let the quan- 
tities • • •, r^ be arranged in the order of their magnitude, 

r^ being the least. Then if at first x < all the factors are nega- 
tive ; and if x changes so that r^< x <r^y the first factor becomes 
positive while all the others remain negative. Therefore y changes 
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sign when x changes from being less than to being greater 
than and the curve crosses the axis of x at the point x = 

Again, if x changes so that at first x < and then 
r^< X < the second factor changes sign from minus to plus, 
the others retaining their original signs. Hence y again changes 
sign, and the curve crosses the axis of x again at the point x = 

Continuing in this manner, we can show that the curve crosses 
the axis oi x n times as it is traced from left to riglit. 

2. All the factors linear, some leing repeated, as, for example, 

«o(-« - ^.) 

the corresponding equation being 

y = a„(.f - rj) (x- - rj" (x - 

If the r’s are arranged in ascending order of magnitude, it may 
be proved, as in tlie previous case, that tlie graph crosses the axis 
of X at the points x = r^, and x = r^, but not at the point x = r,y 
For if at first r^<x <r^ and then r., <x < r^, it is seen that no 
factor changes sign. But since y = 0 when x = the graph has 
a point on the axis of x when x^r^\ in fact, it is tangent to the 
axis of X. And it can be proved in general that, if a linear factor 
occurs an even number of times, the graph does not cross the axis 
of X at the corresponding point. 

3. Some of the factors quadratic, as, for example, 

- '^l) (•« - ’’2)" [(« - 

the corresponding equation being 

y = a^{x — rj) (x — [{x — af + 6“]. 

The only new type of factor is {x — + l^, and this is positive 

for all values of x. Hence there is no new point to be discussed 
in regard to the intersection of the graph with the axis of x. 

In general, the graph has as many points on the axis of x as 
the polynomial has different linear factors; it does not cross the axis 
at any point corresponding to a factor occurring an even numher 
of times ; and it crosses the axis of x at any point corresponding 
to a factor occurring an odd numher of times. 
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Ex. 1, y = .5(x-f 2)(x-h.5)(x — 2). 

1. If X =— 2 or — .5 or 2, y = 0, 
and there are three points of the 
curve on the axis of x. 

2. If X < — 2, all three factors are 
negative ; therefore y < 0, and the 
corresponding part of the curve lies 
below the axis of x. If — 2 < x < — . 6, 
the first factor is positive and the 
other two are negative ; therefore 
y > 0, and the corresponding part of 
the curve lies above the axis of x. 
If — .5 < X < 2, the first two factors 
are positive and the third is nega- 
tive ; therefore y < 0, and the corre- 
sponding part of the curve lies 
below the axis of x. Finally, if 
X > 2, all the factors are positive ; 
therefore y > 0, and the correspond- 
ing part of the curve lies above the 
axis of X. 

3. Assuming values of x and 
finding the corresponding values 
of y, we plot the curve, as repre- 
sented in fig. 41. 




Ex. 2. y~.r>(x4-2.G)(x-l)2. 

1. If X = — 2.6 or 1, y = 0, and there 
are two iJoinUs of the curve on the 
axis of X. 

2. If X < — 2.6, the first factor is 
negative and the second factor is posi- 
tive ; therefore y < 0, and the corre- 
sponding part of the curve lies below 
the axis of x. If — 2.6<x<l, both 
factors are positive ; therefore y > 0, 
and the corresponding part of the curve 
lies above the axis of x. Finally, if 
X > 1, we have the same result as when 
— 2,6 < X < 1, and the curve does not 
cross the axis of x at the point x = 1, 
but is tangent to it. 

3. Assuming values of x, and finding 
the corresponding values of y, we plot 
the curve as represented in fig. 42. 
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3. y = . 5 (x -f* 3) 

, (x2 - 2.5x + 3.5). 

L If X = — 3, y = 0, and this 
curve has but one point on the 
axis of X. 

2. If X < — 3, the first factor is 
negative and the second factor is 
positive, as it always is, since it is 
equivalent to (x — 1.25)2 -f 1.9376; 
therefore y < 0, and the corre- 
sponding part of the curve is 
below the axis of x. If x > — 3, 
the first factor is positive; there- 
fore y > 0, and the corresponding 
part of the curve is above the 
axis of X. 

3. Assuming values of x, and 
finding the corresponding values 
of y, we plot the curve as repre- 
sented in fig. 43. 

47. Location of roots. 

From the work of the last 
article it is evident that the 
real roots of the equation /(^) = 0 determine points on the axis 
of X at which the graph of f{x) crosses or touches that axis. 
Moreover, if and {x^ < x^ are two values of x, such that 
f{x^ and f(x^ are of opposite algebraic sign, the graph is oib one 
side of the axis when x = x^^ and on the other side when x = x^. 
Therefore (§56) it must have crossed the axis an odd number of 
times between the points x^ x^ and x — x^. Of course it may 
have touched the axis at any number of intermediate points. 
Since a point of crossing corresponds to an odd number of roots 
of an equation, and a point of touching corresponds to an even 
number of roots, it follows that the equation f{x) = 0 has an odd 
number of real roots between x^^ and x^. 

The above gives a ready means of locating the real roots of 
an equation in the form /(.c) = 0, for we have only to find two 
values of Xy as x^ and x^y for which f{x) has different signs. We 
then know that the equation has an odd number of real roots 
between these values, and the nearer together and x^y the more 


F 



Fig. 43 
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nearly do we know the values of the intermediate roots. In locat- 
ing the roots in this manner it is not necessary to construct the 
corresponding graph, though it may be helpful. 

48. Descartes* rule of signs. When in a polynomial a term 
with one sign is immediately followed by one with the opposite 
sign, there is said to be a variation of sign. For example, in the 
polynomial 3x^+2x^—~3x^ + x — 2 there are three variations. 

The variations of sign in the left-hand member of an equation 
are often of value in locating the real roots of the equation, for 
the number of positive roots of the equation f {x) = 0 cannot exceed 
the number of variations of sign in its left-hand member. This 
rule is known as Descartes' rule of signs. 

For example, the equation 3 x^ + 2 x^ — 3 x^ -f- x —2 = 0 cannot 
have more than three positive roots, as there are three variations 
of sign in its left-hand member. 

To determine the greatest possible number of negative roots, 
replace a: by — x^. The roots of the resulting equation will be 
those of the original equation with their signs changed. Accord- 
ingly the original equation can have no more negative roots than 
this new equation has positive roots. 

If, in the equation 3 -f- 2 — 3 -f- — 2 = 0, x is replaced 

by — x\ the new equation is 3 ’—2 J^ — 3 — x! — 2 = 0. As 

this equation cannot have more than one positive root, the original 
equation cannot have more than one negative root. 

Sometimes, by Descartes’ rule, we can prove that an equation 
has imaginary roots. For examine, the eciuation 3x^ + +2-= 

can have no positive root, and not more than one negative root. 
Being of odd degree, it has at least one real root (§ 44); therefore 
it has one negative root and two imaginary roots. 

In order to prove Descartes’ rule we will first prove that if any 
polynomial fQr)is multiplied by oj — r, where r is a positive quan- 
tity y the product has at least one more variation than has f (x). 

Assuming the first term of /(c7;) to be positive, we will inclose 
all the terms preceding the first minus sign in a parenthesis. In 
a second parenthesis we will inclose all the terms with a minus 
sign before a positive sign occurs again, and so on. Suppose, 
then, that the first minus sign appears in the term containing 
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aj**“*, the next plus sign occurs in the term containing aj**”', etc., 
and that all the terms after that containing af””* have the same 
sign as that term. We can now write 

f{x) = H f- 

+ (a^af H ) 

± ““+••• +«„). ( 1 ) 

where all the terms within each parenthesis are of the same sign, 
i.e. plus. Therefore each parenthesis marks a variation. 

To multiply f{x) by a? — 7 * we shall multiply first by x, then by 
— r, and add the partial products. 

The result is an equation of the following form : 

{x — r)f(x) — ± . . ^ ± . . .) 

+ (&^af“ ± • • • • • 

( 2 ) 

where ^1 + accordingly are 

positive. 

The signs before each parenthesis of (2) are the same as in (1), 
but the signs within the parenthesis are not necessarily all plus. 
But however the signs may occur within any parenthesis, there 
is at least one variation between the first term of one parenthesis 
and the first term of the following parenthesis. Hence, if we con- 
sider the parentheses only, the number of variations in the prod- 
uct is not less than the number of variations in f{x). 

But, in addition, we have the last term of the product, i.e. qp 
the sign of which differs from the sign of the first term in the 
last parenthesis. Hence there is at least one more variation in 
(x — r) f{x) than in f{x), as we set out to prove. 

Now the equation having the roots ••• 9 ia (§ 41) 

, {x-r^)(x-r^)---(x-r„) = 0 . 

In expanding the left-hand member every time we multiply 
by a factor corresponding to a positive root, we add at least one 
variation of sign. Hence the number of positive roots cannot 
exceed the number of variations, as stated in Descartes* rule. 
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49. Rational roots. The real roots of any equation are either 
rational or irrational (§ 10), and the rational roots must be 
either integral or fractional. We will now derive methods of 
finding the rational roots, beginning with the integral roots. 

An easy method of determining the integral roots depends upon 
the following theorem : If the equation is written in the form 

af^jf + a^jf ^ + • • • + = 0, (1) 

where all the coefficients are integers^ any integral root r must he 
a factor of a^. 

It has been proved in § 40 that the left-hand member of (1) is 
divisible by x — r. Since the coefficient of x is unity, and all the 
coefficients in the dividend are integers, all the coefficients in the 
quotient are integers. But the last coefficient in the quotient 
multiplied by r must be since there is no remainder. Hence 
the theorem is proved. 

Accordingly, to find the integral roots of any equation with 
integral coefficients, we have merely to try the integral factors of 
a^. When an integral root has been found, we depress the degree 
of the equation as in § 40, and apply the process to the new 
equation. In this way all the integral roots may be found. In 
case no integral factor of a^ proves to be a root, it follows that 
the equation can have no integral root. 

Ex. Find the integral roots of the equation 

' 4 — 4 — 25 -f. ic -f- 6 = 0. 

The integral roots of this equation must be factors of 6, so that we have to 
try db 1, db 2, i 3, i 6. By trial it is found that — 2 is a root, and the degree 
of the equation is depressed by dividing the left-hand member by x + 2, the 
depressed equation being 4 x* — 12x2 — x + 3 = 0. The only possible values of 
integral roots of this equation are ± 1, i 3, and 3 is found to be a root. Dividing 
the left-hand member by x — 3, we have, as the depressed equation, 4x2 — 1 = 0, 
the roots of which are ± 

Therefore the roots of the original equation are ~ 2, 3, db 

While all the integral roots of an equation may be found by 
this method, it is evident that it fails for fractional roots, as there 
is no way of determining what fractions ought to be tried. This 
difficulty is obviated by the two theorems in the next article. 
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50. If a, is unity and all the other coefficients are integers^ 
the equation cannot have a rational fraction in its lovjest terms 
as a root. 

Let the equation be 

^ ^ H a^_^x + a^ = 0, 

P 

and, if possible, let the rational fraction - , which is in its lowest 
terms, be a root. Then ^ 



Multiply til rough by r/” \ and transpose to the second member 
all terms but the first. Then 

j = - 

By hypothesis f and q have no common factor, and therefore -- 

is a rational fraction in its lowest terms, while tlie right-hand 
member of tlie equation is an integral expression. But two such 

P 

expressions cannot be equal, and hence the rational fraction 

m its lowest terms, cannot be a root of the equation. 

Moreover, every equation in the form 

a^j^ + + a^x^~^ + • • • + 

in which a^ is not unity, can he transformed into an equation with 
integral coefficients in which the coefficient of the highest power of 
the unhnoivn quantity shall he unity. 

For, dividing through by a^, we have 


^ + 


’ + ••• + 


n — I n 

x-\ = 0. 

% % 


If X is a Toot of this equation, let x = ~y m being an integer, and 
substitute in (1). Then 


a^ od'"' ^ a^ 

/m ^ /V mn ~ I n i-w ^ “ 2 


m a„ 
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Multiplying (2) by m“, we have 

a:'" + (— m) a;'" "* + (— rn? 

\^0 / \^0 

( 3 ) 

We can now determine m by inspection in such a way that 
all the coefficients of (3) shall be integers. The roots of this new 
equation are m times the roots of the original equation. , 

Ex. Transform equation 12x^ + 16 — 6x — 3 = 0 to an eiiuation having 
integral coefficient, the coefficient of the highest power of x being unity. 

Dividing by 12, we have 



x8+ fV® -I = 

Multiplying the roots of this equation by an integer m, wo insert in each 
term a power of m such that the sum of its exponent and that of x' shall be 
equal to the degree of the equation, thus obtaining 


x'3 + ( J m) x'2 - (yV rri^) - ( i rn^)^ = 0. 


For J m to be an integer, m mhst equal 3 k where k is an integer. Then 
becomes (9 k‘^), and this is an integer only when k = 2,1 \ \.e. m = 6 I being 
an integer. Finally, ^ or J (6 Z)®, is an integer if Z = 1, the least value of m 
being the one desired. 

Therefore we let m = 6, and our required equation is 


a;'8q.8a;'2-i6x'-54 = 0. 


the roots of which are six times the roots of the original equation. 

The roots of this equation are found by the method of § 49 to be — 2, 3, 
and — 9. Hence the roots of the original equation are — J, and — 


We are thus in a position to determine the rational fractional 
roots of any equation with rational coefficients. 

51, We now see that to find all the rational roots of any equa- 
tion, we first find all its integral roots and then all its fractional 
roots, as indicated in the following example. 
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Ex. Find all the rational roots of the equation 

2a;* - 6a;8 - 2a;2 - 7a; -f 30 = 0. (1) 

By Descartes’ rule of signs this equation cannot have more than two posi- 
tive roots, and not more than two negative roots. If any of the roots are inte- 
gral, they will be among the factors of 80, i.e. ±1, i 2, i 3, ±5, i 6, ± 10, 
i; 16, ± 30. By trial we find -f 2 to be a root, and the depressed equation is 

2x^~x^- 4a; -15 = 0. (2) 

By trial we find that this new equation has no integral roots, no factor of 15 
being a root. Accordingly we proceed to find fractional roots. 

Dividing equation (2) through by 2 and then multiplying the roots by m, we 


have 


~ m)a;'2 ~ (2 rti^) x' — m^) = 0. 


(3) 


To make the coefficients of (3) integral we take m = 2, and the equation becomes 


- 8 x' — 00 = 0. 




By trial we find an integral root of this equation to be 6, and the depressed 


equation is 


x2 + 4x + 12 = 0, 


(s) 


the roots of which are — 2 i 2 V— 2. 

Therefore the three roots of the transformed equation (4) are 6 and 

— 2 i 2 V— 2, and the roots of the first depressed equation (2) are | and 

- 1 i: V — 2, so that the roots of the given equation are 2, and — 1 ± V— 2. 
It is to be noted that in this example, after having found all the rational 

roots, we were able to find the remaining roots also, since the last depressed 
equation was of no higher degree than the .second. 


52. Irrational roots. It should be borne in mind that rational 
roots occur only for special values or systems of values of the 
coefficients. Hence, after removing the rational roots, if any, by 
the previous methods, we have, in general, to determme irrational 
roots in order to have all the real roots of the equation. But 
from the definition of an irrational quantity (§ 10) it is evident 
that we cannot find an irrational root exactly. We may, however, 
find an approximate value to any required degree of accuracy. 
There are various methods of approximation, one of which imme- 
diately follows. A more rapid method is given in § 63.* 

^ A method of solving algebraic equations, known as Horner’s method, is found 
in most treatises on the theory of equations. It is convenient in arrangement of 
work and speedy in the hands of an expert. It may therefore be recommended to 
one who has often to solve equations. On the other hand, the methods of §§ 52, 63 of 
this book have two advantages. They may be applied to other than algebraic equa- 
tions (see § 162), and depend upon principles which, if once mastered, are not easily 
forgotten. 
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Let the given equation be f{x) = 0, and the graph of the left- 
hand member be as in fig. 44, where OM^ = and OM^ = 
Then -^ 2 ^ =/(^ 2 )» since /(x^) and f{x^) are 

of opposite sign, the curve crosses the axis of x between and 
and there is at least one 
real root of / (x) = 0 between 
x^ and x^ (§ 47). 

Not only does the curve cross 
the axis of x at some point be- 
tween 31^ and 3f^, but it is 
evident from fig. 44 that the 
straight line also intersects 
the a,xis of x at some point 
between and as 3f^. If 
the points 3f^ and J/g are near 
together, i.e. if x^ and x^ differ 
only by a small amount, tlie curve in most cases differs only slightly 
from the straight line Hence, if we replace the curve by 

the straight line, the abscissa of the point at which intersects 
the axis of x will be approximately the root of the equation. 

If OM^ is denoted by x^, it is evident (fig. 44) that there is a 
root of f{x)= 0 between x^ and x^^ a smaller interval than that 
between x^ and in which the root was first located. 

If, however, the graph of f{x) had 
been as in fig. 45, the root would 
have been between x^ and an 
interval smaller, of course, than that 
between x^ and x^. 

If f{x^) has the same sign as/(xj, 
we have the first case (fig. 44) ; and 
if /(xj has the same sign as /(xj, 
we have the second case (fig. 45). 
In the first case, repeating the proc- 
ess, using x^ in place of x^, we can 
find an x^ between which and x^ 
the root must lie ; and in the second case, using x^ in place of x^, 
we can find an x^ between which and x^ the root must lie. 
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Moreover, it is evident that the successive values of a?, i.e. 

^ 4 ) found in this way are each nearer to the true value of 

the root of f(x):=0 than the one preceding. 

Ex. Find the root of the equation + 2 x — 17 = 0 between 2 and 3. 

Here Xi = 2 and X 2 = 3 ; also /(2) = — 6 and /{3) = 16. The equation of the 
straight line determined by the points (2, ~ 6) and (8, 16) is (§ 29) 

y + 6 = (» - 2). 

Its intercept on OX, found by letting 2 / = 0, is 2.2 +, and /(2.2) = — 1.952. 

Since /(2. 2) lias the same sign as/(2), the second straight line is determined 
by the jKiints (2.2, — 1.952) and (3, 16). Its intercept on OX is 2.28+, and 
/(2.28) = - 0.587648. 

Since /(2.28) and /(2.2) have the same sign, the third straight line is 
determined by the points (2.28, — 0.587648) and (8, 16). Its intercept on 
OX is 2.3 +, and /(2.3) = — 0.283. The fourth straight line is determined 
by the points (2.8, — 0.288) and (8,16). Its intercept on OX is 2.31 +, and 
/(2.31) = — 0.053609. The fifth straight line is determined by (2.31, —0.053609) 
and (8, 16). Its intercept on OX is 2.812. 

Hence the irrational root of x*"^ + 2x — 17 = 0, accurate to two places of 
decimals, is 2.81. 

By continuing this process we can find any desired number of decimal places 
of the root. It is to be noted that we are obliged to find one more decimal place 
than the number of decimal places to which the root is to be accurate. The 
approximation is more rapid if the first decimal place is found by the method 
of § 47. 


PROBLEMS 

Plot the graphs of the following quadratic expressions, in each case locating 
the vertex of the graph and determining the nature of the roots of the corre- 
sponding equation ; 

1. 2x2 + 8x - 2. 4. - 3x2 + 6x. 

2. 9x2 -8x- 2. 5. -9x2 + 12x-7. 

3. 4x2 + 4x + 3. 6. 4x2 - 4x - 1. 

7. For what values of a are the roots of ax2 + 3 x + 7 = 0 equal ? What are 
the roots ? 

8. Prove that the roots of (cx + — 8 ax = 0 are equal for all values 

of a and c, and find them. ' ' 

9. Prove that there is no real value of m for which the roots of 
x2 + (mx + 3)2 — 16 = 0 are equal. 
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For what values of k are the roots of the following quadratic equations (1) 
equal ? (2) real and unequal ? (3) imaginary ? 

10. 2»* + 3x + 2 = *. • 11. x2 + (2 - *)» + 1 = 0. 

12. + l)*a + (k- \)z + (fc + 1) = 0. 


Plot the graphs of the following polynomials : 


13. x« — OX. (a > 0.) 

14. — 4x2 + X -f 1. 

15. 3x2 + 1. 

16. x^ + x2 + 2 X + 6. 

17. x^ — x2 + X — 4. 

18. x^ + 6x — 6. 


19. x8-r2x + 3. 

20. 2 x^ + x^ — 4 x2 — 10 X — 4. 

21. 4x^ + 12x8 + 7x2 -28X-0. 

22. 3x* -10x8- 5x2 + 2x. 

23. X* + 0x8 + 10 x2. 

24. 2 x8 + 2 x* — 7 x8 — 8 x2 — 4 X. 


Find all the roots of the following equations : 

25. 8x8 = 27. 28. 5x« + 27x2 = 2x8 - r)4x*. 

26. 8x8 - --8 = 0. 29. (2x - af - (3x + ay = 0. 

27. x8~6x8 + 12x = 2x8 + 3x. 30. x^ - 2(tt2 +I)x2 + (a2 -1)2 - 0. 

Form the eijuations having the following values for their roots : 

31. 0, 2, 32. a + Vh, a-V6, - a. 

33. 0, 0, 2 a i 6, ± V26. 

34. Form a quadratic equation with real coefficients having 2 + 3 1 for one 
of its roots. 


Factor the following quadratic exiiressions : 


35. 4x2 + 8x — 7. 

36. 4x2 + 12x + 11. 

37. 4a2x2 + 2ax + 1. 


38. x2 + 2 ax — a + a2. 

39. a2x2 + 2 ahx — a, 

40. a2x2 + 2 abx + 6 + 62. 


If ri and r 2 are the roots of the equation x2 + j^x + ^ = 0, find the values of 
the following expressions in terms of p and q without solving the equation : 


41. ri^ + r|. 42. + r|. 


43. 




45. 


n + ^ 

rg Ti 


If ri, r 2 , Tz are the roots of the equation x^ + px^ + ^x + r = 0, find the val- 
ues of the following expressions in terms of the coefficients without solving the 
equation : 

46. (rf + r| + r|) + 2 (riXa + r^rz + rsVi) + 3 rjrarg. 

47. r?r2rz + r^rzvi + ririr2^ 48. — — + + — • 

^ ^ ^ rir2 r2rz Vzn 

49. Show that if a + V6 is a root of an equation with rational coefficients, 
then a — V6 is also a root. 
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Plot the graplm of the following expreseions, and find all the roots of the 


corresponding equations : 

50. (x + 1) (x - 2) (X - 4). 

51. (x-2)(x-4)(2x + ;{). 

52. (x - 4) (2 X + 1 ) (;i X + ')). 

53. (x + :i)(x 1)2. 

54. (2x - l)(x 

55. (x - 2) (2 X t- It)''*. 


56*(2x + r))(x* + 2x4-3). 

57. (X- r>)(2x« + 3x + 2). 

58. (i + ‘2)(x -3)(x-2)2. 

59. (x-2)(x + 2)(x* + 2). 

60. (x-2)3(2x2 + 2x + 1). 

61. (x + 1) (2 X - 1) (3 x» + 2 X + .3). 


Find all tlic roots of tin* following equation.s : 


62. x" - 4x'^ 2 / + ^ d. 

63. r' 3x2 4 _ 0 

64. fix' ' 7x2 .. Hj. 4 .20 ■: u. 

65. 4x» Hx2 3.7x I 7.') (I. 

66. x" + I x2 ) 4 X + 3 - f). 

72. flx< 1 1 x« - .37 x2 f .3ttx + .3(1 - 0. 

73. .3x< - 17X'' I 41x2 - r,:u + .30 = ti. 


67. ftx" - 28x2 f .30x -0-0. 

68. 12x«-44x2+r)x + 7-0. 

69. 3x''4-10x»+10x-12 = 0. 

70. 3x2 4 ]o_,3 4 ax - 8 = 0. 

71. 4x‘ + 8x* + .3x2-2x-l = 0, 


74. 2 x 2 - ( 1/1 , Ox'.’ 4 r,7 X _ ao =•. o. 

75. 18x2 - 27x2 + 10x2 + (2x - 8 0. 

76. 10x2 -f. 10 x* - 72x2 20 X + 2.') 0. 

77. X* - 2x2 4x.i 4x2 4 ir,x f 18 0. 


78. dx® + 12x2 4 1 1 x’ f r.x2 - 3x - 2 - 0. 

79. 12xS 4 44x2 - O.-.x’ - !>ox2 4 03x ■ 0 = 0 . 

80. 2 xt — 3x2 - 13x2 4 - 13x2 4 - ox — 2 0 . 


Dotonnino hy Dc.scarles’ rule of signs the natun> of the roots of the follow- 
ing equations: 


81. x''4-3x-7 = 0. 

82. X* 4 - 2 X 4 3 = 0 . 

83. x« 4 - 2x« 4-5 = 0. 


84. 3 x2 4- 4 x" 4 - 4 X 4 - 3 = 0. 

85. x2 4- x2 — X — 0 = 0. 

86. x‘ - 4 X* 4- 1 = 0. 


Find the real roots of (he following equatioiw, accurate to two decimal places: 

2^87. X* 4- 3x - 7 = 0. •'89. x‘ - 12x 4- 7 = 0. 

<^88. x»4-x4-5 = 0. "^OO. x2-3x*4-3 = 0. 

X* - X* - 6x 4 - 1 = 0. 
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THE DERIVATIVE OF A POLYNOMIAL 

53. Limits. A variable is said to amnoach a constant as a 
limit y wkeiiy under the law which governs the change of value of 
the vaHable, the difference between the variable and the constant 
becomes and remains less than any quantity which can be named ^ 
no matter how small. 

If the variable is iiidei>en(lent, it may be made to approach a 
limit by assigning to it arbitrarily a succession of values follow- 
ing some known law. Tims, if x is given in succession the values 

2'* — 1 

and so on indefinitely, it approaches 1 as a limit. For we may 
make x differ from 1 by as little as we please by taking n suffi- 
ciently great ; and for all larger 
values of n the difference be- 
tween X and 1 is still smaller. 

This may be made evident 
graphically by marking off on a number scale the su(u*eHHive values 
of X (fig. 46), when it will be .seen that the diffe.rence between x 
and 1 soon l>ecomes and remains too minute to be r(^j)resented. 

Similarly, if we assign to x the succession of values 

^1 ^2 ““ ^ 4 » I;, • • • , X^ = ( 1) ^ J ' 

X approaches 0 as a limit (fig. 47). 





Fio. 47 

If the variable is not independent but is a function of oj, the 
values which it assumes as it approaches a limit depend upon 

07 



Xi Xj Xj, X4 

Fig. 46 
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the values arbitrarily assigned to x. For example, let y =^f{x)y 
and let x be given a set of values 

X^y X^, X^, X^y * ‘ Xy^y * * 

approacbing a limit a. Let the corresponding values of y be 


Vv Vv Vv * ’ Vrif * * *• 

Then if there exists a number such that the difference between 
y and A becomes and remains less than any assigned quantity, y 

is said to approach ^ as a limit 
as X approaches a in the man- 
ner indicated. This may be seen 
graphically in fig. 48, where the 
values of x approaching a are 
seen on the axis of abscissas and 
the values of y approacliing A 
are seen on tlie axis of ordinates. 
The curve of the function is con- 
tinually nearer to the line y^A, 
In the most common cases, the 
limit of the function depends only 
upon the limit a of the inde- 
pendent variable and not upon the particular succession of values 
that X assumes in approaching a. This is clearly the case if the 
graph of the function is as drawn in fig. 48. 



x^x^a 


Fio, 48 


Ex. 1. Consider the function 

x2 + 3 X — 4 

y=— - 

X — 1 

and let x approach 1 by passing through the succession of values 
x = x=:1.01, x=: 1.001, x = 1.0001, .... 

Then y takes in succession the values 

y = 5.1, y = 6.01, y = 6.001, y = 6.0001. 

It appears as if y were approaching the limit 6. To verify this, we place x = 1 + 
where h is not zero. By substituting and dividing by h we find y = 6 4- A. 
From this it appears that y can be made as near 6 as we please by taking h 
sufficiently small, and that for smaller values of /i, y is still nearer 6. Hence 6 
is the limit of y as x approaches 1. Moreover, it appears that this limit is inde- 
pendent of the succession of values which x assumes in approaching 1. 



SLOPE OF A CUEVE 


99 


Ex. 2. Consider y = as x approaches zero, 

1 ~ Vl — a: 

Give X in succession the values .1, .01, .001, .0001, • Then y takes the 
values 1.9487, 1.0950, 1.9996, 1.9999, •••, suggesting the limit 2. 

In fact, by multiplying both terms of ^ by 1 -f Vl — x we find 

1 - Vl - X 

2/ = l + Vl — X for all values of x except zero. 

Hence it appears that y approaches 2 as x approaches 0. 


We shall use the symbol = to mean approaches as a limit.” 
Then the expressions 

Lim x = a 

and a; == a 

have the same significance. 

The expression Lim f(x) = A 

oc = a 


is read the limit of /(.^), as x approaches a, is A'' 

54. Slope of a curve. By means of the conception of a limit 
we may extend the definition of "slope,” given in §27 for a 
straight line, so that it may be 
applied to any curve. For let I\ 
and be any two points upon a 
curve (fig. 49). If and are 
connected by a straight line, the 


slope of this line is 





Fig. 49 


and are close enough together, 
the straight line P^P^ will differ 
only a little from the arc of the 
curve, and its slope may be taken 
as approximately the slope of the curve at the point ij. Now this 
approximation is closer, the nearer the point P^ is to Jj. Hence we 
are led naturally to the following definition : 


The slope of a curve at a point Pi{x^f is the limit approached 

y — y 

by the fraction where and are the coordinates of a 

second point on the curve, and where the limit is taken as P^ 
moves toward ij along the curve. 
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Ex. 1. Coasider th« curve y = x® and tlie ijoiut (5, 25) upon it, and let 
Xi = 6, yi = 25. 

We take in Huccea^ion varioim valueH f<»r Xo and ^/•^ eorre.spoiiding points 
on the curve which are nearer an<l nearer to (Xi, yi), and arrange our resulU in 
a table as followH ; 


X2 

2/a 

X 2 Xi 

Vi - Vi 

2/a ~ yi 

X2 - Xi 

d 

m 

1 

11 

11 

5.1 

20.01 

.1 

1.01 

10.1 

5.01 

25.1001 

i .01 

.1(M)1 

10.01 

5.001 

’ 25.0l(MM)l 



.(M)l 

.010(M)1 

10.001 


The aritlunerieal work HUggests (lie limit 10. To verify (his, place x.j = 5 -f h. 
Then y*i ~ 25 10 /i -f Conmjuently — 10 -f //, and as Xo ajiproaches 

Xo - Xi 

V'l " Vi 

Xi, h approaches 0 and ‘ approaclies 10. Hence tiie sloiie of the curve 

/2 — Xi 

y = x'-* at the point (5, 25) is 10, 


Ex. 2. Find the slope of the curve y - ^ at the point (0, ^). 


We have here 
We place 


X, - a, vi - ,\. 


■s-i + /i, Vi 


-)• h 


, y-j “ vi 

Then x^ ” Xi - /i, y-j — \j\ - . and ‘ 

0 -f- .i h X'l — X\ 


1 

0 -i W h 


As Py ai»proaches 1\ along the curve, h approaches 0, and the limit of 
is — M hence the slope of the eur\e at the point (3, ^) is — . 

Xy ~ Xi 0 


In a similar manner we may fiml tlio sl()])e of any curve the 
equation of which is not too complicated ; but when the equation 
is complicated then^ is need of a more powerful method for find- 

ing the limit of • This method is furnishetl by the opera- 

tion known as differentiation, the first prmciples of which are 
explained in the following articles. 

55. Increment. AMien a variable changes its value the quan- 
tity which is added to its first value to obtain its last value 
is called its increment. Thus if x changes from 5 to 5i, its 
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increment is If it changes from 5 to 4^, the increment 
is — So, in general, if x changes from d\ to the increment 
is x^ — Xy It is customary to denote an increment by the 
symbol A (Greek delta), so that 

Ax = X., — Aj, and .r, = + Ax. 

If y is a function of x, any increment added to x will cause 
a corresponding increment of y. Thus, let y = /(.i:), and let x 
change from x^ to x^ Then y changes from yj to y^, where 

3^1 =/K) and y,=/(.c,). 

Hence Ay =/(a’.,)-/(a’,). 

But, as shown above, + Ax, 

so that At/ -f A.r) - /(.r^). 

56. Continuity. A function y is called a contimums function 
of a variahle x v:hen the increment of y approaches zero as the 
increment of x approaches zero. 

It is clear that a continuous function cannot cliange its value 
by a sudden jump, since we can make the (change in the fun(;tion 
as small as we please by taking the increment of x suiiiciently 
small. As a consecpience of y 
tliis, if a continuous function 
has a value A when x = a, 
and a value /i when x = b, it y^c 
will assume any value C, lying y~. A 
l>etween A and B, for at least 

one value of x between a 

and b (fig. 50). ^ 

In particular, if f(a) is posi- 
tive and fib) is negative, f{x) = 0 for at least one value of x 
between a and b. 

An algebraic polynomial is a continuous function, but we shall 
omit the proof. The postage function (§ 20) is an example of a 
function which is discontinuous at certain points. Other examples 
are found in §§ 149, 154. 
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When Ax and Ay approach zero together it usually happens 

that a})proach(iS a limit. In this case y is said to have a 

Ax 

derivative, defined in tin* next article. 

5 7 . Derivative . I V It t‘ n y /.v u co a t inuo a ^fn net lo n o f .r , the dvr ii '(( - 
tire of y trith rtxpert to x in the limit of the ratio of the inerenient ■ 
of y to the iut remnit of x^ as the increment of x approaches zero. 

The dmlvative is expressed by the symbol 5 or, if y is expressed 

" d.e 

by /(■'■), the derivative may be expressed by /'(./). 

Thus, if y 


dy 

dx 


Ajr - 0 


Ay 

A.V- 


Lini 

Ax 0 


+ Ar) 
A.y; 


The ])rocess of finding the derivative is called dijferentiotion, 
and in carrying out the ]»rocess wi*, are said to diflVaenliate y with 
respect to x. 

Tlui process of diH\*rentiatioi\ involves, according to the defini- 
tion, tluj following four sti‘ps : 

1. The assumption of an imucment of ./•. 

2. The, computation of the corresp(Hiding incrcnumt of //. 

3. 'Fhe. division of the increment of y by the imaenuait of x. 

4. The detiM inination of tlie limit approached by this quotient 
as the ineve.inent of .r approaches zero. 


Ox. 1. Find tli(* dto’ivjitivc of y -- x^. 

(1) Assiuiu' Ax /c 

(2) (’ompulo A// (x r h)^ 
A// 


(S) Kind 


A.r 


a X- f d xh f //■’. 


: 3x2/, 4- 3 x/i 2 4- /cl 




(t) The limit is cn idontl v 3 x-l Home ‘ =3x2. 

dx 


FiX. 2. Pdnd tlio (U‘ri\ntivo of 


1 


(t) Fl.nr y - ^ 
(2) Compatc \y 
Ay 


(3) Find 


Ax 


aiul assniiK' A.c : 
\ _ 1 _ 
X 4 A X 
1 

x2 4 - xh 


h, 

h 

X2 f xh 


(4) The limit is clearly — 1, and theivfore 
^ x2 dx x2 
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It appears that the o[)eration8 of tindiiig the derivative of /{,v) 
are exactly those which are used in lindiujj; tlie sloj>e of the curve 
!/ =/(*^’)* Il^^nce the derivative is a function whicli ^ives the slope 
of the curve at (‘acli point of it. 

58. Formulas of differentiation. Tlu^ obtainin',^ of a derivative 
by carrying out llui (i[)erations of the last artide is too tinlious 
for practical use. It is more (‘onvenient to use the deiinition to 
o])tain general formulas whicli may he used for certain classes of 
functions. In this article we shall diTive all formulas necessary 
to differentiate a polynomial. 


] = when‘ a is a positive^ integia* and (f any 

il.i' 

constant. 

Let 


// = a,r\ 

(1) Assume 

(2) Hieii A// “ (( -f a.r” 






- ' + " " - '-7/ + • • • + A" - ‘) . 

A.'- 




(4) Taking the limit, we, have == y/e./;” \ 


2. whenj a is a constant. 

(lx 

This is a special case of the j)r(*ceding formula, n being here 
equal to 1. The student may jirove it directly. 


3. = 0, where c is a constant. 

(Lc 

Since c is a constant, Ac is always 0, no matter what the 

Ac . . d 

value of X, Hence - = 0, aiul eon8e<|uently tlie limit --- = 0. 

Ax dx 
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4, The derivative of a polynomial is found hy adding the 
derivatives of the terms in order. 

y = + a ' H 1- «» - 1 ■« + «»• 

(1) A.s.suine Ax = h. 

(2) Tlieii 

Ay = «„(./■ + //)'• + af.r + //)"-' + • • • + + h) + «„ 

— [«(,•'■"+ • • • + + "„] 

= /t [/Itf l,.' ” ' + (/(. — 1 *4" ■ ■ ■ p ^*n-l] 

+ (y- [ //. (m — 1 ) «„./:“ " * + (ft — 1 ) (/i — 2) ftjp* H 1- _ 2 ] 

+ • * * + 

(•'^) = ftV" "' + (« - 1)«,P‘''+ • • • + 

■f" ., ( )+••• + 

(4) Taking the limit, we have 

^ 

Ex. Find the deriviitivo of 

f(x) - d.c^ - -f r>j;» - 7 -f 8 jf - 2. 

Applying formulas I, 2, or 8 to each term in onler, we have 
r(x) 80 ~ 12x» -h Vyx'^ - 14x + 8. 

59. Tangent line. A taiujent to a curve is the straight line 
approached as a limit hg a secant line as tuv j)oints of intersection 
of the secant and the curve are made to approach coincidence. 

It is iiiimaterial in what manner the two )X)ints of intersection 
are made to approach coincidence. In § 37 this was done by 
considering the curve as moved in the plane. In § 88 the secant 
is considered as moving parallel to itself until it becomes a 
tangent. In this article we are especially interested in determin- 
ing a tangent at a known point of the curve. Let us call this 
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point and a second point on the curve 11. Then if a secant is 
drawn through and /J of a curve (fig. 5 1 ), and the point A is 
made to move along tlie curve toward /J, which 
is kept fixed in position, the secant will turn on 
as a pivot, and will approach as a limit the 
tangent 1]T, The point ij is called the point of 
contact of the tangent. 

From the definition it follows that tlie sloj)e 
of the tangent is tlie same as tlie slope of the 
curve at the point of contact; f(»r the slope of the tangent is 
evidently the limit of the slope of the secant, and this limit 
is the slope of the curve, hy § 54. 

The equation of the tangent is readily written hy means of 



§ 29, when the point of contact is known. For, l(‘t (.Cj, ?/^) he the 

point of contact, and let ( r^ denote the value of when .r =: .r, 

and y == yj. Then (.Cj, l/^) is a ])oint on the tangent and r^.) 
its slope. Therefore its ecpiation is ^ 



Tlie equation of the tangent may also he writUm in terms of 
the abscissa of the j)oint of contact. Let a lie the abscissa of the 
point of contact of a tangent to a curve y and let 

represent as usual the derivative of /(.^’). Then the ordinate of 
the point of contact is f{a) and the slojMi of the tangent is/'(r/.), 
in accordance with § 22. Hence the equation of the tangent is 

y-/(«) = C- «)/(")• (-) 


Ex. 1. F'ind the equation of the tanj^ent to tlie curve j/ = x® at the point 
(Xi, y,) on it. 

Using formula (1), we have 

y ~yi = axf(x-xi). 

But since (xi, yi) is on the curve, we have yi =: xf. Therefore the efpiation 
can be written 


y = 3xf X ~ 2Xj* 
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Ex. 2. Find the efjuation of the tangent to 
2 / = + 3x 

at the point th(‘ ai)scis.sa of wiiieh is 2. 

We will use (‘(piation (2). Then 
/(x) x2 + 3x, 

/(x)= 2x-r3. 

/(2) = 10, /(2) = 7. 

'^I'herefon* the ('(piation is 

y — 10 7 (x - 2), or 2 / “ 7 X — 4. 


If J*T 02) is a tan<^oiit liiu* ami (/> tlu^ aii;{l(i it inakos witli 


OXy its slope (Hpials tan by 2<S. JIeiu*e tan </> 




60. Sign of the derivative. A fuiudion of ,/’ is called an 
increasiiij.; fumdion \vli(*n an incn\ase in ./* (*aust‘s an increase in 


the function. A function of .c* is 
called a deeriMsino function when 
an incnuisi*- in a; caus(‘s a decrcas(‘ 
in the function. The ^raph of a 
function runs up toward the ri; 4 ht 
liand when the function is incnvis- 
ing, and runs down toward th(‘, 
right hand wlicn tlu'. fuindion is 
deen*asing. Thus 0 (tig. o.‘») 

is decreasing when ./• < and in- 
creasing w h(Mi a* > 

The sign of the dei ivative enahles 
us to determine wdietlier a func- 
tion is increasing or decreasing 
in a(‘cordance with the following 
tlu‘orem : 

When the deriratire of a fnne- 
lion /.S’ posit ire the function is in- 
cretfsintj ; irhen the derirutire is 
negative the fn net ion is deereasing. 


Y 



Fig. r>3 


To prove this, consider // =/(•'), and let us suppose that 

. . . ,,,, dt/ Ay Ay 

IS positive. Ihen, since is the hunt of » it follows that ^ 
dx ^ dx A./; Ai: 
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is positive for siifticieiitly small values of A.r; that is, if A.» is 
assumed positive, Aj/ is also positive, and the function is increas- 
ing. Similarly, if is negative, At/ and Ar have op})osite signs 

for sufficiently simdl values of A./‘, and the function is decreasing 
by definition. 


Ex. 1. 


1, which is negative 


positive when x> Hence ilic function is decrciising when x< and increa.s. 
ing when lus is shown in fig. 53. 


Ex. 2. If y := J — ax-f-^7), 

2= = J(a: + l)(x-3). 

Nonv is ])ositivo wIkui x < ~ 

negative wlien — 1 < x < 3, and positive 
w’hen X > 3. Hence tlio function is 
increasing w'lien x<--l, decrejising 
when X is between — I and 3, and 
increiv.sing wiien x > 3 (tig. 54). 


It remains to examine the 

cases in whicli == 0. Ifider- 
((,r 

ring to tlie two exam])les just 
given, we s(*e that in each the 
valucvS of .r which make tlie 



derivative z(*ro separatt; those for wliicli tlui function is increasing 
from tliose for wliich tlie fundion is dtna-easing. Tin*, ])oints on 
the graph whidi corresjxuid to tliest^ ztu'o values of the derivative 
can l)e described as turning points. 

Likewise, wlienever /'(•') is a continuous function of r, the 
values of x for whicli tlui dtu ivative is ])ositive are 8(!j)arati*d from 
those for wliicli it is negative liy valu(*s of for wliich it is zero 
(§ 56 ). Now in most (*ases which occur in elementary work 
/'(.c) is a continuous function. Hence we may say, 


The rrfhfes of x for irhicli a function chanf/cH from an mcreaH' 
inij to a flccrcoHiiKj fo action arCy in (jeneraJy valnen of x v^hich 
make the tlericative equal to zero. 
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The converse proj)osition is, however, not always true. A 
value of X for which the derivative is zero is not necessarily a 
value of X for which the function changes from increasing to 
decreasing or from decreasing to increasing. For consider 

!(./;«- 9^;"+ 27 a; -19). 

Its derivative is j?— 6 .r + 9 = (.r— 3)^, 
which is always positive. The func- 
tion is therefore always increasing. 
When X = 3 the derivative is zero 
and the corresponding shape of the 
gi-aph is shown in fig. 55. 

61. Maxima and minima. The 
-X turning points of the graph of a 
furujtion correspond to tlie maxi- 
mum and the inininuim values of 
tlie function. These terms are more 
precisely defined as follows : 

/ {n) is a maximum value of the function /(./) when f{a± h) < f(a) 
for all values of h sufficientltj smally i.e. for all values of h nu- 
mericalh/ less than some finite quantity. 

f (a) is a mduifiiu m V((l ue of the f unction f{x)when f{a) 
for all values of h sujfic/iently snudl. 

In passing tlirough a maximum value the function changes 
from an increasing to a decreasing function, and in passing 
through a minimum v^vlue the function changes from a decreas- 
ing to an increasing function. From the work of the previous 
article we may accordingly frame the following rule for finding 
the maxima and the minima values of a function : 

Find the derivative of the function, place it equal to zero, and 
soli'€ the resulting equation. Take each root thus found and see 
if the derivative has opposite signs as x is taken first a little 
smaller and, then a little larger than the root. If the sign of the 
derivative changes from plus to minus, the root substituted in the 
function gives a ma.nmum value of the function. If the sign of 
the derivative changes from minws to plus, the root substituted in 
the function gives a minimum value of the function. 
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This rule is most readily applied when the derivative can be 
factored. The change of sign is then detennined as in § 46. 
In § 62 will be given a method of distinguishing between a maxi- 
mum and a minimum, which may be used when the factoring of 
the derivative is not convenient. In j)ractical problems the ques- 
tion as to whether a value of x for which the derivative is zero 
corresponds to a maximum or a minimum can often be deter- 
mined by the nature of the problem. 


Ex. 1. Eind the maximum and tlie minimum values of 


f(x) z=zx^ ~~ -f 5x8 + - 20x -f 5. 

We find / (x) = 5 x* - 20 x® -j- 15 x® -f 2() x - 20 

= 5(x‘^--l)(x2-4x-f 4) 

=:5(x+ l)(x- l)(x-2)‘^. 


The roots of f{x)—0 are — 1, 1, and 2. As x ivasses through — 1, f{x) 
changes from -f to lienee x ~ — 1 gives /(x) a maximum value, namely 24. 
As X passes through -f 1, f (x) changes from — 0) -f • Htmce x ~ -f 1 gives /(x) 
a minimum value, namely •“ 4. As x passes through 2, f{x) does not change 
sign. Hence x = 2 gives /(x) neither a maximum nor a minimum value. 

Ex. 2. A rectangular box is be formed by cutting a squam from each 
corner of a rectangular piece of cardboard and bending the resulting figure. 
The dimensions of the piece of cardboard being 20 by 30 inches, retpiired the 
largest box wliich can be found. 

Let X be tlie side of the stpiare cut out. Then if the cardboard is bent along 
the dotted lines of fig. 50, the dimensions of the box are, 30 — 2x, 20 — 2x, x. 
Let y be the volume of the box. TIdmi 


y = x(20~2x)(30-2x) 
= COOx - 100x2 4-4x8. 

= 000 - 200* -t- 12**>. 
dz 


Equating this to zero, we have 
3x2-50x4-150 = 0, 

25 i 5 V7 


3 


= 3.9 or 12.7. 


dy 


Hence ^ = 12(x - 3.9) (x 12.7). 


X 

X 



c, 

ll 

ol 

1 

30 — 2X 

1 






Fm. 50 


^ changes from + to — as x passes through 3.9. Hence x = 3.9 gives the 

maximum value 1050-f- for the capacity of the box. x = 12.7 gives a mini- 
mum value of y, but this has no meaning in the problem for which x must 
lie between 0 and 10. 
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Kx. 8. Tlie deflection of a girder resting on three e<iiially distant supports 
and loaileil uniformly is given by the eipiation 

u =: C( — /‘^x 4- 

where C is a constant, L the distance between the suiiiiorts, and x the distance 
from the end support. Required the point of maximum deflection. 

^? = c;(-i» + l)Lc«-8x3). 

K(|uating this to zero, we liave 

HX^ - 0fx2 -f 0. 

It is clear that in the praeiieal problem x < 1. Wo find by trial that a root 
lies bidwiHUi x - .M an<l x ~ J>1. We will place 

y 8x‘* - l\ 

and apply the metliod of §52. 'riie straight lim* connecting (.4/, .072/'^) and 
(.5Z, ~ .25/«) is 

y - .072 = -’8.22 /2 (x - . U) 

and this cuts the axis of x wIk^ii 



This is approximately the root of tin* eiiuation. As a check we note that when 
X = .42 f, y - .005104 and when x -- .4:U, y zz ~ .028044 Hence the root 
li('s betwet'U .42/ and .48/. 

If more accuracy is re(|uir(*d, the straight liiu^ coniu'cting (.42/, .(K)5104 /'’) 
ami (.43/, “ .028041 /*’) may be found. Its interce})t on OX is 

X = .4215/. 


As shown in § 03, Kx. 2, this is correct to four decimal place-s. 

62. The second derivative 


Since is in guuioral a function of 
d.r 


.t\ it may l)c (litrcrcntiatcd with respect to x. The result is called 
the second derivative of y with respect t») .c, and is indicated by 


the symbol 


I ♦ which is commonly abbreviated into 


(Pj/ 

I ■ ' V\'IS»AAX\/&XiV t Xf c k i L' ^ : • 

ax \ax/ ‘ 

When a function is denoted by /(.c) and its derivative by f\x), 
its second derivative is denottul l>y thus, if 

// == f d" b -e -f- 7, 

dx 

A 

d'p 


: fi^x) = 3 b X -h b, 

:/'V)=6.r-6. 



TIIE SECOND DERIVATIVE 


in 


ri 

Again, by differentiating — or /"(^r), we may obtain an expres- 
sion called the third derivative, denoted by - or/'"(*r). By dif- 

ferentiating this we obtain the fourtli derivative, ami vSo on. To 
distinguish ^ from these higher derivatives it is sometimevS called 
the first derivative. 

(I If 

The significance of --- for the grajdi is obtained from the fat t 

7 ItJ'" 

((If ^ ({“\f 

that is e([ual to the shuK^. ; hemje is tlie dt^rivative of tlie 

dx" 


d.i 


(fy . 

*' 1 o 


slt)|>e. Therefore, by § (>(), if is j)ositive, tlie slope is inereas- 
iiig; if is negativt*, the .s1ojm3 is decreasing. Wtj may have, 
accordingly, the following four cases: 


. dtf . 

1. -/ +, 

dx 




IS +. 


The graj)h runs uj) toward the right with 
increasing slope (tig. oT). 

di/ . d^!/ . 

2. /- IS +, IS 

dx (1.1“ 

The gra])h runs uj) toward the right with 
decreasing slope (fig. HH). 




3. 



(Pif 

d)^ 


is -f. 


The graph runs down toward the right. 
The slope which is negative is increasing 
algebraically and hence Ls decreasing 
numerically (fig. 59). 


4. 




Tlie graph runs down toward the right 
and the slope is decreasing algebraically 
(fig. 60). 



Y 
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52 

It is to be noticed that when a > 0, 1 >0. Hence we may cover all 

cases by the statement : ^ 

The equation ax h — 0 has three unequal real roots^ two equal real roots 

52 dZ 

and one other real root, or one real and two complex roots, according as — \ J 0. 


63. Newton’s method of solving numerical equations. The 

results of this chapter may be applied to finding approximately 
the irrational roots of a numerical equation. We first find, by the 
method of § 47, two numbers and between which a root 
of f(x)=0 is known to lie. It is necessary to take care that 
neither f'{x) nor f''{x) is zero for any value of x between x^ and x^. 
Then f{x) is always increasing or decreasing between x^ and x,^y 
and hence only one root of /(.x*) = 0 lies between x^ and x^. Also 




the curve y = f{x) is always concave upward or concave down- 
ward between x^ and x^. Hence the curve has one of the four 
shapes of fig. 64. 

It appears that in each case a tangent at one of the points 
M or N will intersect the axis of x in a point C which lies 
between x^ and x^. In practice it is most convenient to sketch 
the curve with attention to tlie signs of the first and the second 
derivative, and to find the tangent at that end at which it lies 
between the curve and the ordinate of the point of contact. 
The intersection of the tangent with OX is then nearer to the 
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intersection of the curve, i.e. to the required root of the equation, 
than is the abscissa of the point of contact. For example, in 
fig. 64, (1) and (4), the equation of the tangent is 


and its point of intersection with OX is — 


/M 

/'('« 2 ) 


Hence the 


known to lie between and x^ 


root which was at first known to lie between x. and x„ is now 

/<s> . 

It is well in practice to combine this method with the method 
of § 52. For, if we draw the secant MX, it will intersect the 
axis of X in a point 1), and the root of the equation lies between 
C and i>. But C and 1) are closer together than are x^ and x^, so 
that we have narrowed down the interval within which the root lies. 


Ex. 1. Find the root of — Oic — 13 =: 0, which lies between 3 and 4. 

Here f{x) — — (Sx ~ 13, 

/qx) = 3x2-6, 
f"(x) = 6x. 

When X = 3,/(x) = — 4 ; and when x = 4,/(x) = 27 ; while between x = 3 and 
X = 4, f{x) and /"(x) are positive. Hence the graph is as in fig. 64, (1), where M 
is (3, — 4) and X is (4, 27). The tangent at N is 

y -27 =z 42(x - 4). 

Hence, for (7, x = 4 - || = 3.36. 

The equation of MX is y — 27 — 31 (x — 4). 

Hence, for D, x = 4 — = 3.13. 

Therefore the root lies between 3.13 and 3.36. 

As this does not fix the first decimal figure of the root, it is advisable to apply 
§ 47 again. We find /(3.1) = — 1.809 and /(3.2) = .568. Hence the root lies 

between 3.1 and 3.2. Accordingly, the point M is now (3.1, — 1.809), and the 
point iV is (3.2, .668). The equation of the tangent at X is 

1/- .668 = 24.72 (X- 3.2), 
and for the new point G x = 3.17702. 

The secant MX is y — .668 = 23.77 (x — 3.2) 

and for D x = 3.176. 

The root of the equation therefore lies between 3.176 and 3.177. This result 
is close enough for most practical purposes, but if the operations are carried 
out once more it is found that the root lies between 3.1768143 and 3.1768144. 
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52 qZ 

It is to be noticed that when a > 0, — 1 > 0. Hence we may cover all 

4 27 

cases by the statement : 

The equation + ax -f 6 = 0 has three unequal real roots^ two equal real roots 

52 qB 

and one other real root^ or one real and two complex roots^ according 7 + “ § 0 . 


63. Newtoa’s method of solving numerical equations. The 

results of this chapter may be applied to finding approximately 
the irrational roots of a numerical equation. We first find, by the 
method of § 47, two numbers x, and x^, between which a root 
of /(a;) = 0 is known to lie. It is necessary to take care that 
neither /'(a:) nor f'{x) is zero for any value of x between and x^. 
Then f{x) is always increasing or decreasing between x^ and x^, 
and hence only one root of f{x) = 0 lies between and x^. Also 


N 




the curve 3 /=/(a:)is always concave upward or concave down- 
ward between x^ and x^. Hence the curve has one of the four 
shapes of fig. 64. 

It appears that in each case a tangent at one of the points 
^ or aV will intersect the axis of a; in a point C which lies 
between and x^. In practice it is most convenient to sketch 
Oie curve with attention to the signs of the first and the second 
derivative, and to find the tangent at that end at which it lies 
twfcweaii the curve and the ordinate of the point of contact. 
Jh« interieetion of the tangent with OX is then nearer to the 
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intersection of the curve, i.e. to the required root of the equation, 
than is the abscissa of the point of contact. For example, in 
fig. 64, (1) and (4), the equation of the tangent is 

f idC/ \ 

and its point of intersection with OX is — • Hence the 

root which was at first known to lie between and x^ is now 

fix \ 

known to lie between x. and x^ — ,- 7 ^ • 

^ /'(^.) 

Tt is well in practice to combine this method with the method 
*of § 52. For, if we draw the secant MN, it will intersect the 
axis of X in a point />, and tlie root of the equation lies between 
C and D, But C and D are closer together than are x^ and x^, so 
that we have narrowed down the interval within which the root lies. 

Ex. 1. Find the root of a: — 13 = 0, which lies between 3 and 4. 

Here f{x) — — Qx ~ 13, 

/'(X) = 3x2-6, 

/"(X) = 6x. 

When X = 3,/(x) = — 4 ; and when x = 4,/(x) = 27 ; while between x = 3 and 
X = 4, f(x) and f"{x) are positive. Hence the graph is as in fig. 64, (1), where M 
is (3, -- 4) and N is (4, 27). The tangent at N is 

y - 27 = 42(x - 4). 

Hence, for C, x = 4 - | ^ = 3.36. 

The equation of MN is y — 27 = 31 (x — 4). 

Hence, for D, x = 4 — ^ J = 3.13. 

Therefore the root lies between 3.13 and 3.36. 

As this does not fix the first decimal figure of the root, it is advisable to apply 
§ 47 again. We find /(3.1) = — 1.809 and /(3.2) = + .568. Hence the root lies 
between 3.1 and 3.2. Accordingly, the point M is now (3.1, ~ 1.800), and the 
point N is (3.2, .668). The equation of the tangent at N is 

y~ .668 = 24.72(x- 3.2), 
and for the new point C x — 3.17702. 

The secant M.N is y — .568 = 23.77 (x — 3.2) 
and for I) x = 3.176. 

The root of the equation therefore lies between 3.176 and 3.177. This result 
is close enough for most practical purposes, but if the operations are carried 
out once more it is found that the root lies between 3.1768143 and 3.1768144. 
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Ex. 2. In §61, Ex. 3, the root of Sx® — -f Z® = 0 was found to lie 
between .42 i and .43 i. 

Placing /(x) = 8x® — 9Zx2 -f Z3, 

we have f\x) = 24 x^ — 18 Zx, 

r'(x) = 48x-18 Z, 

so that /'(x) is negative and f"{x) positive, when x is between .42 Z and .43 Z. 
Hence the curve has the shape of fig. 64, (3). The tangent at (.42 Z, .006104 Z^) 
meets OX where x = .42163 Z. The chord connecting (.42 Z, .006104 Z^) and (.43 Z, 
— .028044 Z3) meets OX where x = .42154 Z. The root is therefore determined to 
four decimal places. 

64. Multiple roots of aa equation. 

If fix) = 1- «„_!« + 

f'ix) = na^~^ + in — V)a^i]if'~^-\-in~ 2)a^og‘~^+ • • ■ 

fix) = (w — 1) in — \)in — 2) 

-\-in — 2)in — i)af-*-\ f- 

f'ix) — nin — \)in — 2)af~^ 

+ («. — !) («. — 2) in — 3) af~*+ ■ ■ ■ , 

and so on. Now let /(a), fia), fia), f'ia), etc., denote the result 
of placing a: = a in these functions, and f(a + h) denote the result 
of placing x = a + h in fix). One readily computes that 

fia + h) = fia)+ hf'ia) + ^ fia) + g /"'(a) + • • • + af. (1) 

In (1) place h = x-- a and it becomes 

fix) =fia) + ix- a) f'ia) + /"(a) 

+ f’"i«) + • • • + a„(a; - a)“. (2) 

If now a is a double root of fix) = 0, fix) is divisible by (a;— af, 
by § 42, and therefore, by (2), fia)= 0, /'(a) = 0. If a is a triple 
root of /(a:) = 0, /(a;) is divisible by (a;— a)*, and therefore /(a) = 0, 
f'ia) = 0, f ia) = 0. Similar statements may be made for multiple 
roots of higher order. 
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Conversely, if f{a) = 0 and f{a) = 0, (2) shows that f{x) is 
certainly divisible by {x — a)^ and perhaps by a higher power of 
rr — a. Therefore a is a multiple root of f(x) = 0. We have then 
the result: 

A multiple root of f{x)=^Q is also a root of f\x)=0y and conversely. 

Hence we may find the multiple roots of f{x) = 0 by equating 
to zero the highest common factor of f(x) and f{x) and solving 
the resulting equation. 

The condition that an equation f{x) = 0 should have multiple 
roots is the vanishing of the discriminant of the equation, which 
is the eliminant of the equations f{x) = 0 and f{x) = 0, and may 
be found by the method of § 9. 


Ex. 1. Find the discriminant of + 6 a; -f c = 0. 

We have to find the condition that the two equations 

aa;2 4- 6 a; 4- c = 0 

and 2 ox 4 - 6 = 0 

should have a common root. Multiplying the last equation by x, we have 


2 0 x 2 4- 6 x = 0, 

and the determinant of the coeflBcients and the absolute terms of the three 
equations is 

1 a o c\ 

Uo, 


a be 
0 2a 6 
2 o 6 0 


or 


62 — 4 ac = 0. 


Ex. 2. Find the discriminant of x^ 4 - ox 4 - 6 = 0. 
We must find the eliminant of this and 

3 x 2 4 - a = 0 . 


Multiplying the first equation by x, and the second by x and x 2 , we have the 
five equations 


and their eUminant is 


x* 

4- 

0 X 2 

4- - 

6 x 


= 0 , 

x» 



4 - ox 

-f 6 

= 0 , 

8 x^ 

+ 

0 X 2 




= 0 , 

8 x 8 



4 - ox 


= 0 , 



3x2 



4-0 = 0 , 


1 

0 

0 

6 

0 



0 

1 

0 

o 

6 



3 

0 

0 

0 

0 

= 0 , 


0 

3 

0 

a 

0 



0 

0 

3 

0 

a 



4 o3 f 27 62 = 0. (See § 62, E.x. 3.) 


or 
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PROBLEMS 

Find the respective slopes of the following curves at the points noted : 
(1) by an approximate numerical calculation, as in § 64 ; ( 2 ) by placing x equal 
to the abscissa of tlie given point, plus and allowing h to approach zero: 

1 . y = at ( 2 , 8 ). 

2. ij = — 3 x at (0, 0). 

3. y^x^-3x-\-l at (1, - 1). 

4. Find the derivative of x^ — x by using the definition but not the formulas. 

5. Find the derivative of 3x!^-{-2x by using the definition but not the 
formulas. 

Find the derivative of each of the following expressions by the formulas: 

6. J x® - I a:» + a. 

7. 4x3-fll2+r)X-8. 

8 . 6 x»-Cx« + 7x«-4x<-2x2 + 3z-9. 

9. By expanding and ditferentiating show that the derivative of (3x -f 2)“* 
is 12 (3 a; + 2)^. 

10. By expanding and differentiating show that the derivative of {x + a)" is 

n{x + a)””h 

11. Find the equation of the tangent to the curve ?/ = -f 3 at the point the 
abscissa of which is — 2 , 

12. Show that the equation of the tangent to the curve 2/ — ic® -f ttx + 6 at 
the point (Xi, yi) is y = (3Xj^ 4 - a)x - 2xf -i- 6. 

13. Sliow that the equation of tlie tangent to the curve y — ux^ -f 2 6 x -f c at 
the point (xi, yi) is y = 2 (axi -f- 6 )x — ax{ -f c, 

14. Determine the point of intersection of the tangents to the curve y = 
X* — 6 x + 7 at the points the abscissas of wliich are — 2 and 3 respectively. 

15. Find the angle between the tangents to the curve y = 2x2 — 3 x 4 - 1 at 
the points the abscissas of which are — 1 and 2 respectively. 

16. Find the area of t)ie triangle included between the coordinate a^es and 
the tangent to the curve y = x^ at the point ( 2 , 8 ). 

17. Find the points on the curve y = x3 — 3x4*7 at wliich^the taiige its are 
parallel to the line y = 9 x 4 - 3. 

18. How many tangents has the curve y -- x^ — 4 x^ 4 - c — 4 which are 
parallel to the line y4-4x4-7=0? Find their equations. 

19. Find the points on the curve jr = x* + ** — 6 at wliich it makes an angle 
of 45° witli OX. 



PROBLEMS 119 

Find the values of z for which the following expressions are respectively 
increasing and decreasing: 

20. 4. - 7. 22. 10. 

21. x«-2x2 + 8. 23. 2x2 4- 6. 

24. Find the lowest point of the curve y = 3x2 — 8x4-7. 

25. Find the turning points of the curve 2/ = J x* — 2x2 4- J. 

Find the maximum and the minimum values of the following expressions : 

26. 3x3 _ 2x2 ~ 5x + 1. 27. Bx^ - 26x8 + GOx - 60. 

• 28. Prove that tlie largest rectangle with a given perimeter is a square. 

-29. A rectangular piece of cardboard a in. long and b in. broad has a square 
cut out of each corner. Find the length of a side of this square when the box 
fc>rmed from the remainder lias its greatest volume, 

30. Find the dimensions of the greatest rectangle which can be inscribed in 
a given isosceles triangle with base 6- and altitude h. 

31. Find the right circular cylinder of greatest volume which can be inscribed 
in a sphere of radius a. 

32. Find the right circular cylinder of greatest volume which can be cut from 
a given right circular cone. 

33. Find the point of the line 3 x -f y = 0 such that the sum of the squares 
of its distances from the two points (6, 1) and (7, 3) may be a minimum. 

34. Among all circular sectors with a given perimeter find the one which 
has the greatest area. 

35. A rectangular box with a square base and open at the top is to be made 
out of a given amount of material. If no allowance is made for thickness of 
material or waste in construction, what are the dimensions of the largest box 
that can be made ? 

36. A length I of wire is to be cut into two portions, which are to be bent 
into the forms of a circle and a square respectively. Show that the sum of the 
areas of these figures will be least when the wire is cut in the ratio tt : 4, 

37. A piece of galvanized iron 6 ft. long and a ft. wide is to be bent into a 
U-shaped water pipe h ft. long. If we assume that the cross section of the pipe is 
exactly represented by a rectangle on top of a semicircle, what are the dimensions 
of the rectangle and the semicircle that the pipe may have the greatest capacity; 
(1) when the pipe is closed on top ? (2) when it is open on top ? 

38. A stream flowing with the velocity a strikes an undershot water wheel, 
giving it the velocity x. Assuming that the efficiency of the wheel is propor- 
tional to the velocity x of the wheel and the loss of velocity a — z of the 
water, what is the velocity of the wheel when it has its greatest efficiency ? 
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39. A gardener has a certain length of wire fencing with which to fence 
three sides of a rectangular plot of land, the fourth side being made by a wall 
already constructed. Required the dimensions of the plot which contains the 
maximum area. 

40. For a continuous girder of uniform section, uniformly loaded, and con- 

sisting of three equal spans, the deflection in the middle span is given by the 
equation v = C (/®£C — 6/2*2 _j_ — 6*^), where C is constant, I the length of 

the span, and * the distance from a point of support. Find the greatest 
deflection. 

41. If p is the density of water and t the temperature between 0® and 30® C., 

p r= pq (1 + It + -I- n/*), where po is the density when / = 0 , and I = .000062939, 

m = — .0000066322, n = .00000001446. Show that the maximum density occui’s 
when t = 4. 108®. 

42. Show that the cuiwe y = ax2 -f 6x -f c is concave upward or downward 
according as a is positive or negative. 

43. Show that the curve y = x® 4- ax -f 6 is concave upward when x is posi- 
tive and concave downward when x is negative. 

Determine the values of x for which the following curves are concave 
upward or downward : 

44. 2/ = X* — 3 *2 — 24. 45. 2/ = X® — 6 X -f- 6. 

Find the points of inflection of the following curves : 

46. fly = X® — 6x2 -f- 6x -f- 1. 47. 12 y = x* — 6x* -f- 12x2 — 2x -f 1. 

48. y = 3x® — lOx* -f 10x8 4- 6x — 8. 

49. y = 3x® ~ 6x* 4- 20x8 - 60x2 4. 20x ~ 6. 

50. Prove that the curve y = 4- 6*2 -|- cx -f d always has one and only 

one point of inflection. 

Find the real roots of the following equations accurate to two decimal 
places : 

51. x8-x2-2x+ 1=0. 54. x8--3x2~2x + 5 = 0. 

52. *8 4- 3 *2 4- 4 X 4“ 6 = 0. 55. x* — x* — *2 -1- x — 1 = 0. 

53. *8 - 2x -6 = 0. 


Show that each of the following equations has equal roots and solve it : 

56. *8 — x2 — 8 X 4- 12 = 0. 57. x* — 2 (1 — a) x® 4- (1 ^ 3 a) *2 -f- a = 0. 

Find the condition that each of the following equations should have equal 
roots : 

58. x* -h 3 0x2 4- 6 = 0^ 

59. X* -f 4 0*8 4- 6 = 0. 


60 . x^4”4ax-|-b = 0. 

61 . OoX® 4 - 3 01*2 4- 3 02* 4 * as = 0 . 
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65. Square roots of polynomials. In the previous chapters the 
discussion has been restricted to the polynomial. We will next 
study the square root of the polynomial. 

At first let us assume that the polynomial can be separated 
into n linear real factors, as in § 42. We have, then, 

y = ± Va„(,7; - r,) {x - r„), (1) 

and the graph of this function can readily be constructed by con- 
sidering the graph of 

y = a^{x - r,) r„), (2) 

as given in § 46. 

In the first place, the graph of (1) will intersect the axis of x in the 
same points as the graph of (2), i.e. in the points a? = a; = rg, • • •, 
as for these values of x the product under the radical sign is zero. 

In the second place, wherever the graph of (2) is below the 
axis of Xy the expression under the radical sign in (1) is negative, 
the value of the radical is imaginary, and hence there is no cor- 
responding point of the graph. If, however, the graph of (2) is 
above the axis of Xy there are two values of y in (1), equal in 
magnitude and opposite in sign, and correspondingly there are two 
points of the graph situated symmetrically with respect to OX, 
Therefore OX is an axis of symmetry. 

As the negative values of the expression under the radical sign 
are separated from the positive values by zero, it follows that the 
values of x which make the expression zero, i.e. * * *> 
the utmost importance in plotting these graphs. In fact, the lines 
ic = ir = 7*2, • • • , a; = divide the plane into sections bounded by 
straight lines parallel to OT, in which there will be no part of the 
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graph if the corresponding values of x make the expression negative, 
and in which there will be a part of the graph if the corresponding 
values of x make the expression positive. Hence the first step in 
plotting the graph is the drawing of these lines and the determi- 
nation of which sections of the plane should be considered. 

Ex. 1. V — ± V(x + 2) (x — 1) (x -- 5). 

If X = — 2, 1, or 6, y = 0, and the graph intersects the axis of x at three points. 

The lines x - — 2, x — 1, x = 5 divide the plane (fig. 65) into four sections. 

If X < — 2, all three factors of the product are negative ; hence the radical 
is imaginary and there can be no part of the graph in the corresponding section 
of the plane. 



If ~ 2 < X < 1, the first factor is positive and the other two are negative ; 
hence the radical is real and there is a part of the graph in the corresponding 
section of the plane. 

If 1 < X < 6, the first two factors are positive and the third is negative ; 
hence the radical is imaginary and there can be no part of the graph in the 
corresponding section of the plane. 
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Finally, if x > 6, all three factors are positive ; hence the radical is real and 
there is a part of the graph in the corresponding section of the plane. 

Therefore the graph consists of two separate parts, and is seen (fig. 65) to 
consist of a closed loop and a bi'anch of infinite length. 

Ex. 2. y ~± 4) (X + 2) (x - 1) (x - 4). 

If X = — 4, — 2, 1, or 4, y = 0, and the graph intersects the axis of x at 
four points. 

The lines x = — 4, x = — 2, x = 1, and x = 4 divide the plane (fig. 66) into 
five sections. 



Fig. 66 


If X < — 4, all four factors are negative ; hence the radical is real and there 
is a part of the graph in the first section. 

If — 4 < X < — 2, the first factor is j^ositive and the others are negative ; 
lienee the radical is imaginary and there can be no part of the graph in the 
second section. 

If — 2 < X < 1, the first two factors are positive and the other two are nega- 
tive ; hence the radical is real and there is a part of the graph in the third section. 
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If 1 < 05 < 4, the first three factors are positive and the last is negative ; 
hence the radical is imaginary and there can be no part of the graph in the 
fourth section. 

Finally, if x > 4, all the factors are positive ; hence the 'radical is real and 
there is a part of the graph in the fifth section. 

In this 'example we see that the graph consists of three separate parts, and 
is seen (fig. 66) to consist of a closed loop and two infinite branches. 

Ex. 3. y r= ± V— (x + 4) (x 2) (x — 1) (x — 4). 

The plr.ne is divided into five sections (fig. 67) by the lines x = -- 4, x = ~ 2, 
X = 1, and X = 4. 


r 



Proceeding as in the previous two examples, we find y to be real if 
~4<x< — 2, or l<x<4, and to be imaginary for all other values of x. 
Therefore the graph consists of two separate parts, and is seen (fig. 67) to 
consist of two closed loops. 
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66 . In the examples of the last article no two factors were 
alike, i.e. no factor occurred more than once. If any factor does 
occur more than once, only its first power will be left under the 
radical sign, or, to put it more generally, no perfect square will 
be left as a factor under the radical sign. As a result, there will 
be before the radical a factor involving x, and the presence of 
this factor will of necessity change the course of the reasoning to 
some extent, as is shown in the following examples. 


Ex. 1. y ~±y/(x ^2) (X - 1)2. 
This will be written as 

y = ± (* - 1) Vx + 2. 


Th6 line a: = — 2 divides the plane 
(fig. 68) into two sections. 

Proceeding as in the previous ex- 
amples, we find the radical to be real 
if a? > — 2 and imaginary if x < — 2. 
Therefore there is a part of the graph 
to the right of the line x = — 2, but 
there can be no part of the graph to 
the left of that line unless x can have 
such value as to make the coefficient of 
the radical zero ; and this coefficient is 
zero only when x equals unity. Hence 
all of the graph lies to the right of the 
line a; = — 2, as shown in fig. 68. 

Comparing this example with Ex. 1 
of § 66, we see that by changing the 
factor X — 6 to x — 1 we have joined 
the infinite branch and the loop, 
making a single curve crossing itself 


Y 



at the point (1, 0). 


‘X 


Ex. 2. y = ± V(* 4- 2)*(x - 1) = ± (* + 2) Vx - 1. 

The line x = 1 divides the plane (fig. 69) into two sections. 

If X > 1, the radical is real and there is a part of the graph in the 
corresponding section of the plane. If x < 1, the radical is imaginary and 
there will be ho points of the graph except for such , values of x as make 
the coefficient of the radical zero. There is but one. such value, i.e. —2, 
and therefore there is but one point of the graph, i.e. (—2, 0), to the 
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left of the line x = 1. The graph consists, then (fig. fiO), of the isolated 
point A and the infinite branch. 

Comparing this example also with Ex. 1 of § 65, we see that by changing 
the factor a; — 5 to x + 2 we have reduced the loop to a single point, leaving 
the infinite branch as such. 



Fig. 69 Fig. 70 


Ex. 3. y = ± V (x 4- 4) (x 4- 2)2(x — 4) = i (x 4- 2) V- (x 4- 4) (x - 4). 

The lines x = — 4 and x = 4 divide the plane (fig. 70) into three sections. 

If — 4 < X < 4, the radical is real and there is a part of the graph in the cor- 
responding portion of the plane. If x < — 4 or x > 4, the radical is imaginary ; 
and since in the corresponding sections there is no value of x which makes x 4- 2 
zero, there can be no part of the graph in those sections. It is represented in 
fig. 70. 

Comparing this e^^mple with Ex. 3 of § 65, we see that the changing of x — 1 
to X 4* 2 has brought the two loops together, forming a single closed curve cross- 
ing itself at the point (— 2, 0). 
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67, Functions defined by equations of the second degree in y. 

If we have given an algebraic equation involving both y and Xy 
y is thereby defined as a function of x. F or if x is assigned any 
value, the corresponding values of y are determined by means of 
the equation. In particular, if the equation involves no power of 
y higher than the second, it may be readily solved for y, and the 
work of finding the graph is similar to that already done. 

In many important cases the solution of the equation is of 

the form 

y = c ± V(^r-- — r^) • • • . 

Comparing this case with the previous one, we see that y = c 
is an axis of symmetry instead of y = 0, and that in all other 
respects the work is similar. 

Ex. 2 x'-* + 2 /^ + 3 X — 4 2 / - 6 = 0. 

Solving for y, we have 

2/ = 2 i -vCT^ - 3 X 4- 0, 

or, after the expression under the radical 
sign has been factored, 

y = 2±V_2(x- J)(x + 3). 

The lines x = — 3 and x = ^ divide 
the plane (fig. 71) into three sections, and, 
proceeding as before, we find that the 
curve is entirely in the middle section, 
i.e. when — 3 < x < ^, and that the line 
y = 2 is an axis of symmetry. 

In case the given equation is 
of higher degree in y than the 
second, but of the first or the second degree in Xy it is evident 
that we can solve for x in terms of y and proceed as above, 
working from the y axis instead of the x axis. 

It should be added that given any equation in x and y, since 
either may be regarded as the independent variable and the other 
as the function, we have perfect freedom of choice to solve for y in 
terms of Xy or for x in terms of y, according to convenience. , 
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68. Functions involving fractions. If the expression defining a 
function contains fractions, the function is not defined for a value of 
X which makes the denominator of any fraction zero (§ 11). But if 
X = a is a value which makes the denominator zero, but not the 
numerator, and .v is allowed to approach a as a limit, the value of 
the function increases indefinitely and is said to become infinite. The 
graph of a function then runs up or down indefinitely, approaching 
the line x = a indefinitely near, but never reaching it. We have 
thus a graphical representation of the discussion of infinity in § 11. 

When a function becomes infinite it is discontinuous (§ 56). 
In fact, this is the only kind of discontinuity which can occur in 

an algebraic function. 


Y 



Fro. 72 


Ex. 1. 2/ = -^- 

It is evident that y is 
real for all values of x; 
also if X < 2, 2 / is negative, 
and if x > 2, y is positive. 
Moreover, as x increases 
toward 2, y is negative 
and becomes indefinitely 
great ; while as x decreases 
toward 2, y is positive and 
becomes indefinitely great. 
We can accordingly assign 
all values to x except 2, 
that value being excluded 
by § 11. The curve is repre- 
sented in fig. 72. 

It is seen that the nearer 
to 2 the value assigned to x, 
the nearer the correspond- 
ing point of the curve to 
the line x = 2. In fact, 
we can make this distance 
as small as we please by 
choosing an appropriate 


value for x. At the same 


time the point recedes indefinitely from OX along the curve. 

Now when a straight line has such a position with respect to a curve that as 
the two are indefinitely prolonged the distance between them approaches zero as a 
limits the straight line is called an asymptote of the curve. 
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It follows from the above definition that the line « = 2 and also the line 
V = 0 are asymptotes of this curve. In this example it is to be noted that the 
asymptote x=2 is determined by the value of x which makes the function infinite. 
It is clear that all equations of the type 


1 

y = 

X — a 

represent curves of the same gen- 
eral shape as that plotted in fig. 72. 


Ex. 2. 2/ = 


» + 2 X 



If X = - 2 or if X = 2, y is 
infinite ; hence these two values 
may not be assigned to x, all 
other values, however, being 
possible. The curve is repre- 
sented in fig. 73. 

By a discussion similar to that 
of Ex. 1, it may be proved that 
the lines x = — 2 and x = 2, 
which correspond to the values 
of X which make the function 


r 



Eio. 73 


infinite, and also the line y = 0, are asymptotes of the curve. 
This curve is a special case of that represented by 



and it is not difficult to see how 
the curve represented by 

1 1 1 
y _ j _j h • • • 

X — a X — 0 X — c 
will look for any number of terms. 

Ex. 3. y = ^ 

(X - 2)2 

All values of x may be assumed 
except 2. The curve is represented 
in fig. 74. It is evident that the lines 
X = 2 and y = 0 are asymptotes. 

This curve is a special case of 
that represented by 


(x-a)2 

which is itself a special case of 
(X - a)2 (X - 6)2 


Fig. 74 
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Ex. 4. 


1 


As in § 67, we solve for y, fonning the equation y = i V. - s' 

a; = 3 (fig. 75) divides the plane into two sections, and it is evident that there 
can be no part of the curve in that section for which x < 3. Moreover, this 


Y 



line X = 3 is an asymptote, as in the preceding examples. The curve, which 
is a special case of that represented by 



is represented in fig. 75. It is to be noted that the axis of x also is an asymptote. 


Ex. 5. y = 


x^ -h 1 


To plot this curve we write the ecpiation in the equivalent form 

1 

y = X -f 


( 1 ) 


It is evident that all values except 0 may be assigned to x, that value being 
excluded as it makes y infinite. Let us also draw the line 


y = X, (2) 

a straight line passing through the origin and bisecting the firat and the third 
quadrants. 
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Comparing equations (1) and 
(2), we see that if any value Xi 
is assigned to x, the corre- 
sponding ordinates of (1) and 

(2) are respectively Xi -|- - and 

Xi ^ 

Xi, and that they differ by 

Moreover, the numerical value 
of this dilference decrease's as 
greater numerical values ai’o 
assigned to Xi, and it can he 
made less than any assigned 
quantity however small by tak- 
ing Xi sufticiently great. It 
follows that the line y = x is an 
asymptote of the curve. It is 
also evident that the line x = 0, 
determined by the ^alue of x 
which makes the function infi- 
nite, is an asymptote. The curve 
is represented in lig. 70. 



Km. 70 



Fig. 77 


69. Special irrational functions. 

Ex. 1. y 2 _ 

Writing this e<|uation in the form y — ±x Vx, 
we see that y is an irrational function of x, and 
that its graph is symmetrical with revSpect to 
OX and lies entirely to the right of the axis y. 
It is represented in tig. 77, and is called the 
semicubical parabola. 

In general, if the equation expressing the 
function is of the form 

y — A-x«, 

the function is rational or irrational according 
as n is integral or fractional. In § 88 we have 
plotted the graphs of some of the rational func- 
tions of this type for the special case when A: = 1 
and n has the values 8, 4, and 5 respectively. 
Above we have just plotted the graph of one of 
the irrational functions, i.e. when n = J. 

The graphs of the irrational functions y ~ x^, 
y — x^, and y — x^ may be obtained by assuming 
values for x and plotting as above, or by rewriting 


the equations in the forms x = y^, x = y*, and x = y^, when it is immediately 


evident that their graplis are respectively the same in shape as those of the 
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and y munt be positive, and that its 
two axes of co()rdinates are the same 
78). I'lie curve is a i)aral)ola 
(§ 70). If tlic eciuation is put in the 
form y ~ {a^ — it is seem that y 
is an irrational function of x. 

y,x. 8 . 

Writing; this eepiation in the form 
V we see that y is an 

irrational function of x, and that its 
graph is symmetrical with respect to 
OX and bounded by the lines x = — a 
and X — a. In the same way we may 
show that the graph is symmetrical 
with respect to OF and bounded by the 
lines y = —-a and y — a. It is repre- 
sented in fig. 79, and 


rational functions y ^ y = x^, and 
y — x^ alreaciy plotted, the axes of 
X and 2 /, however, being changed in 
position. 

It is to be noted tliat the gi’aphs of 
all the functions expressed by the 
e(]uation y ~ x" pass through the points 
(0, 0) and (1, 1). 

Ex. 2. x^ -f = aK 

If 2 / is defined as a function of x 
by the etjuation -y y^ = a*, it is 
evident that its graph will lie entirely 
in the first quadrant, sim.'e both x 
relative positions with respect to the 
F 



is a foiir-cu.sped hypocycloid. 


F 



Ex. 4. X’^ + 2 /*^ — 3 axy — 0. 

The graph of this equation, 
by which y is defined as an 
irrational function of x, is repre- 
sented in tig. 80, and is known 
as the Folium of Descartes. 
It is symmetrical with respect 
to the line y — x and has the 
line X -f 2/ -f « = 0 as an 
asymptote. While it may be 
plotted by assuming values for 
X and solving the corresponding 
cubic equations for y, it is more 
easily plotted when different 
axes of coordinates are chosen 
(see Ex. 88, Chap. X). 
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PROBLEMS 


Plot the graphs of the following equations : 


1 . j/2 = (a._i)(a.a_4). 

2. = (X + 2)(8a: - *2 _ 16). 

3. 4y2 = (x + 3)(2x-3)4. 

4. 4y^ — x*(x + !)• 

5. y2 = (x-3)2(6-2x). 

6 . 2/2 = (3x + 2)(9x2-4). 

7. 2/2 = (X - 2)2(4x2 - 4x - 16). 

8. 2/'2 = (4x2-1)(x2-4). 

9. 2/^ = (2 X + 6)2 (C 4- X — x2). 
10. y‘‘' = - x2(x + 3)2(a; + 1). 


29. 2/» = + 2). 

30. (2/ + 2)3 = (x-1)(x2-4). 

31. X2/ = 7. 

32. zy — — ’1. 


V = 

(X - 1)2 (X + 3)2 

35. 2 2/ = 3x + “• 

X 

36. 2/-2 = 2(x-1) + — — . 

X — 1 


11 . 2/’‘ = a:'^(a:-2)2(x-8). 

12 . 2^2 = (l_a;2)(x2_0). 

13. 2/2=r(2x-6)(x2 + 2). 

14. 2/2 = (X - 2)2 (x2 + 2). 

15. 2/2=r(X-2)(2x-8)2(x2 + X+l). 

16. 10 2/2 = 4 x^ — X®. 

17. x2 — 2/2 — 4 x + 02/ — 1 = 0. 

18. 4x2 + 02/2+ 4 x - 12y -31 = 0. 

19. x2 — ^ + 3 y2 + y _ 3 =: 0. 

20 . x2 — 2/® (4 + 2/) = 0. 

21. [x2+3(2/-1)][x2-3(2/-1)]=0. 

22. (2/-1)2 = (x-1)2(x-4). 

23. ( 2 / - x)2 = 9 - x2. 

24. (x + 2/)2 = 2/2(2/ + 1). 

25. x2 - 4 X2/ + 8 2/2 — 2/* = 0. 



27. 2/2 = 

28. y® = X (a* — 4). 


37. = 

38. 

a;-2 


39. 


^2 


SC* 

8 — SC 


40. 


sc* 


41. x 22/2 4-.36 = 4 2 / 2 . 

42. 10 a ^^2 - ^ 23.2 - 2 ax). 


43. 


x2(a^.a;) 

= . 

a — X 


44. y (x 2 + a 2 ) = a 2 (a — x). 

45. 2 / 2 (x 2 + a 2 ) = a2x2 

46. a*y 2 ^ = a262a;2. 

47. 2/2 (a2 ^ x^) = x2(a2 _ x^). 

48. X 2 / 2 = 4a2(2a — x). 

49. y = x 2 4 - - . 

X 

60. y = X + -“ • 
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CERTAIN CURVES AND THEIR EQUATIONS 

70. The circle. When a curve has been defined by a geometric 
property it is often possible to find the equation of tlie curve by 
expressing the definition in algebraic symbols. This equation 
serves, then, as a means for plotting the curve and also as a basis 
for examining its other properties. In this chapter we shall derive 
the equation of certain important elementary curves, beginning 
with the circle. 

A circle is the locus of a point at a constant distance from a 
fixed point. The fixed point is the center of the ciiH^le and the 

constant distance is the radius. 

Let {d, e) (fig. 81) be the coordi- 
nates of the center C\ and r the 
radius of the circde. Then if F (./*, ij) 
is a point on the circle, x and y 
must satisfy the ec[uation 

{M-df + {y-c:)i‘-=r\ ( 1 ) 

by § 17. 

Conversely, if x and y satisfy 
the equation (1), the point {x, y) 
is at a distance r from [d, e) and 
therefore lies on the circle. 

Therefore (1) is the equation of the circle (§ 22). 

Equation ( 1 ) expanded gives 

^ 2 dx — 2 ey cP e^ — 'F = 0; 

and if this is multiplied by any quantity A, it becomes 

Ax^ + Ay^+ 2GxF2Fy-^C=- 0 , ( 2 ) 

1 J ^ ^j2i22^ 

where d= e= = 

A A A 
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Ex. The equation of a circle with the center — J) and tlie radius § is 


(X - J)2 + (y + hY = h 

which reduces to 12 + 12 y'^ — I2x + S y — 1 = 0. 


71. Conversely, the equation 

+ Ay^ + 2 Gx: + 2 + C = 0, 

where A 0, rcpresejits a circle^ if it represents any curve at all. 
To prove this, we will transform the equation as follows ; 


2 I O ^ 2 I O ^ 

A A'’ A 


s , ^ , 2,0^ , G-+F^-AC 

A A^ ^ A '^ A-‘ A'^ 



G‘^ + F'^-AC 
A'^ 


There are then three possible cases : 

1. G^ + F^ — AC> 0. The equation is then of the type (1), § 70, 


^ 1 (r F , 

where « = > e — > r = 

A A 


(T+F^-AC , 

— > and tlierefore represents 


G 

a circle with the center ( — — > 

A 


A^ 

i) 


and the radius 


N 


-AC 


2. G‘‘‘+F‘'‘—AC—0. The equation is then 

(* + f)’+(y + fJ=0, 


which can be satisfied by real values of x and y only when 
G F 

X — — j and y Hence the equation represents the point 

. This may be called a circle of zero radius, regarding 

it as the limit of a circle as the radius approaches zero. 

3. + ^C'< 0. The equation can then be satisfied by no 

real values of x and y, since the sum of two positive quantities 
cannot be negative. Hence the equation represents no curve. 
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Ex. 1. The equation x2 4-y*--2x + 4y + l=:0 may be written 
(X - 1)2 + (y + 2)2 = 4, 

and represents a circle with center (1, — 2) and radius 2. 

Ex. 2. The equation x2-fy2_2x4-42/-f6 = 0 may be written 
(x-l)2-f{y + 2)2 = 0, 
and is satisfied only by the point (1, — 2). 

Ex. 8. The equation x2 + 2/2 — 2x + 4y + 7 = 0 may be written 
(X - 1)2 + (y + 2)2 = - 2, 

and represents no curve. 

72 . To find the equation of a circle which will satisfy given 
conditions, it is necessary and sufficient to determine the three 
quantities d, c, r, or the ratios of tlie four quantities G, F, C, 
Each condition imposed upon the circle leads usually to an ecpia- 
tion involving these quantities. In order to determine the three 
quantities it is necessary and in general sufficient to have three 
e(iuations. Hence, in general, three conditions are necessary and 
sufficient to determine a circle. 

It is not important to enumerate all possible conditions which 
may be imposed upon a circle, but the following three may be 
mentioned. 

1. Let the condition be imposed upon the circle to pass through 
the known point y^). Then (x’^, y^) must satisfy the equation 
of the circle ; therefore d, e, and r must satisfy the condition 

2. Let the condition be imposed upon the circle to be tangent 
to the known straight line Ax-{-B^ + C=0. Then the distance 
from the center of the circle to this line must equal the radius ; 
therefore, by § 32, el, e, and r must satisfy the condition 

Ad -p Be -|- 0 , 

' — = ± r. 


The sign will be ambiguous, unless from other conditions of the 
problem it is known on which side of the Line the center lies. 
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3. Let it be required that the center of the circle should lie on 
the line Jx + By + (7=0. Then d and e must satisfy the condition 

Ad + Be + C = 0. 

Ex. 1. Find the equation of the circle through the three points (2, — 2), 
(7, 3), and (6, 0). 

The quantities d, e, and r must satisfy the three conditions 


(2 - d)2 4- 2 - e)2 = r2, 

(7 - d)2 4 (3 - c)2 = r2, 

(0 _ df + (0 - e)2 = r\ 

Solving these we have d = 2, e = 8, and r = 5. Therefore the required 
equation is 

{X - 2)2 4 (y - 3)2 = 26, 
or x2 4 2/2 _ 4 ^ (5 2/ — 12 = 0. 

Ex. 2. Find the equation of the circle which passes through the points 
(2, — 3) and (— 4, — 1) and has its center on tlie line 8 y -f- a; — 18 = 0. 
The quantities d, e, and r must satisfy the conditions 

(2 - d)2 4 (-- 3 - c)2 = r2, 

(__4-d)2 4(-l-c)2 = r2, 

3 c “f" d — 18 — 0. 

Solving these equations we find d= — Therefore the 

required equation is 

- W + (y - V )" = 

or x2 4 2/2 _ g _ 1 1 y _ 40 0, 


Ex. 3. Find the equation of a circle which is tangent to the lines 

17x 4 2 /— 35 = 0 and 13x -f 11 2 / + 50 = 0, 

and has it-s center on the line 88 x -f 70 2 / 4- 15 = 0. 

The quantities d, e, and r must satisfy the conditions 

17d 4 e - 35 
- 13d -lie- 60 

Viod 

88d + 706 + 15 


= ±r, 
= 0 . 
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These equations have the two solutions 


and 


d = ~§, 

d = ry, 


V290 . 
6 ’ 
3 V 290 
20 


Hence each of the two circles 

3 8 7/2 5 X - 6 y - 20 = 0 

and 40 x2 + 40 7 /^ - 400 x + 520 y -f 2429 = 0 

satisfies the conditions of the problem. 


Ex. 4. The ecpiation of a circle throut^h three given points is most readily 
found by means of tlie equation 

^x2 -f . 47/2 q. 2 Gx + 2Fy C=0. 

If 2 /i)? 1 / 2)1 J^i‘d (X 3 , 7 / 3 ) are the three given points, the quantities 

C must satisfy the eipiations 

Ax^ -f ^4.7/2 4- 2 Gxi H- 2 F 2/1 4- c = 0, 

AX 2 "f" Ay 2 4" ^ Gx*i 4* 2 Fy<i 4" C = 0, 

Ax.^ 4- Ay!f 4- 2 Gxa + 2 Fijs 4-0=0. 


There are here four homogeneous eipiations in the unknowns A, G, F, O, 
and the result of eliminating the unknowns is, by § 9, 


x2 4- 2/2 X y X 

■«i" + 3/“ *1 Vi 1 _ 

x.f + X 2 !/„ 1 “ ’ 

+ X;, y-i 1 


( 1 ) 


which is the required eipiation of the circle. • 

It is to be noticed that the coefficient of + y^ in (1) is 


Xi 

Vi 

Xo 

?/2 

X 3 

V'i 


When this is zero, equation (1) is of the first degree and represents a straight 
line. But when 



Vi 

X 2 

y2 

Xs 

2/8 


1 

1 

1 


= 0 , 


the points (xi, ?/i), (X 2 , 2 / 2 ), and (X 3 , 2 / 3 ) are on the same straight line (§ 29, 6) and 
cannot determine a circle. 
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73. The ellipse. An ellipse is the locus of a point the sum of 
the distances of ivhich from two fixed points is constant. 

The two fixed points are called the foci. Let them be denoted 
by F and (fig. 82) and let the axis of x be taken through them 
and the origin halfway between them. Then if P is any point 
on the ellipse and 2 a represents the constant sum of its distances 
from the foci, we have 

F^P+Fr=2a. ( 1 ) 


From the triangle F^PF it follows that 

F'F< 2 a. 


Hence tliere is a point A on tlie axis of x and to the right 
of F which satisfies the definition. We have then 


F^A + FA.= 2a, 
or {F^O + OA)-\-{OA-OF)^2a, 
whence OA—a. 

Let us now place 
OF 

z= e, where c <1. 

OA 

Then the coordinates of /^'and 
F^ are (± ac, 0). Computing 
the values of F'P and FP l)y § 17 


r 



, and substituting in (1), we have 


V(,/J + acf + + V (./: — (i(f +y- ^2 a. (2) 


By transposing the second radical to the riglit-hand side of the 
equation, squaring, and reducing, we have 

a — ex ^ = FP. (3) 

Similarly, by transposing the first radical in (2), we have 


a + ex ^ V(.7' + acf if = F^P» 


( 4 ) 
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Either (3) or (4) leads to the equation 


or 


- «*),/■* 4- / = a*(l — e*), 
^ 

d‘ a'* ( 1 — e‘) 


= 1 . 


(5) 

( 6 ) 


Since ^ < 1, the denominator of the second fraction is positive 
and we place 

«^(1 — ■ 


thus obtaining 


/ 


/A 

1 . 


(7) 


We have now shown that any point which satisfies (1) has co- 
ordinates whi<;h satisfy (7). 

To show, conversely, that any jioint wliose coordinates satisfy (7) 
is such as to satisfy (1), let us assume (7) as given. We can then 
obtain (6) and (5), and (5) may l»e put in each of the two forms 

j? + 2 nex + + ^ — + 2 aex -f- 

x^— 2 (tex + tf = <r — 2 uvx -f- e'j?, 

the square roots of which are respectively 

F’r=±{<t-\-cx), 

Fr = ±{(t - ex). 

These lead to one of the four following equations : 

F'P+ Fr= 2 a, 

F'P- FF=2a, 

-F'P-{- FP=2a, 

-F'P-FP = 2a. 

Of these, the last one is impo.ssible, since the sum of two nega- 
tive numbers cannot be positive; and the second and third are 
imjto-ssible, since the difference between FP and F'P must be less 
than F'F, which is less than 2 a. Hence any jwint which satisfies 
(7) satisfies (1), and therefore (7) is the equation of the eUipse. 
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74. Placing y = 0 in (7), § 73, we find x = ± Placing = 0, 
we find y = ± 6. Hence the ellipse intersects OX in the two points 
A{a,0) and {— a, 0), and intersects OY in two jK)mts />"(0, b) 
and B\0, — J). The points A and are called the rertires of the 
ellipse. The line AA\ which is e([nal to 2 a, is called the major 
axis, and the line which is ecjual to 2 h, is called the minor 
axis of the ellipse. 

Solving (7) first for y and 
then for x, we have 

h ^ 

- a 

and ± ^ Vi-' — i/\ 

These equations show (1) that 
tlie ellipse is symmetrical with 
res|)ect to hoth OX and 0 Y, (2) that x can liave no valu(*> numer- 
ically greater than a, (3) that y can have no value numerically 
greater than i. If we construct the rcitangle KLMN (fig. 83), 
which has 0 for a ceiiU^r and sides equal to 2 a and 2h respec- 
tively, the ellipse will lie entirely within it ; and if the curve is 
constructed in one cjuadrant, it can he found hy symmetry in all 
quadrants. The form of the curve is shown in figs. 82 and 83. 

75. Any equation of the form (7), § 73, in which a > h, 
represents an ellij^se with the foci on OX. For if we place, 
as in §73, 6^ = a^(l — we find 




and may fix Fand F\ whicli in § 73 were arlatrary in position, by 
the relation OF = — OF^ = ae. 

The foci may be found graphically by jdacing the jK)int of a com- 
pass on B and describing an arc with the radius a. This arc will 
intersect AA’ in the hxd; for since OB and OF li\ 

BF^a. 
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Similarly an equation of the form (7), § 73, in which &>a, 
represents an ellipse in which the foci lie on BB' at a distance 
from 0. In this case BBf is the major axis and 

AA! = 2 is the minor axis. 

It may be noted that the nearer the foci are taken together, the 
smaller is e, and the more nearly h = a. Hence a circle may he 
considered as an ellipse with coincident foci and eqnal axes, 

76, The hyperbola. An hyperbola is the hens of a point the 
difference of the distances of which from two fixed points is constant. 



The two fixed points are called the foci. Let them be F and 
(fig. 84) and let FF^ be taken as the axis of the origin being 
halfway between F and F\ Then if P is any point on the 
hyperbola and 2 a is the constant difference of its distances 
from F and F\ we have either 

F'F-FP = 2a, ( 1 ) 

or FP--F^P==2a, (2) 

Since in the triangle F'PF the difference of the two sides FP 
and F'P is less than F'F, it follows that F'F >2 a. 

There is therefore at least one point A between 0 and F which 
satisfies the definition. 
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Then F^A-AF=2a, 

or {F^O + OA) -{OF- OA) = 2 a ; 

whence OA = a. 

We may therefore place 

OF 1 . 1 

= Cy where e>l. 

' OA 

Then the coordinates of F and F' are (± ae, 0) and equations 
(1) and (2) become 

V {x + aef + {x — aef + = 2 a (3) 

and V(^ — aeY + y^—^{x+ cief+ — 2a, (4) 

By transposing one of the radicals to the right-hand side of 
these equations, squaring, and reducing, we obtain from (3) either 

ex + ci — ^{x + aeY 

or ex — a=^'^{x — 'if' = FP ; 

and from (4) we obtain either 

— {ex + a) = V {x -f- aef + if = P'P, 
or — {ex — a) = V (,^* — aef if = FP, 

Any one of the last four equations gives 



{l — e‘^)a? + f {1 — e^), 

( 5 ) 

or 

y" =1. 

(6) 


But since ^ > 1, a^(l — is a negative quantity and we may 
write a^(l — — 6^, thus obtaining 
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Then any point which satisfies (1) or (2) satisfies (7). Conversely, 
by retracing our steps, we find that if the coordinates of a point 
F satisfy (7), then 

F'P = ± (ea; + a) 
and FP = ± (ea: — a). 

Hence we must have either 

F’P — FP = 2a, 

— F'P+FP = 2a, 

F'P + FP = 2a, 
or -F'P — FP=2a. 

The equation F'P + FP = 2 a is impossible, for F'P + FP > F'F, 
and 2a < F'F. The equation — = 2 a is also clearly 

impossible. Hence any point which satisfies (7) satisfies either 
(1) or (2). Therefore (7) is the equation of the hyperbola. 

77 . If we place 2 / = 0 in (7), § 76, we have a; = ±a. Hence 
the curve intersects OX in two points, A and A', called the vertices. 
If ic = 0, y is imaginary. Hence the curve does not intersect 0 Y. 
Solving (7), § 76, for y and x respectively, we have 

y = ± — a®* 

^ a 

and a: = ± Y Vy*+ If. 

0 


These show (1) that the curve is symmetrical with respect to 
both OX and OY, (2) that x can have no value numerically less 
than a, and (3) that y can have all values. 

Moreover, the equation for y can be written 


y- 


b , a®* 

\ 

a > or 
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Cu 

As X increases the term — decreases, approaching zero as a limit. 

oc 

Hence the more the hyperbola is prolonged, the nearer it comes 

to the straight lines y — ±^x. Therefore the straight lines 
h ^ 

y ± - X are the asymptotes of the hyperbola. They are the 
a 

diagonals of the rectangle constructed as in fig. 85, and are used 

Y 



Fig. 86 


conveniently as guides in drawing the curve. The line AA^ is 
called the transverse axis and the line BB' the conjugate axis 
of the hyperbola. The shape of the curve is shown in figs. 
84 and 85. 

78 . Any equation of the form (7), § 76, where a and h are any 
positive real values, represents an hyperbola with the foci on AA^, 

For if we place — 6^ = a^(l — e^), we find «= — — — — and may 



146 CERTAIN CURVES AND THEIR EQUATIONS 


find the position of the foci from the equations OF = — OF^ = 
Similarly any equation of the form 


ae. 




+ 7 ^ = 1 


represents an hyperbola with the foci on BB\ 

If & = a, the hyperbola is called an equilateral hyperbola and its 
equation is either x?— if = or — 0 ?^+ 

79. The parabola. A parabola is the locus of a point equally 
distant from a fixed, point and a fixed straight line. The fixed 
point is called the focus and the fixed straight line the directrix. 
Let the line through tlie focus perpendicular to the directrix be 
taken as the axis of and let the origin be taken on this line halfway 

between the focus and the directrix. 
^ ^ Let us denote the abscissa of the 

focus by p. In fig. 86 let .F be the 
focus, RS the directrix intersecting 
OX at D, and let P be any point on 
the curve. Then the coordinates of 
-X P are {p, 0), those of D are 0), 
and the equation of RS is x^—p. 
Draw from P a line parallel to OX 
intersecting RS in N, If is on the 
right of RSy P must also lie on the 
right of RSy and by the definition 



Fig. 86 


FP = NP. 


If, on the other hand, F is on the left of RSy P is also on the 
left ol RS and 

BP = PN=-NP, 


In either case 


FP :=NP. 


But FP — {x—pY+ y'^, and NP = x+ p'; (by § 17) 
hence {x — pf + y^^ = {x-\- pf, 

which reduces to y^ = 4:px, (1) 
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Any point on the parabola then satisfies this equation. 
Conversely, it is easy to show that if a point satisfies this 
equation, it must so lie that FP = ± NP, and hence lies on 
the parabola. 

Equation (1) shows (1) that the curve is symmetrical with 
respect to OX, (2) that x must have the same sign as p, and (3) 
that y increases as x increases numerically. The position of the 
curve is as shown in fig. 86 when p is positive. When p is neg- 
ative F lies at the left of O and the curve extends toward the 
negative end of the axis of x. 

Similarly the equation o(? =: 4: py represents a parabola for which 
the focus lies on the axis of y, and whicli extends toward the 
positive or the negative end of the axis of y according as p is 
positive or negative. In all cases O is called the vertex of the 
parabola and the line determined by 0 and is called its axis. 

80 . If y^ and Pi{x^y y^ are two points on the parabola 

2/^ = 4px (fig. 87), then y 



abscissas. Conversely, if in any curve the squares of the ordinates 
are to each other as the abscissas, the curve is a parabola. 

For let P^ be a known point and P any point on the curve. 
Then, by hypothesis, 

which may be written if = —x. 

But this is the same as if = Apx, where » = -—• 

4x^ 
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Si. The conic. A conic is the locus of a point the distance 
of which from a fixed point is in a constant ratio to its distance 
from a fixed straight line. 


The fixed point is called the focuSy the fixed line the directrix, 
and the constant ratio the eccentricity. 

We shall take the directrix as the axis of y, and a line through 
the focus F as the axis of x, and shall call the coordinates of the 

focus {c, 0), where c represents OF mxdi 
is positive or negative according as 
f lies to the right or the left of 0. 



Let P be any point on the conic; 
connect P and F, and draw PN per- 
pendicular to OY. Then by definition 

FP^±eNP, (1) 

according as P is on the right or the 
^ left of OY, In both cases 

FP"^ = . IfP^, 

But FP^ = {x — cf + 3/^, by § 17, and 
iVP = X, Therefore for any point on 
the conic 


Fig. 88 


{x — cf + = e^d^, (2) 


It is easy to show, conversely, that if the coordinates of P sat- 
isfy (2), P satisfies (1). Hence (2) is the equation of the conic. 

It is clear that the parabola is a special case of a conic, for the 
definition of the latter becomes that of the former when 6=1. 

It is also not difficult to show that the ellipse is a special case 
of a conic, where the eccentricity is 6 of § 73 and < 1. 

For if P (fig. 89) is a point on the ellipse ^ = 1, we found 

♦ o rrn U 0 


FP = a — ex, 


F'P a + ex. 


FP^e 




or 
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If now we take the point D so that OD = - > and D' so that 

e 

Ojy — > draw the hnes DS and jy 8' perpendicular to OX, the 

line N'PN perpendicular to DS, and the ordinate MF, we have 


--x = OD-OM=MD=PN, 
e 

- + « = B’O + OM== I)'M = N'P. 
e 

FP = e- PN, F'P = e ■ N’P. 



The ellipse has therefore two directrices at the distances ± - 

e 

from the center. When the ellipse is a circle, e = 0 and the 
directrices are at infinity. 

In a similar manner we may show that the hyperbola is a 
special case of a conic where e > 1. 

In § 114, Ex. 3, we shall prove that the conic is always either 
an ellipse, a parabola, or an hyperbola. 

82. The witch. Let OBA (fig. 90) be a circle, OA a diameter, 
and LK the tangent to the circle at A. From 0 draw any line 
intersecting the circle at B and LK at C. From B draw a line 
parallel to LK and from C a line perpendicular to LK, and call 
the intersection of these two lines P. The locus of P is a curve 
called the witch. 
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To obtain its equation we will take the origin at 0 and the 
line OA as the axis of y. We will call the length of the diameter 
of the circle 2 a. Then by continuing CP until it meets OX at 
M, and calling (x, y') the coordinates of P, we have 


OM = X, MP = y, OA= MC =2 a. 


In the triangle OMC, 


MP _ OB 
^~1)C 


O B -PC 

Wc' 


( 1 ) 


If AB is drawn, OBA is a right angle and consequently 
OB 00 = OA \ also OU'' = Oll'' + MC\ 


Y 



Therefore 

MP _ 

OA 

(2) 

MC~ 


that is, 


4a^ . 

(3) 

2a 

a? + 4:0,^' 

and finally, 


8 a' 

(4) 

x^+ 4a‘‘^ 


Conversely, if equation (4) is satisfied by any point, we can 
deduce equations (3), (2), and (1) in order, and hence show" that 
the point is on the witch. 

Solving (4) for we have 


2a^y 
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This shows (1) that the curve is symmetrical with respect to OY, 
(2) that y cannot be negative nor greater than 2 a, and (3) that 
y = 0 is an asymptote. 

83. The cissoid. Let ODA (tig. 91) be a circle with the diam- 
eter OA^ and let LK be the tangent to the circle at A, Through 
0 draw any line intersecting the circle in D and LK in E. On 
OE lay off a distance OP e(jual to DE. Then the locus of P is 


a curve called the cissoid. 

To find its equation, we will 
take 0 as the origin of coordinates 
and OA as the axis of x, and will 
call the diameter of the circle 2 a. 
Draw MP perpendicular to OA. 
Then if A and D are connected, a 


triangle ADE is formed similar 

to OMP ; whence 


OP _ AE 

( 1 ) 

MP~ DE' 

By hypothesis DE — 
Therefore 

OP. 

Wp"' ^MP-AE. 

(2) 

Also, in the similar triangles 

OAE and 0PM, 


AE _MP. 

( 3 ) 

OA ~ OM ’ 

whence, from (2), 


OM 

( 4 ) 

2,2 2 ay*, 

or ^ , 

( 5 ) 

0(^ 

whence = 

2 a-- X 

( 6 ) 


This equation is satisfied by 
the coordinates of any point 
upon the cissoid. 


K 



Fig. 91 
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Conversely, if we assume equation (6), we may deduce (5) and 
(4), and then by aid of (1) and (3) we have OP = DE. 

Therefore (6) is the equation of the cissoid. It may be written 


Y 



From this it appears 
(1) that the curve is 
symmetrical with re- 
spect to OX, (2) that 
no value of x can be 
greater than 2 a or 
less than 0, and (3) that 
the line x^2a is an 
asymptote.' 

84* The strophoid. 
Let LK and RS (fig. 92) 
be two straight lines 
intersecting at right 
-^X angles at 0, and let A 
be a fixed point on LK, 
Through A draw any 
straight line intersecting 
RS in D, and lay off on 
AD in either direction a 
distance DP equal to OD, 
The locus of P is a curve 
called the strophoid. 

To find its equation, 
take iK" as the axis of 
X and RS BiB the axis of 
y, and call the coordi- 
nates of A (a, 0). By 
the definition the point 
P may fall in any one 
of the four quadrants. 
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If we take the positive direction on AD as measured from A 
towards D, we have 

OD = PD 


when P is in the first quadrant, 

OD = -PD 

when P is in the second quadrant, 

-OD = -PD 

when P is in the third quadrant, and 

-OD = PD 

when P is in the fourth quadrant. 

These four equations are equivalent to the single equation 

^^ = PD^. ( 1 ) 


From the similar triangles OAD and APM, 


Hence 


OP _MP _ y 

AD AP V(.t; — a)^ + y® 

'aD~ AO~ OA~ a 


(x-afpf a? 


( 2 ) 


is an equation satisfied by any point on the curve. Conversely, 
if (2) is given, (1) may be deduced. Therefore (2) is the equation 
of the strophoid. 

It may be written 


y 


± X 


a 
\ a 


— X 


+ a: 


This shows (1) that the curve is symmetrical with respect to 
OX, (2) that no value of x can be less than — a nor greater than 
+ a, and (3) that a; = — a is an asymptote. 
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85. Examples. The use of the equation of a curve in solving 
problems connected with the curve will be constantly illustrates^ 
throughout the book. The following examples depend upon prin-^ 
ciples already given. 

Ex. 1. Prove that in the ellipse the squares of the ordinates of any two 
points are to each other as the products of the segments of the major axis made 



But y\ = ill Pi, a -f = A'O -f OMi = A'M\^ a — Xi= OA — OMi = MiA, 
2/2 = M2P2, a -{■ X2 = A'Mo^ rt — X2 = M2A. Hence the proposition is proved. 

Ex. 2. If 3fiPi is the ordinate of a point Pi of the parabola, ~ 4 px^ and 
a straight line drawn through the middhi point of M\Pi parallel to the axis of x 
cuts the curve at Q; prove that the intercept of the line MiQ, on the axis of y 
equals ^M\P\. 

Let the coordinates of Pi (fig. 94) be 

y? 

(^h Vi)- Then Xi = — from the equation of 


the parabola. 


4 p 


Vi 


By construction, the ordinate of Q is ^ 

2 

Since Q is on the parabola its abscissa is 


found by placing y : 


. yi 
2 


in 2/2 = 4 px. The 


The 


coordinates of Q are then ( ~ b » ™ ) • 

^ \l6p 2/ 

coordinates of are (xi, 0), which are the 

/y? \ 

same as > Oy . Hence the equation of 
MQ is, by § 29, 

Spx 4- 32/12/ - 2 y^ = 0. 

The intercept of this line on OY is ^ = § MiPi, which was to be proved. 
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PROBLEMS 

1. Find the equation of the circle having the center (2, —4) and the radius 8 . 

2. Find the equation of the circle having the center (— |» J) and the. 
radius 6 . 

3. Find the equations of the circles having the line joining (2, 3) and ( — 3, 1) 
as a radius. 

4. Find the equation of the circle having the line joining (a, — b) and 
( — a, b) as a diameter. 

5. Find the eciuations of the circles of radius a which are tangent to the 
axis of y at the origin. 

6. Find the ecjuations of the circles of radius a which are tangent to both 
coordinate axes. 

7. Find the equation of the circle having as a diameter that part of the line 
2x — Sy-\-Gz=:0 which is included between the coordinate axes. 

8 . Find the center and the radius of the circle -f + 4 x — 10 ?/ ~ 36 = 0. 

9. Find the center and the radius of the circle + — Gy-flrrO. 

10. Find the center and the radius of the circle 3 + 3^/^ — 0 x + 6 2 / — 2 = 0. 

11 . Pdnd the center and the radius of the circle 5x2-fr)?/2 + 2 x — 42 / + l = 0 . 

12. Prove that two circles are concentric if their equations differ only in the 
absolute term. 

13. Show that the circles x^ -f- ?/2 -f 2 Gx + 2 Fy 4 - C = 0 and x^ 4 - 2 G'x 

4 2 F'y 4 C' = 0 are tangent to each other if 

V(G - ay^ + (F - py = ± Vg'^ + - c. 

14. Find the equation of tlio circle which pa.sses through the points (0, 8 ), 
(3, 0 ), ( 0 , 0 ). 

15. Find the equation of the circle circumscribing the triangle with the 
vertices ( 0 , 2 ), (— 1 , 0 ), ( 0 , — 2 ). 

16. Find the ecpiation of the circle circumscribed about the triangle the sides 
of which are x y — 2 — 0^ 9 x 462 / — 2 = 0 , y 2x ~ 1 = 0 . 

17. Find the equation of the circle paasing through the point (—2, 4) and 
concentric with the circle x^ 4 2 /^ — 6 x 442 / — 1 = 0 . 

18. A circle which is tangent to both coordinate axes passes through (4, 2). 
Find its equation. 

19. The center of a circle which is tangent to the axes of x and y is on the 
line 2x — 3^46 = 0. What is its equation ? 

20. A circle of radius 5 passes through the points (2, ~ 1) and ( 8 , — 2). 
What is its equation ? 

21. The center of a circle which passes through the points (1, — 2) and 
(— 2 , 2 ) is on the line 8 x~ 42/49 = 0. What is its equation ? 
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22. A circle which is tangent to OX passes through (—3, 2) and (4, 9). 
What is its equation ? 

23. The center of a circle which is tangent to the two parallel lines x — 3 = 0 
and X — 7 = 0 is on the line y = 2 x + 4. What is its equation ? 

24. The center of a circle is on the line 2 x -f 2/ — 0. The circle passes 
through the point (4, 2) and is tangent to the line 4x — Sg/ — 15 = 0. What is 
its equation? 

25. Find the equation of the circle circumscribing the isosceles triangle of 
which the altitude is 4 and the base is the line joining the points ( — 3, 0) and 
(3, 0). 

26. Find the equation of the ellipse the foci of which are ( ± 3, 0) and 
the major axis of which is 8. 

27. Find the equation of the ellipse the foci of which are (0, ± 2) and the 
major axis of which is 6. 

28. Find the equation of an ellipse when the vertices are (± 0, 0) and one 
focus is (4, 0). 

29. Determine the semiaxes a and b in the ellipse -^ + -- = 1, so that it will 

pass through (1,4) and (2, — 3). ^ ^ 

30. If the vertices of an ellipse are (i 5, 0) and its foci are (i 3, 0), find 
its equation. 

31. The center of an ellipse is at the origin and its major axis lies along OX, 
If its major axis is 8 and its eccentricity is find its equation. 

32. Find the equation of an ellipse when its center is at the origin, one focus 
at the point (— 3, 0), and the minor axis equal to 8. 

33. Find the equation of an ellipse the eccentricity of which is ^ and the 
foci of which are (0, ± 6). 

34. Given the ellipse Ox^ + 16y2 — 144. Find its semiaxes, eccentricity, and 
foci. 

35. ' Find the eccentricity and the equation of an ellipse, if the foci lie half- 
way between the center and the vertices, the major axis lying on OX, 

36. Find the equation of an ellipse the eccentricity of which is § and the 
ordinate at the focus is 6, the center being at the origin and the major axis 
lying along OX. 

37. Find the equation and the eccentricity of the ellipse if the ordinate 
at the focus is one fourth the minor axis. 

38. Find the eccentricity of an ellipse if the line connecting the positive ends 
of the axes is parallel to the line joining the center to the upper end of the 
ordinate at the left-hand focus. 

39. Find the equation of an ellipse when the foci are (db 2, 0) and the 

directrices are x = ± 6. , 

40. Given the ellipse 2 x* -h 8 = 1. Find its semiaxes, foci, and directrices. 
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41 . Find the equation of an hyperbola if the foci are (± 8, 0) and the trans- 
verse axis is 4. 

42 . Find the equation of an hyperbola if the foci are (0, ± 4) and the trans- 
verse axis is 4. 


43 . An hyperbola has its center at the origin and its transverse axis along 
OX. If its eccentricity is | and its transverse axis is 6, find its equation. 

44 . Find the equation of an hyperbola when the vertices are ( ± 4, 0) and 
the eccentricity is 

45 . Show that the eccentricity of an equilateral hyperbola is equal to the 
ratio of a diagonal of a square to its side. 

46 . Find the equation of an hyperbola the vertices of which are halfway 
between the center and the foci, the transverse axis lying on OX. 

47 . Find the equation of the hyperbola with eccentricity 3 which passes 
through the point (2, 4), its axes lying on OX and OF. 

48 . Find the equation of an equilateral hyperbola which passes through 

( 6 , - 2 ). 

49 . Find the equation of the hyperbola which has the points (0, ± 1^2) for 
foci and passes through the point (2, — 1). 

50 . The sum of the semiaxes of an hyperbola is 17 and its eccentricity is 
1^. Find its equation, if its axes lie on OX and OY. 

51. Find the equation of the hyperbola^ which has the asymptotes y = ± 
and passes through the point (1, 1). 

52 . Express the angle between the asymptotes in terms of the eccentricity 
of the hyperbola. 


53. If the vertex of an hyperbola lies two thirds of the distance from the 
center to the focus, find the slopes of the asyinjitotes. 

54. Given the hyperbola 4x^ ~ 2^y^=: 100. Find its eccentricity, foci, and 
asymptotes. 

55. Find the equation of the hyperbola which has the lines y = ± J x for 
its asymptotes and the points ( i 4, 0) for its foci. 


56. Show that 


y2 


: 1, where k is an arbitrary quantity, 


a2 _ ^2 62 _ A:2 

x^ "ifl 

represents an ellipse confocal to — p — = l,when and represents an 

X2 y2 

hyperbola confocal to — when k'^>b^ but<a2, being considered 
greater than b^. 


57. Find the equation of an hyperbola when the foci are (i 7, 0) and the 
directrices are x = i 4. 


58. Given the hyperbola 
and asymptotes. 


9 



Find its eccentricity, foci, directrices, 
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59. A perpendicular is drawn from a focus of an hyperbola to an asymptote. 
Show that its foot is at distances a and h from the center and the focus 
respectively. 

60. Show that in an equilateral hyperbola the distance of a point from the 
center is a mean proportional between its focal distances. 

61. Determine p so that the parabola ipx shall pass through the point 
(2, ~ 3). 

62. An arch in the form of a parabolic curve is 29 ft. across the bottom and 
the highest point is 8 ft. above the horizontal. What is the length of a beam 
placed horizontally across the arch 4 ft. from the top ? 

63. The cable of a siLspension bridge hangs in the form of a parabola. The 
roadway, which is horizontal and 240 ft. long, is supported by vertical wires 
attached to the cable, tlu; longest being 80 ft. and the shortest being 30 ft. 
Find the length of a supporting wire attached to the roadway 50 ft. from the 
middle. 

64. Find the equation of a circle through the vertex and the ends of the 
double ordinate through the focus of the parabola ~ 4px. 

65. Find the eciuation of the circle through the vertex, the focus, and the 
upper end of the ordinate at the focus, of the parabola 4 . 12ic = 0. 

66 . Find the equation of the locus of a point the distances of which from 
(3, — 2) and (—4, 1) are equal. 

67. Find the equations of the locus of a point the distance of which from the 
axis of X equals five times the distance from the axis of y. 

68. Find the equation of the locus of a point the distance of which from the 
axis of X is one third its distance from (0, 3). 

69. Find the ecpiation of the locus of a point the distance of which from 
the line x = 3 is ecjual to its distance from (4, — 2). 

70. What is the locus of a point the distance of which from the line 
3x4-4y — 6 = 0 is twice its distance from (2, 1) ? 

71. A point moves so that its distance from the axis of y equals its distance 
from the point (5, 0). Find the equation of its locus. 

72. A point moves so that the square of its distance from the point (0, 2) 
equals the cube of its distance from the axis of y. Find its locus. 

73. Find the locus of the points at a constant distance 6 from the line 
4x + 3y — 6 = 0. 

74. Find the locus of points equally distant from the lines 2x + 3y — 6 = 0 
and 3x--2y + l = 0. 

75. Show that the locus of a point which moves so that the sum of its dis- 
tances from two fixed straight lines is constant is a straight line. 

76. Find the equations of the locus of a point equally distant from two fixed 
straight lines. 
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77. A point moves so that its distances from two fixed points are in a con- 
stant ratio k. Show that the locus is a circle except when k~\> 

78. A point moves so that the sum of the squares of its distances from the 
sides of an equilateral triangle is constant. Show that the locus is a circle and 
find its center. 

79. A point moves so that the square of its distance from the base of an 
isosceles triangle is equal to the product of its distances from the other two 
sides. Show that the locus is a circle and an hyperbola which pass through the 
vertices of the two base angles. 

80. A point moves so that the sum of the squares of its distances from the 
four sides of a square is constant. Find its locus. 

81. A point moves so that the sum of the scjuan's of its distances trom any 
number of fixed points is constant. Find its locus. 

82. Find the locus of a point the square of the distance of which from a 
fixed point is proportional to its distance from a fixed straight line. 

83. Fitid the locus of a point such that the lengths of the tangents from it 
to two concentric circles are invei’sely as the radii of the circles. 

84. A point moves so that the length of the tangent from it to a fixed circle 
is equal to its distance from a fixed point. Find its locus. 

85. Find the equation of the locus of a point the tangents from which to 
two fixed circles are of equal length. 

86. Straight lines are drawn through tlie points (— u, 0) and (a, 0) so that 

the difference of the angles they make with the axis of x is tan-^ - . Find the 
locus of their point of intersection. 

87. The slope of a straight line passing through (a, 0) is twice the slope of 
a straight line passing through (—a, 0). Find the locus of tlie point of inter- 
section of these lines. 

88 . A point moves so that the product of the slopes of the straight lines 
joining it to A (—a, 0) and B (a, 0) is constant. Prove that the locus is an 
ellipse or an hyperbola. 

89. If, in the triangle ABC, tan A tan^.S = 2 and AB is fixed, show that 
the locus of C is a parabola with its vertex at A and focus at B. 

90. Given the base 2 5 of a triangle and the sum 8 of the tangents of the 
angles at the base. Find the locus of the vertex. 

91. Find the locus of the center of a circle which is tangent to a fixed circle 
and a fixed straight line. 

92. Prove that the locus of the center of a circle which passes through a 
fixed point and is tangent to a fixed straight line is a parabpla. 

93. A point moves so that its shortest distance from a fixed circle is equal to 
Its distance from a fixed diameter of that circle. Find its locus. 
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94. 0 is a fixed point and -45 is a fixed straight line. A straight line 
is drawn from 0 meeting AB at Q, and in OQ a point P is taken so that 
OP • OQ = A:2. Find the locus of P. 

95. If a straight line is drawn from the origin to any point Q of the line 
y = and if a point P is taken on this line such that its ordinate is equal to 
the abscissa of Q, find the locus of P. 

96. A OB and COB are two straight lines which bisect each other at right 
angles. Find the locus of a point P such that P-4 • PB = PC • PB. 

97. AB and CB are perpendicular diameters of a circle and M is any point 
on the circle. Through M, AM and BM are drawn. AM intersects CB in Ny 
and from N a line is drawn parallel to AB meeting BM in P. Find the locus of P. 

98. Given* a fixed line AB and a fixed point Q. From any point It in AB a 
perpendicular to -45 is drawn equal in length to RQ. Find the locus of the end 
of this perpendicular. 

99. Let OA be the diameter of a fixed circle. From 5, any point on the 
circle, draw a line perpendicular to OA and meeting it in B. Prolong the line 
BB to P, so that OB : BB = OA : DP. Find the locus of P. 

100 . Two straight lines are drawn through the vertex of a parabola at right 
angles to each other and meeting the curve at P and Q. Show that the line PQ 
cuts the axis of the parabola in a fixed point. 

101 . In the parabola =z ipz an equilateral triangle is so inscribed that 
one vertex is at the origin. What is the length of one of its sides ? 

102. Prove that in the ellipse half of the minor axis is a mean proportional 
between -4P and FA'. 

103. Prove that in the ellipse or the hyperbola the ordinate at the focus 
is an harmonic mean between -4P and AF'. 

104. If from any point P of an hyperbola PK is drawn parallel to the 
transverse axis, cutting the asymptotes in Q and 5, then PQ . PR = a^. If PK 
is drawn parallel to the conjugate axis, then PQ • PB = — b^. 

105. Show that the focal distance of any point on the hyperbola is equal to 
the length of the straight line drawn through the point parallel to an asymptote 
to meet the corresponding directrix. 

106. Prove that the product of the distances of any point of the hyperbola 
from the asymptotes is constant. 

107. Prove that in the hyperbola the squares of the ordinates of any two 
points are to each other as the products of the segments of the transverse axis 
made by the feet of these ordinates. 

108. Lines are drawn through a point of an ellipse from the two ends of 
the minor axis. Show that the product of their intercepts on OX is constant. 

109. Pi is any point of the parabola y^ = 4px, and PiQ, which is perpen- 
dicular to OPi, intersects the axis of the parabola in Q. Prove that the pro- 
jection of PiQ on the axis of the parabola is always 4p. 
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86. General principle. 

X and y, 


If fjx, y) is an expression involving 

= o (1) 


is the equation of a curve containing all points the coordinates 
of which satisfy (1), and containing no other points. Similarly if 
fu{^> y) second expression in x and y, 

/„(«. y) = 0 (2) 

is the equation of a second curve. It follows that if we consider 
these two equations, any point common to the two corresponding 
curves will have coordinates satisfying both (1) and (2); and that, 
conversely, any values of x and y which satisfy both (1) and (2) 
are coordinates of a point common to the two curves. .Hence, 
to find the points of intersection of two curves y solve their equa- 
tions simultaneously. 

We have already discussed in § 30 the simplest case of this 
problem, i.e. the intersection of two straight lines. We shall now 
discuss some more complex cases. 

8'^- f\{x, i/) = 0 and f^{x, t/) = 0. Let 

/j(a;, y)=0 (1) 

be a linear equation, and (x, y) = 0 (2) 

be a quadratic equation. Since a linear equation always represents 
a straight line, this problem is to find the points of intersection of a 
straight line and a curve. Solving (1) for either x or y, and substitut- 
ing the result in (2), we obtain in general a quadratic equation, as, 
for example, aa^ + hx + c = 0, 


if (1) has been solved for y. We shall call this equation the 
resultant equation (§ 9). If the roots of this equation are denoted 
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by and x^y x^ and x^ are the abscissas of the required points of 
intersection. The corresponding ordinates are found by substi- 
tuting x^ and x^ in succession in (1).- 

But according to § 37 there are three cases to be considered in 
the solution of the resultant equation. (1) The roots x^ and x^ 
may be real and unequal, in which case there are two points of 
intersection. (2) The roots x^ and x^ may be real and equal, in 
which case the corresponding ordinates are equal and the two 
points coincide. As in § 37, we may regard this case as a limit- 
ing case when the position of the curves is changed so as to make 
and x^ approach each other, i.e. so as to make the points of inter- 
section of the straight line and the curve approach each other along 
the curve. Accordingly, the straight line represented by equation (1) 
is tangent to the curve represented by equation (2). (3) Finally, the 
roots x^ and x^ may be imaginary, in which case no real points of 
intersection can be found, and the curves do not intersect. 

Ex. 1. Find the points of intersection of 

3a: - 22 /- 4 = 0 (1) 

and a;2 — 4 y = 0. (2) 


r 



Solving (1) for y and substituting the result in (2), we have a:^ — 6 a; -}- 8 = 0, 
' e roots of which are 2 and 4. Substituting these values of x in (1), we find the 
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corresponding values of y to be 1 and 4. Therefore tiie points of intersection 
are (2, 1) and (4, 4) (fig. 96). 

Ex. 2. Eind the points of 
intersection of 

6x-4y ^9 = 0 (1) 

and — 4y = 0, (2) 

Solving (1) for y and substi- 
tuting the result in (2), we have 

— 6 X + 9 = 0. The roots of 
this equation are equal, each 
being 3. Hence the straight line 
is tangent to the curve. Substi- 
tuting 3 for X in (1), we find 
2 / = I ; hence the point of tan- 
gency is (3, |) (fig. 96). 

Ex. 3. Eind the points of 
intersection of 

3x-22/-5 = 0 (1) 

and x‘-^ — 4 2 / = 0. (2) 

Proceeding as in the twoprevious examples, we obtain x^ — 6 x -f 10 = 0, 
the roots of which are 3 ± V — 1. Hence the straight line does not intersect the 

curve (fig. 97). The correspond- 
ing values of y are 2 ± | V— 1. 

It is to be noted that the 
straight lines of these three 
examples all have the same 
direction, differing only in the 
intercept on the axis of y. 

88 . The work of the last 
article suggests a method 
of finding the tangent to 
any curve represented by 
an equation of the second 
degree, the slope of the 
tangent being given. For 
if m of the required tan- 
gent is known, its equation may be written y = mx + b, where 
b is not known. According to the definition of a tangent, how- 
ever, b must have such value that the points of intersection of 


Y 



Y 




164 


INTERSECTION OF CURVES 


straight line and curve shall be coincident. This condition enables 
us to determine 6, as shown in the following examples. 



Fig. 98 

Therefore the required tangent is y 


Ex. 1. Find the equation of the 
tangent to the parabola 3 x*-* + 2 2 /= 0 ^ 
the slope of the tangent being 2. 

Since the slope of the tangent 
is 2, its equation may be written 
2 / = 2 X + 6. Substituting this value 
of 2 / in the equation of the parabola, 
we have the equation 

3x2 4-4x + 26 = 0. 

Since the line is to intersect the 
curve in two coincident points, this 
equation must have equal roots. 
The condition for equal roots, by 
§ 37, is (4)‘^ - 4 (3) (2 6) = 0, whence 
we find 6 = 

2x-f|-, orOx — 3y + 2 = 0 (fig. 98). 


Ex. 2. Find the equation 
of the tangent to the ellipse 
x^ + 4 2 /^ = 4, the slope of the 
tangent being 

The equation of the tangent 
is 2 / = ^ X + 6. Substituting this 
value of y in the equation of the 
ellipse, we have 

a;2 4.26x4-(262_2) = 0. 


y 



Fig. 99 


The condition that this equation 

shall have equal roots is (2 b)^ — 4 (2 — 2) = 0, whence 6 = ± V2. 

In this case there are two tangents having the required slope ^ (fig. 99), the 
equations of which are respectively 2^ = -f V2 and y = ^-x — V2, 


or 


X — 2y ±2V2 = 0. 


By this same method the following formulas for a tangent with 
known slope m may be derived : 

1. The tangent to the parabola ^ = 4px is 
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2. The tangents to the ellipse — + ^ = 1 are 

0 


y = nix ± V 


3. The tangents to the hyperbola — — = 1 are 


y = mx ± 


89 . It was stated in § 87 that the result of the substitution is 
in general a quadratic equation. In exceptional cases, however, the 
resultant equation may be linear, 
as in the first of the following 
examples, or even impossible, as 
in the second example. 

Ex. 1. Consider 

2a;-6y~-10=:0 (1) 

and 4x2-25^2 = 100. (2) 

Fig. 100 



Substituting in (2) the value of y 

from (1), we have the equation 40 x — 200 = 0, whence x = 5. y = 0, and 
the straight line and the curve intersect in a single point (5, 0) (fig. 100). 


Ex. 2. Consider 2x — 5y + 4 = 0 


and 


4x2 - 26 2/2 -I-16X- 84 = 0. 


( 1 ) 

( 2 ) 



Substituting in (2) the value of y from (1), we have — 100 = 0. But this 
equation is impossible. Hence the given equations are contradictory, and the 
straight line and the curve do not intersect (fig. 101). 
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These exceptional cases, of which the above are illustrative 
examples, may be regarded as limiting cases as follows : 

If and are the roots of the resultant equation ax^^ + bx + c = 0, 



Now as a = 0, the resultant equation approaches the linear equa- 
tion bx + c = 0, At the same time — — - and x,, = oo. There- 

^ b ^ 

fore, if a is made to approach zero by changing the position of 
either the straight line or the curve in the plane, the case in which 
only one solution of tlie linear and tlie quadratic equations is 
found is tlie limiting case of intersection of the straight line and 
the curve as one point of intersection recedes indefinitely from 
tlie origin. 

If ^ == 0 and b = Of both x^^ and x,, iiu^rease indefinitely. Hence 
the case in which the linear and the (quadratic ef^iiations are con- 
tradictory is the limiting case of intersection, as both points of 
intersection recede indefinitely from the origin. 

/i(x, t/) = 0 and /„(x, y)=0. Let 

f^ix, y)==0 ( 1 ) 

be a linear equation, and y) = 0 (2) 

be an equation of the Tith degree where > 2. The degree of a 
curve is defined as equal to the degree of its equation. Accord- 
ingly, this problem is to find the points of intersection of a straight 
line and a curve of the 7/dh degree where ^ > 2, and the method 
is the same as that of § 87. The resultant equation, after sub- 
stitution from the linear equation, is, in general, of the nth degree, 
and its solution is found by the methods of Chaps. IV and V. 
The number of points of intersection will be the same as the 
number of real roots of the resultant equation. Hence a straight 
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line Ccan intersect a curve of the Ti^tli degree in n points at most. 
If the resultant equation has multiple roots, they correspond, in 
general, to points of tangency of the straight line and the curve, 
as in § 88 ; and if the resultant 
equation is of degree less than 7i, it 
can he shown that the straight line is 
the limiting j)osition of one in which 
one or more points of intersection 
have been made to recede indefinitely. 

Ex. 1. Find the points of intersection of 
y = 2x (1) 

and y‘^ z= x(x — 3)^ (2) 

The resultant equation is 

x[{x-8)2-4ic] = 0, 
or X [ir-2 — 10 X H- 0 j = 0. 

Its roots (§ 39) are the roots of x = 0 and 
— lOx + 9 = 0, wliich are 0, 1, and 9. 

The correspondin'^ 
values of y are found 
from (1) to be 0, 2, 
and 18. Therefore the 
points of intersection 
are (0, 0), (1, 2), and 
(9, 18) (fig. 102). 

Ex. 2. Find the 
points of intersection 
of 

1 / = 3x 4- 2 (1) 



and y — x^. 





Fig. 102 


The resultant equa- 
tion is X'^ — 3x — 2==:0. 

One root Is found (§ 49) to be 2, and the depressed 
ecpiatioii is x^ -f 2x + 1 = 0. Its roots are equal, both 
being — 1. The corresponding values of y^ found 
from (1), are 8 and — 1. Therefore the points of 
intersection are (2, 8) and (— 1, - 1), the latter being 
a point of tangency (fig. 103). 
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Ex. 3. Find the points of intersection of 

2x + 2/~4 = 0 (1) 

and y^ = x{x^--12), (2) 

The resultant equation is — 4 ^ + 4ic ~ 16 = 0, or (x — 4) (x^ -f 4) = 0, 
the roots of which are 4 and ± 2 l. The corresponding values of y, found 


r 



from (1), are — 4 and 4^4 V— 1. The only real solution of equations (1) and 
(2) being x = 4 and y = — 4, the straight line and the curve intersect in the single 
point (4, — 4) (flg. 104). 

/mix, 1/) = 0 and f„(x, y) = 0. Let 

/,.(*> 3')=0 ( 1 ) 

be an equation of the mth degree and 

/»(«. y )=0 ( 2 ) 

be an equation of the nt\\ degree, where m and’ n are both greater 
than unity. The method is the same as in the preceding cases, i.e. 
the elimination of either x or y, the solution of the resultant equa- 
tion, and the determination of the corresponding values of the 
unknown quantity eliminated. The equation resulting from the 
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elimination is, in general, of degree mn, and the number of simul- 
taneous solutions of the original equations is mn. If all these 
solutions are real, the corresponding curves intersect at mn points. 
If, however, any of these solutions are imaginary, or are alike, if 
real, the corresponding curves will intersect at a number of points 
less than mn. Hence, two curves of degrees m and n respectively 
can intersect at mn points and no more. 

No attempt at a complete discussion will be made, on account 
of the unlimited number of cases which are possible. We shall 
merely solve a few illustrative examples, noting any interesting 
geometrical facts that may occur in the course of tlie solution. 


Ex. 1. Find the points of intersection 
of 

y2_2x = 0 (1) 

and -f 2/2 — 8 = 0. (2) 

Subtracting (1) from (2), we elimi- 
nate 2/, thereby obtaining the resultant 
equation x2 2 x — 8 = 0, the roots of 
which are — 4 and 2. Substituting 2 
and — 4 in either (1) or (2), we find the 
corres pond ing values of 2 / to be ± 2 and 
± 2 V“ 2. The real solutions of the 
equations are accordingly x = 2, 2 / = i 2, 
and the corresponding curves intersect 
at the points (2, 2) and (2, — 2) (fig. 105). 

From the figure it is also evident that 


r 



Fig. 106 


the value — 4 for x must make y imaginary, as both curves lie entirely to the 



right of the line x = — 4. 

Ex. 2. Find the points of inter- 
section of 

x2-32/ = 0 (1) 

and 2 /^ — 3 X = 0. (2) 

Substituting in (2) the value of y 
from (1), we have x^ — 27 x = 0. 
This equation may be written 

x(x ~ 3) (x2 -}- 3x -h 9) = 0, 

the roots of which are 0, 3, and 

313 - y / 3 

Substituting these 

values of x in (1), we find the corre- 


Fig. 106 


spending values of y to be 0, 8, 
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and . Therefore the real solutions of these equations are x = 0, 

2 

y = 0, and x = 3, y = 3. If we had substituted the values of x in (2), we should 
have at first seemed to find an additional real solution, y = — 3 when x 3. 
But — 3 for y makes x imaginary in (1), as no part of (1) is below the axis 
of X. Geometrically, the line x = 3 intei'sects the curves (1) and (2) in a 
common point and also intersects (2) in another point. Therefore the only 
real solutions of these equations are the ones noted above, and the corre- 
sponding curves intersect at the two points (0, 0) and (3, 3) (fig. 10(3). 

We see, moreover^ that any results found 7)LU8t be tested by substitution in both 
of the original equations. 

The re main ing two solutions of these equations found by letting x = 
- 3 ± 3 VU 3 

are imaginary. 

2 

Ex. 3. Find the points of intersection of 


and 


2x2-p3y2 = 36 
xy =r 0 . 


( 1 ) 

( 2 ) 


Since these equations are homogeneous cpiadratic equations we place 


y = mx 


(3) 


and substitute for y in both (1) and (2). The results are 2x2 -f 3 m^x^ = 35 and 

?iix2 = (3, whence 


Y 



and 


x2 


35 

2 + 3 m2 



_ 3 ^__ __ 6 
2 3 ni^ m ’ 


(4) 

(5) 

( 6 ) 


from which we find m = ^ or 
If m = 3, from (5) x - ±2] and 
froni^^3)_ih«-'t!mTesponding values 
are ± 3. 

If m = ^ , in like manner we find 
X = ± Vit3 and y z= ± ^ V(3. 


Therefore the ellipse and the hyperbola intersect at the four points (2, 3), 

(- 2 , - 3 ), (I Ve, I V6), (_ I VS, _ 5 Vc) (fig. 107). 

It should be noted that (3) is the equation of a straight line through the 
origin, so that when we solve ( 6 ) for in we determine the slopes of the straight 
lines passing through the origin and intersecting the two given curves at their 
common points. 
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in 


Ex. 4. Find the points of inter- 
section of 

2 2/2^ x-2 (1) 

and x2 — 4 2/2 = 4. (2) 

Eliminating 2/1 we have 

x2 — 2 X == 0, 



r 


(2)/* 



y 0 



-X 


tlie roots of which are 0 and 2. 

When X ” 0 we find from either Fia. 108 

(1) or (2) y — — 1, and when 

X = 2 either (1) or (2) reduces to = 0, whence y — 0. Therefore these 
two curves are tangent at the point (2, 0) (fig. 108). 



Ex. f). 
tion of 


Find the points of intersec- 


22 / 

0 . 


(1) 

(‘■2) 


and X® — 3 X 2 / 4- 

Eliminating 2 /, we have 

x 6 _ 4 X® = 0, 

which may be written x'^(x'‘^ — 4) = 0. 

The real roots of this ecpiation are 4^ 

and 0, the latter being a triple root, 

and the two imaginary roots are 

4*(-1±V-3) ^ 

— ^ Corresponding 

values of y ar e fou nd to bo 2^, 0, and 
2“^(— 1 =f V — 3). Therefore the 
curves intersect at the two points 
(4^, 2^) and (0, 0) (fig. 109). 

At the point (0, 0) the parabola (1) is tangent to one part of (2) and passes 
through another part of (2), and for this reason the point is to be regarded as a 
triple point of intersection. 


92. lf„{x, y)+kfn{x, y) = 0. If we have two expressions 
/m('^ y) fn{^> y)> have seen in § 86 that we can form the 
equations of two curves by placing each of them separately equal 
to zero, i.e. 

fm{^, y) = (1) 

and fj^x, y) = 0. (2) 

Let us now form the equation of a third curve by multiplying 
y) fJ^Xj y) by I and k respectively, where I and k are 
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any two quantities which are independent of both x and y, and 
placing the sum of the products equal to zero, i.e. 

y) + y) = 0- (3) 

This third curve has the following two important properties : 

L It passes through all points common to curves (1) and (2). 
For the coordinates of any such points make y) = 0 and 

/n(^* y) = since they satisfy (1) and (2). Hence they will 
satisfy (3), i.e. be coordinates of a point of curve (3). 

If either I or k is placed equal to zero, (3) reduces to either (2) 
or (1) as a special case. 

2. If neither I nor k is zero, it intersects curves (1) and (2) 
at no other points than their common points. For the coordi- 
nates of any point on (1), for example, but not on (2), make 
y) = 0 and ffXy y) different from zero. Hence they will not 
satisfy (3), and the corresponding point cannot be a point of (3). 

It follows that if (1) and (2) have no points in common, (3) 
intersects neither (1) nor (2). If we treat (1) and (2) apart from 
possible geometrical interpretation, however, it is evident that the 
imaginary solutions of (1) and (2) are solutions of (3). 

By assigning different values to I and k we may make (3) satisfy 
another condition, as will be illustrated in the following examples : 

Ex. 1. Find the equation of the straight line passing through the point of 

intersection of the lines 

2a; + y-l = 0 (1) 

and x-f”2y — 3 — 0 ^2^ 

and the point (1, 2), 

i (2 X + y ~ 1) -f (« 4- 2 y — 3) = 0 (3) 

passes through the point of intersection of 
(1) and (2), and is the equation of a straight 
line, since it is an equation of the first 
Fig. 110 degree. Since (3) is to pass through the point 

(1, 2), (1, 2) must satisfy (3). Therefore 
i (2 -f 2 — 1) -f jfc (1 4- 4 — 8) = 0, or 3 f 4- 2 A; = 0. Therefore, if we substitute 
A: = ~ § Hn (3) and simplify, we shall have the equation of the required line. 
It is found tobex — 4y4*7 = 0 (fig. 110). 
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Ex. 2. Find the equation of a straight line passing through the point of 
intersection of the lines 



X - 2y 4- 1 = 

0 

(1) 

and 

X — 3 y 4* 3 = 

0, 

(2) 

and parallel to the line 

2x4-3y4'8 = 

0. 

(3) 

As in Ex. 1, the required line is 




f(x — 2 2/ 4- 1) 4- k(x 

— 3 2/ 4- 3) = 0, 

(4) 


which may be written 

(Z 4- -f (- 2 i - 3 A:)2/ + ([ + 3A:) = 0. 

Since this line is to be parallel to (3), = — (§ 28, 2), whence 

2 3 

k — ~ ^ I, Substituting this value of k in (4) and simplifying, we have as our 
required line 2x4-32/ - 12 = 0 (fig. 111). 



Both of these examples could also have been solved by finding the point of 
intersection of the given lines and then, by the methods of Chap. Ill, passing 
the line through the point subject to the given condition. 

93. In the two examples of the last article both equations were 
of the first degree. In this article we will solve some examples 
in which one or both equations are of the second degree. 
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Ex. 1. Find the equation of a circle determined by the points of intersec- 
tion of the straight line 

Y 

2x~y-6 = 0 (1) 



and the circle 

x2 4- 2/2 _ Ox - 0 ?/ - 7 = 0 (2) 

and the point (1, — 1) (fig. 112). 

The equation 

f (2 X - 2/ - ^1) 

4-fc(x2-f 2/2 — ()X — (h/~7) = 0 (3) 

X 

is the equation of a circle, since the 
coefficients of x^ and y‘^ are equal ; 
and since it passes through the points 
of intersection of (1) and (2), it only 
remains to choose I and k so tliat it 
shall pass through the point (1, — 1). 

• Accordingly, 


Substituting (1, — 1) in (3), we have 3 f + 5 /c = 0, whence k = — 
the equation (3) of the required circle, in simplified form, is 

3x2 + 32/2 - 28x - 13 2/ + 0 = 0. 


Ex. 2. Find an equation representing the system of circles passing through 
the points of intersection of the circles 

Y 


X2 + 2/2 ~ 0 = 0 

(1) 


and x2-f2/^ — 4x — 2]/ — 11 = 0 

(fig. 113). 

The equation 



2(x2 +2/2-9) 

f (\ 

0 \ ) 

+ A:(x2 + 2/2_4x — 2 2/— 11) = 0 

(3) V \ 

/ / 

is the required equation, for by its form it is 


the equation of a circle, and passes through 
the two points common to (1) and (2). By 
assigning different values to 1 and k we can 

\X4) 


make (3) represent any, and hence every, pj,. 

circle passing through the common points of 

(1) and (2). In other words, it represents the required system of circles. 

In particular, if I and k are assigned such values as to make the coefficients 
of x2 and vanish, i.e. k = — I in this example, the equation reduces to 

2 X -h 2/ + 1 = 0. (4) 

But this is the equation of a straight line, and since it must, from the way in 
which it was formed, pass through the points common to the two circles, it 
must be the equation of their common chord. 
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In general, if -f 2/2 -f- 2 OjX + 2 Fiy + Ci = 0, (6) 

x2 + + 2 G2X + 2 F^y + C 2 = 0, (6) 

are the e(iuations of any two circles, we derive the third equation 

2(Oi - Go)x + 2{Fi - F^)y + (Ci - C2) = 0 (7) 

by assuming k ~ — 1. 

If the circles intersect, (7) is the equation of their common chord; but if 
they do not intersect, (7) is called their radical axis. It may easily bo proved 
to be perpendicular to the line of centers and is the locus of points from 
which equal tangents, one to each circle, may be drawn. 

PROBLEMS 

Find where and how the straight line intersects the curve of the second 
degree in each of the following cases : 

1. 2 X + 3 y = 5, 4 x2 -f h 2/2 _}_ 10 3; _ ig y _ 1 1 = 0. 

2. X — y 4- 1 = 0, (x 4- 2)2 ~ 4 y = 0. 

3. X — 2 y 4- 4 = 0, 2 x2 — y2 4- 8 X 4- 2 y 4- 13 = 0. 

4. y — 2 X = 0, x^ 4- y2 — X 4- 3 y = 0. 

5. X — 2 y 4- 4 = 0, T) x2 — 4 y2 4- 20 = 0. 

6. y =r 8 X — T), 2 x2 4- xy — 3 y2 4- 0 X 4 - 4 y 4- 4 = 0. 

7. 2 X 4- 3 y - 0 = 0, x2 4 - 4 y2 - 4 = 0. 

8. X 4- y — 4 = 0, x2 — 2 xy 4- y‘^ — 20 = 0. 

9. Find the length of the chord of the circle x2 4-y2 4-8x~4y4-10 = 0 
cut from the line 2x-~3y4-3 = 0. 

10. Find the tangent to the curve x2 4-0x--2y4-5 = 0 with slope 2. 

11 . For what value of p will the parabola y2 = 4px be tangent to the line 
y — 3x4'l = 0‘? 

12. Find the tangents to the ellipse 4x2 4- 9y2 = 36 which are parallel to the 
line joining the positive ends of the axes. 

13. Find the tangent to the curve b^x^ 4- a^y^ 4- 2 ab^x = 0 perpendicular to 
the line ax by = ah. 

14. Prove that the line y = — mx 4- 2 c Vm is always tangent to the hyper- 
bola xy = c2, and that the point of contact is • 

15. Find the point of contact of the tangent to the curve 

x2 — 4y2 4-2xy — 2x4-4y=:0 with slope 

16. Find the points of intersection of the line 8y — 25x = 0 and the curve 
x2y2 4-36 = 4y2. 

17. Find the points of intersection of the line y = 2x — 3 and the curve 
4y2 = (x4-3) (2x-3)2 
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18. Find the points of intersection of the line x — 2y4-2 = 0 and the cissoid 

X = 4 

19. Find the points of intersection of the line x = 2 y and the curve 

16 = 4 — X®. 

20 . Find the points of intersection of the line y = 2 x — 2 and the cissoid 

X (X2 -f — 4 y2 

21. Find the points of intersection of the line y = mx and the cissoid 
X (x® -i- y2) = 2 ay2. 

22. Find the points of intersection of the line x — y — 1 = 0 and the witch 
8 

y = 

^ X2 4-4 


Find the points of intersection of the following pairs of curves : 

23. 4 y2 = x2 (x 4- 1), y^ = x (x -f 1)2. 

24. y2 = 12 X, y2 = (X 4* 2) (x - 3)2. 

25. x2 = y2(y 4- 2), x2 = (y - 1)2 (y 4- 1). 

26. Find the points of intersection of the parabolas y2 = 4 ox 4- 4 a2 and 
y2 = — 4 6x 4- 4 62, 

27. Find the points of intersection of the parabola x2 = 4 ay and the witch 
8a8 

y = • 


x8 


2 a ~ X 


and the 


x2 4- 4 a2 

28. Find the points of intersection of the cissoid y2 = 
parabola y2 = 4 ax. 

X® 

29. Find the points of intersection of the cissoid y2 = and the circle 

x^ + y<‘-4tax = 0. 2a -X 

30. Find the points of intersection of the hyperbola xy = 2 a* and the witch 
8a» 

V = 


x2 4- 4 a2 

31. Find the points of intersection of the witch y = 

4yS 


8a8 


x2 4- 4 a2 


and the cissoid 


6a — 4y 


32. Find the points of intersection of the circle x2 4- y2 = 5 a2 and the witch 
8a8 

^ x2 4- 4 a2 


33. Find the equation of a straight line through the point of intersection 
of 7x — y ~ 18 = 0 (1) and x — 3 y — 14 = 0 (2) and the point ( — 2, 1), without 
finding the point of intersection of (1) and (2). 

34. Find the equation of a straight line through the point of intersection of 
2x — y4-5 = 0(l) and x — 4 y 4- 13 = 0 (2) and parallel to the line 2x 4- 6y 4- 2=0, 
without finding the point of intersection of (1) and (2). 
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35. Find the equation of a straight line through the point of intersection 

of 4x — — 6 = 0 (1) and Cx~42/ — 5 = 0(2) and perpendicular to the line 

X — 3y4-l = 0, without finding the point of intersection of (1) and (2). 

36. A circle passes through the origin of coordinates and the points of 
intersection of the circle x'-* -f- 2/^ = 14 and the line 2xH-3 2/ + 5 = 0. Find 
its equation. 

37. Prove that (1, 1) is a point of the common chord of the two circles 

-f 2/2 _ 4 X = 0 and x2 4- ~ 4 2/ = 0. 

38. Find the circle passing through (1, — 8) and the points of intersection 
of the two circles x2-f2/2 — 4X“4y — 8 = 0 and x2 4- 2/2 + x 4- y — 4 = 0. 

39. Find a curve of the second degree passing through (1, 1) and the points 
of intersection of the curves 3x2 -f 5^/2 — 15 = 0 and 2x2 — 82/2 — 0 = 0, and 
tell what kind of a curve it is. 

40. Prove that a parabola can be passed through the points of intersection 
of the curves x2 — 2 2/2 4‘X4-22/4‘l = 0 and 3 x2 -}- 4 2/2 — 2 x — 2 = 0. 

41. The center of a circle is at the vertex A of a parabola 2/2 = 4 px, and its 
diameter is 3 AF, F being the focus of the parabola. Prove that their common 
chord bisects AF, 

42. Show that the circle described on any focal radius of a parabola as 
diameter is tangent to the tangent at the vertex of the parabola. 

43. Show that the circle described on any focal chord of a parabola as 
a diameter is tangent to the directrix of the parabola. 

44. If a circle is described from a focus of an hyperbola as center, with its 
radius equal to half the conjugate axis, prove that it will touch the asymptotes 
at the points whe^e they intersect the corresponding directrix. 
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DIFFERENTIATION OF ALGEBRAIC FUNCTIONS 


94. Theorems on limits. In operations with limits the follow- 
ing propositions are of importance. 

1. The limit of the sum of a finite number of rariahles is equal 
to the sum of the limits of the variables. 

We will prove the theorem for three variables ; the proof is 
easily extended to any number of variables. 

Let Xy y, and Z be three variables, such that lAmX^Ay 
Lim Y^By Lim ^ = (7. From the definition of limit (§ 53) we 
may write X=^ A ay Y = B by Z C A- Cy where a, by and c are 
three quantities each of which becomes and remains numerically 
less than any assigned quantity as the variables approach their 
limits. 

Adding, we have 

XA-Y-hZ^A+B + C+aA-b + c.. 


Now if € is any assigned quantity, however small, we may 

make a, 5, and c each numerically less than - > so that a -f 5 + c is 

o 

numerically less than e. Then the difference between XA-YA-Z 
and A A- B A- C becomes and remains less than e, that is, 

Lim (A -j- y -f- Z^ = A -j- -f* C = Lim X -f- Lim Y -{- Lim Z. 


2. The limit of the product of a finite number of variables is 
equal to the product of the limits of the variables. 

Consider first two variables X and Y such . that Lim X=^A and 
Lim Y^B, As before, we have X== A A- cl and Y=^ B + b. Hence 

XY==ABA- bAA-aBA- ab. 
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Now we may make a and h so small that hA, aB, and ab are 
£ 

each less than - > where e is any assigned quantity, no matter how 
small. Hence 

Lim Xy = AB = (Lim X) (Lim Y). 


Consider now three variables X, Y, Z, Place XY —U. Then, 
as iust proved, 

Lim UZ = (Lim U) (Lim Z ) ; 
that is, Lim X YZ = (Lim XY) (Lim Z) 

= (Lim X) (Lim Y) (Lim Z), 

Similarly the tlieorem may be proved for any finite number of 
variables. 


r>. The limit of a constant times a variable is equal to the con-- 
stant times the Ihnit of the variable. 

The proof is left for tlie student. 


4. The limit of the quotient of two variables is equal to the quo- 
tient of the Ibnits of the variables^ provided the Iwiit of the divisor 
is not zero. 


Let X and Y be two variables such that LimA^ = .4 and 
Lim Y — B, Then, as before, = yl -f- a, Y = B + b. 


Hence 


X 

r 


A + a 
B + b ' 


and ~ = 


A 

B 


A + a 


A 

B 


aB-bA 
B‘^ + bB ‘ 


Now the fraction on the right of this equation may be made 
less than any assigned quantity by taking a and b sufficiently 
small. 


Hence 



A __ Lim X 
^■“'jLimy* 


The proof assumes that B is not zero. 

95. Theorems on derivatives. The definitions of increment, 
continuity, and derivative given in Chap. V are perfectly general, 
although they are there ajiplied only to algebraic polynomials. 
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In order to extend the process of differentiation to other func- 
tions, we shall need the following theorems : 

1. The derivative of a function plus a constant is equal to the 
derivative of the function. 

Let be a function of x which can be differentiated, let c be a 
constant, and place 


Then if x is increased by an increment A^c, u is increased by 
an increment Aw, and c is unchanged. Hence the value of y 
becomes u + Aw + c. 

Whence Ay = (w + Aw + c) — (w + c) = Aw. 

Ay _ Aw 

Ax 


Therefore 


and, taking the limit of each side of this equation, 


Ex. 2/ = 4 + 3, 


dy _ du 
dx dx 


dx 


d 

dx 


(4x3) = 12x2. 


2. The derivative of a constant times a function is equal to the 
constant times the derivative of the function. 

Let w be a function of x wliich can be differentiated, let c be a 
constant, and place y~cu 


Give X an increment Ax, and let Aw and Ay be the correspond- 
ing increments of w and y. Then 


Hence 

and 

Therefore 


Ay = c (w + Aw) — cw = cAu, 

Ay _ Aw 

Ax Ax 
Aw Aw 

Lim Lira • (by theorem S, § 94) 

LJkX LaX 


dy _ du 
dx dx 


by the definition of a derivative. 
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Ex. y = 6(a:3 + 3** + 1), 

^ + 3 x 2 + 1 ) = 6/33.2 ^ 63.) _ 15(3:2 ^ 2x). 

dz dz 


3. The derivative of the sum of a finite number of functions 
is equal to the sum of the derivatives of the functions. 

Let V, and w be three functions of x which can be differen- 
tiated. and let , , 

UXCX.l/V/V.1, c*xxvx y ^ u + V + w. 

Give X an increment and let the corresponding increments 
of 11 , V, Wy and y be A^, A^, and Ay. Then 

Ay (u + Au + - 2 ; + Av + w + Aw) — (ic + v + w) 
= Au + A^; + Aw ; 


whence 


Ay __ Au ^ At; Aw 
Ax Ax Ax Ax 


Now let Ao; approach zero. By theorem 1, § 94, 

T . Ay ^ . Au . T • At? , T • Att; . 

Lim — = Lim h Lim - — h Lim ~ - > 

Ax Ax. Ax Ax 


that is, by the definition of a derivative, 

dy __ du j^dv ^ dw 
dx dx dx dx 


The proof is evidently applicable to any finite number of 
functions. 

Ex. y = x* — 3x8 + 2x2 — 7x, 

— = 4x* — 9x2-f4x — 7. 
dx 


4. The derivative of the product of a finite number of functions 
is equal to the sum of the products obtained by multiplying the 
derivative of each factor by all the other factors. 


Let u and v be two functions of x which can be differentiated, 
and let ^ ^ 
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Give X an increment Aa?, and let the corresponding increments 
of Uy V, and y be Ai^, A^y, and Ay. 

Then Ay = {u + {v + At;) — uv 

^ui!^v + v Au + Au • Av 


and 


Ay __ Av 

Ax Ax 


A^i . Au . 

+ V h — — • Av. 

Ax Ax 


If now Ax approaches zero, we have 
Ay 


Lim 


u Lim + V Lim ^ + Lim • Lim Av. 

Ax Ax Ax Ax .r. 

(§ 94 ) 

^ ^ -r . Ay dy Au^ du ^ . Av dv i t • a a 

But Lim ^ j Tam — = — >Lim— == > and LimA?; = 0; 

Ax dx Ax dx Ax dx 


therefore 


Again, let 


dy dv ^ ^ du 

dx dx dx 

y = uvw. 


Regarding uv as one function and applying the result already 

obtained, we have 

dy dw d (uv) 

= uv — — h w ^ 
dx dx dx 


dw 

= uv ~ — f- w 
dx 


dv dll 


dw dv du 

uv — h uw - — f- vw — • 

dx dx dx 


The proof is clearly applicable to any finite number of factors. 


Ex. y = (3x 
dy 


5) (x2 4- l)x 8 , 


-- = (3 * - 5) (x2 + 1) + (3 a: - 5) 3 ? ^ 4 (x^ + 1 ) *8 ^ 

dx dx dx dx 


= (3x - 6)(x2-f l)(3x2) + (3x ~ 5)x3(2x) + {x^ -f l)x3(3) 
= (18x8 - 26x2 4- 12x - 16)x2. 


5. The derivative of a fraction is equal to the denominator 
times the derivative of the numerator minus the numerator times 
the derivative of the denominatoVy all divided hy the square of 
the denominator. 
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Let y — ~ where u and v are two functions of x which can be 
differentiated. Let Ax, Au, Av, and A]/ be as usual. Then 



u + Au 

u 

V Au — u Av 

L^y - 

V + Av 

V 

v^ + V Av 


Au 

Av 


Ay _ 

Ax Ax 


Ax 

v^ + V Av 



Now let approach zero. By § 94, 

T* ^ 
^ V J^ini — 


T . Au T 

V Lini u Lim — 

Ax Ax 


+ V Lim Av 


whence 

Ex. 2, = 5iziJ;, 

x^ + 1 

^ __ + 1) (2 x) — (x2 - 1) 2 X _ 4 X 

dx ^X2*+T)2 “ (x2 +~T^‘ 

If y is a function of x, then x is a function of y, and the 
derivative of x with respect to y is the reciprocal of the derivative 
of y with respect to x. 

Let Ax and Ay be corresponding increments of x and y. Then 

^ _ J« 

Ay-^Ay/ 

Ax 

Ax 1 


whence 


that is, 


Ax 1 
Lim “7 — = . j 

Um^ 

Ax 

dx 1 
dy dy 
dx 


1. If y is a function of u and u is a function of x, then y is 
a function of x, mid the derivative of y ivith respect to x is equal 
to the derivative of y with respect to u times the derivative of 
with respect to x. 
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An increment Ao? determines an increment and this in turn 
determines an increment Ay. Then evidently 

Ay _ Ay 
Ax Au Ax 

Au 

du 

dx du dx 


whence 


that is, 


Lim 


^ = Lim - 

Ax 

dy_dy 


y. Aw. 

Lim “ — > 
Ax 


Ex. 2 / = u* + 3 w + 1, where u = —, 


dx 


= (2. + 3,(-|) = - 


2 4 - 


4 + 6x2 


X2 x2 X^ 

The same result is obtained by substituting in the expression for y the value 
of u in terms of x, and then differentiating. 

96. Formulas. The formulas proved in the previous article are : 
d(u + c) _du 
dx 
du 


dx 

d(cu) 


= c ■ 


dx dx 
d(u + v) __ du 
dx 

d{uv) 


4 . — 
dx dx 


dx 

d(* 


dx 

dx 

dy 

dy 

dx 

^ . 
dx 


dv . du 

du dv 

V u — 

dx dx 

'if 

dx 

dy du 
du dx 

# 

du 

dx 

du 


(1) 

( 2 ) 

(3) 

(4) 

(5) 

( 6 ) 

(7) 

( 8 ) 


Formula (8) is a combination of (6) and (7). 
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. Derivative of U". If u is any function of x which can be 
differentiated and n is any real constant, then 


d(u^) 

dx 




du 

dx 


To prove this formula we shall distinguish four cases : 
1. When is a positive integer. 


(by (7), § 96) 
O^y (1). § 58) 


d (u^) _ d du 
dx du dx 

n 1 

= — • 
dx 

2. When ti is a positive rational fraction. 

V 

Let ^ ^ where p and q are positive integers, and place 

p 


By raising both sides of this equation to the yth power we have 

y" = w'’. 

Here we have two functions of x which are equal for all values 
of X. If we give x an increment Aa;, we have 

A(y’) = A{w'’), 

A(y^) _A(w»’). 

Ao; Aa; 

and therefore , 

dx dx 

whence yy* ~ ^ = pu’^ ” * ^ ’ 

CLX (J/X 


since p and q are positive integers. Substituting the value of y 
and dividing, we have 

dy p ^-idu 
^“2“ di" 

Hence in this case also 


dju") 

dx 




du 

dx 
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3. When n is a negative rational number. 

Let where m is a positive number, and place 


Then 


y- 

dy 

dx 


u = 


1 


d{u^) 


dx 




mu 


,_i du 

dx 


mu 


dx 


(by (5), § 96) 
(by 1 and 2) 


Hence in this case also 


T" * 

dx dx 

4. When n is an irrational number. 

The formula is true in this case also, l)ut the proof will not be given. 
As a particular case of this formula, it appears that 1, § 58, is 
true for all real values of n. 

Ex. 1. y = 4- 4x2 — r)x -f 7)^, 

= .3(x8 4 4x2 - r>x 4- 7)2 -^(x3 4- 4x2 -- r>x 4- 7) 
dx dx 


= 3 (3 x2 + 8 X - 5) (x8 4 * 4 x2 ~ 5 X 4 - 7)2. 

Ex. 2. 2/ = + -- = 4 

x8 

dx 3 

_ _2 S 


(by § 58) 


(by (3), § 96) 


Ex. 3. y = {x + l)Vx2 + 1, 

dx dx dx 

= (X + 1)[^ (x2 + l)-4 . 2x] + (x2 + l)i 

(*^ + 1)* 

— 2x2 4- X 4 1 
Vx* + 1 


(by (4), §96) 
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Oi ~ 

8 

r 

X 

-( * V, 

y — 

\ 

'x^ 

Ti ^ 

■ lx» + 1 / 

dy __ 

i| 

(~~ 

— \ 

d / X \ 

dx 

s' 


+ 1 / 

dx \X'^ 4- 1/ 


1 

i 

/X3 


3 1 - 2 X* 


s' 

r 

X ) 

(X3 + 1)2 


1 — 2x* 

3 (x^ + 1)^ 


(by (6), §96) 


98. Higher derivatives. It has been noted already (§ 62) that 
the derivative of the derivative of a function is called the second 
derivative of the function. Similarly the derivative of tlie second 
derivative is called the tliird derivative, and so on. Tlie succes- 
sive derivatives are commonly indicated by the following notation. 


y =/C). 


dy 

dx 




d /dy\ 
dx \dx j 


dhj 

d.t?' 




dx 



dJ'y 

dx"'’ 




the original function, 
the first derivative, 

the second derivative, 

the third derivative, 

the wtli derivative. 


It is noted in § 22 that f{a) denotes the value of f{x) when 
X — a. Similarly are used to denote tlie values 

of f^x), f"(x), f'"{x) respectively when x = a. It is to be empha- 
sized that the differentiation is to be carried out before the sub- 
stitution of the value of x. 


Ex. If fix) = 

r(x) = 




X2 + 1 
— 2 X 1 ^ 

(X* + 1)2 

2x3 - 6x2 - 6x + 2. 


.•./"(0) = 2. 


(X2 + 1)» 
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99. Differentiation of implicit algebraic functions. Consider 
any equation of the form 

+ + + ■ • ■ + Pn-lV + Pn= (1) 

where n is sl positive integer, and where some or all of the coeffi- 
cients Pq, • • • , Pni polynomials in x. By means of this equa- 
tion, if a value of x is given, values of y are determined. For if a 
numerical value is given to x^ the coefficients become numerical 
and the equation is of the kind discussed in Chap. IV, which has 
been shown always to have n roots. Hence (1) defines y as a 
function of x. This is the most general form of an algebraic 
function. When (1) is solved for y, so that y is expressed in 
terms of x, y is an explicit algebraic function. When (1) is not 
solved for y, y is an implicit algebraic function. 

For example, 

3 — 4 ^y -f 5 y^ — 6 -f 7 y — 8 = 0, 

which may be written 

^ + (I — ^ y + ^ ^ ^ ^ ^9 

defines y as an implicit function of x. 

If the equation is solved for y, giving 



y is expressed as an explicit function of x. 

It may be shown by advanced methods that y defined by (1) 
is a continuous function of x and has a derivative with respect 
to X. Assuming this, it is possible to find the derivative without 
solving (1), for we have in (1) a function of x which is always 
equal to zero. Hence its derivative is zero. The derivative may 
be found by use of the formulas of the previous article, as shown 
in the examples. 

Ex. 1. Given + y* = 6. 

Then 

dz 

dy 

that is, 2x-|-2y — =0; 

dz 

(to ~ y* 


whence 



IMPLICIT FUNCTIONS 


189 


The derivative may also be found by solving the equation for y. Then 

y = ± V5 — 

^ ~ ^ ? 

V5 - 0-2 ~ y’ 

Ex. 2. Given y* — xy — 1 = 0. 

Then = 

dx dx 


Hence 


ax dx 


and 

dx — x 

The second derivative may be found by differentiating the result thus 
obtained. 

Ex. 3. If + y2 = 6, we have found — ? . 

dx y 


Therefore 


d2y ^ d /x\ 
dx^ dx \y) 


Ex. 4. If y8 — xy ““ 1 = 0, we have found ~ = — - — . 

dx 3 yj — X 

TI»» ii £ 

dx^ (3 y2 — x)2 


(Syi-x)i 

' ^ ^3y*-a; ^[Sy’^-x } 


(3y*-a:) 


3y2~x \8 

(3y2 ^ X)* 


- 2xy 
(3 y2 — X)* 
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100. Tangents. It has been shown in § 59 that the tangent 
to a curve y =f{x) at a point {x^, is 

I denotes the value of ^ at y^. We will apply this 

to some of the curves of Chap. VII, obtaining results for future 
reference. 


where 


dx 


Ex. 1. Consider the circle Ax"^ + 4- 2 Gx 4- 2 Fy + C ~ 0. 

Differentiating, wo have 

2 A* + + 2 « + 2 = 0 ; 

dx dx 


whence 


dy _ Ax + G 
dx Ay 4- F 


Hence the equation of the tangent is 


that is, 


Axi + G 

y -vi = - -z — - xi), 

Ayi 4- F 


Axix - Ax^ 4- Ayiy ~ Ay^ -h Gx - Gxi 4- Fy - Fyi = 0. 


This equation may be simplified by adding to it the identity 

Ax^ 4- Ay^ + 2 6?xi + 2F?/i 4- C =3 0, 
which follows from the fact that (xi, yi) is on the circle. There results 
^xix 4- Ayiy 4- (x 4- Xi) 4- F{y 4- 2/i) 4- C = 0. • 

This result is easily remembered from its resemblance to the equation of the 
circle. 

The proofs of the next three examples are left to the student. 

Ex. 2. The tangent to the ellipse - 4- — = lis — 4- — = 1. 

^ a2 62 a2 62 


Ex. 8. The tangent to the hyperbola - — = 1 is = 1. 

a2 62 a2 62 

Ex. 4. The tangent to the parabola = 4: px is yiy = 2p (x 4- Xi). 
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Ex. 5. Consider the witch + 4 a^y ~ 8 a® = 0. 


Differentiating, we have 


2x2/4- x2-^4-4a2^ = 0. 
dz dx 


that is, 
But 


Hence the equation of the tangent is 

2 Xi2/i , V 

x^y + 4 a^y — i a^yi 4- 2 xiyix — 8 x^yi = 0. 

XjVi + 4 ahji - 8 a8 = 0. 

Hence the equation of the tangent may be written 

2 XiyiX 4- (xf 4- 4 a2) 2/ 4- 8 ahji - 24 a® = 0. 

Ex. 6. In the same manner the tangent to the cissoid x® 4- xy‘^ — 2 ay^ = 0 at 
the point (xi, 2/1) is found to be 

(3X1^ 4- yi)x 4- (2xi2/i ~ 4ayi)y ~2ay^ = 0. 


101. Normals. The normal to a curve at any point is the 
straight line perpendicular to the tangent at that point. To find 
its ecj^uation first find the slope of the tangent and then apply 
problem 3, § 29. 


X^ 2/2 

Ex. 1. Eor the ellipse — = 1 the slope of the tangent at (Xi, Vi) is 

— i . Hence the equation of the normal at (xi, yi) is 

a^yi 


ahji . - 

which is 

a'^yiX — b^iy — (a^ — 62 ) xiyi = 0 . 


If 2/ = 0, 


a2 - 62 

X = Xi = e2xi. 

a2 

Hence in fig. 114 
NF = OF - ON e^xi, 
F'N = F'O 4- ON = ae 4- e2xi, 
Then 

E'iV^__a4-exi_F'Pi 
NF ~ a - exx~ FPi' 


(§73) 


Y 



and therefore, by plane geometry, the angle F'PiF is bisected by NPi ; that is, 
in an ellipse the normal bisects the angle between the focal radii drawn to the 
point of contact. 
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102. Maxima and minima. The discussion of § 61 applies here 
without change. 


Ex. 1. A lever with the fulcrum at one end A (fig. 116) is to be used to lift a 

jp weight w applied at a distance a from the 
I fulcrum by means of a force applied at 
the other end B. The lever weighing n 
units per unit of length, required the 
Q length of the lever that the force required 
may be a minimum. 

Let x = AB^ the length of the lever, Q 
the angle it makes with the horizontal, 
^ force applied at B, Then the 
weight of the lever is nx, and may be 
considered as applied at C, the middle point of AB. By the law of the lever. 


Fx cos 6 — wa cos $ -{• nx j cos 

X 2 ‘ 


dF _ wa 


d‘iF _2wa 
dx^ x^ 


2wa dF d^F 

, — r= 0 and > 0. 

n dx dx2 


Therefore this is the required length. 


Ex. 2. Light travels from a point A in one medium to a point B in another, 
the two media being separated by a plane surface. If the velocity in the 


first medium is Vi and in the second Ug, 
required the path in order that the time 
of propagation from A to B shall be a 
minimum. 

It is evident that the path must lie in the 
plane through A and B perpendicular to the 
plane separating the two media, and that the 
path will be a sti-aight line in each medium. 
We have, then, fig. 110, where MN represents 
the intersection of the plane of the motion 
and the plane separating the two media, and 
ACB represents the path. 
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= g, NB = 6, MN = c, and MC = x. Then = Va'-^ + x* and 
CJB = V(c — x)*-* -f 62, The time of propagation from ^ to i? is therefore 


whence 

and 


t 

dx 

dx2 


Va 2 -f ar 2 ^ V(c — x )2 + 6 ^ 
vi V2 

X C ~ X 

Vi Va2 + x2 Vg — xj2 -f 62 

f ^ _ 62 

Ul(a2 -f x2)^ 1)2 [(c — X)2 4- 62]^ 


dH 

Since — ^ is always positive, the time is a minimum when 


dx2 


1)1 Va2 4 - x2 1)2 V(c — x)2 4 - 62 


== 0. 


( 1 ) 


This equation may be solved for x, but it is more instructive to proceed as 
follows : 


X 

Va2 4- x2 
c — x 

V(^— x)2 4- 62 


MC 

AC 


= sin (f>. 


CN . , 

= sin xJ/. 

CB ^ 


Then equation (1) is 


sin 0 _ Di 
sin ^ 1)2 


Now 0 is the angle made by .40 with the normal at 0 and is called the angle 
of incidence, and 0 is the angle made by CB with the normal at O and is 
called the angle of refraction. Hence the time of propagation is a minimum 
when the sine of the angle of incidence is to the sine of the angle of refraction 
as the velocity of the light in the first medium is to the velocity in the second 
medium. This is, in fact, the law according to which light is refracted. 


A case of a maximum or a minimum value sometimes occurs 
when the derivative is infinite and consequently discontinuous. 
Therefore the case is not included in the previous discussions. 
In practice the infinite values of the derivative may be examined 
by the rule of § 61 . 


Ex. 3. y = ^(x-l)(x-2)2 = (x - 1)^ (x ~ 2)^ 

^ = i (X - l)-q» - 2)* + ? (X - 1)1 (X - 2)-l 

= J (X - l)-l(x - 2)-l[(x - 2) + 2(x - 1)] 

_ 3x — 4 

3v^(x - l)*(x - 2) 
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— = 0 when 5C = and changes from -f to — as x passes through 
^ Therefore x = ^ gives a maxi- 

^ • mum value to the function. 



(lx 


= 00 when x = 1 or 2. When 
dy 


X = 1 does not change sign. 
dy 

When X = 2 — changes from — 
dx 

to + . Then x = 2 gives a mini- 
mum value of the function. Its 
^ graph is in fig. 117. 


103. Point of inflection. 

A point of inflection was 
defined in § 62 as a point 
at which the curve changes 


from being concave upward 
to concave downward, or 
vice versa: and the condition 
for it is that clianges sign. Hence only those values of x which 

CtU/ 


Fio. 117 




make — ^ zero or infinity need be considered in the examination of 

(LX 

a curve for points of inflection. 

Ex. 1. Find the points of inflection of the witch y = 


8as 


di/ 

By differentiation, — = 


10 


dx (x2 + 4a2)2 


x2 4* 4 a2 
d^y _ 10 a8(3 x2 ~ 4a2) 
d^~' (x2 + 4a2)« 


d*^y 2 (t 

It is evident that - = 0 if x = 4; — i and that no real finite value of x 

d^y V3 

makes — - infinite. 

.,2a 

We have, then, to consider only the points for which x = ± 

4 Q % i , 2a\ / 2a\ ^ 

48 a® /x 4- I fx rj ^ 

Writing - - in the form ^ ^ > we see that if x < — » 

^dx 2 (x 2 4-4a2)8 Vs 

^>0;if-^<x<^, "<0; and if x > > 0. 

cix 2 Vs Vs dx 2 Vs dx^ 

Hence the curve is concave downward between the two points for which 
X = — and X = respectively, and concave upward at all other points. 

Vs Vs 2a 

Then there are two points of inflection (fig. 90, § 82) for which x = i — ; • The 

3 a Vs 

ordinates are found from the equation to be 

2 



LIMIT OF RATIO OF ARC TO CHORD 
Ex. 2. Examine the curve y = {x — 2)^ for points of inflection. 
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By differentiation, 


It is evident that 


dy 1 

dx ” S(x - 2)^’ 

d'hj 


d^y 

dx- 


9(x~ 2)5 




CO if x = 2, and that no value of x makes - = 0. 

(I2y fJ2y 

If X < 2, — ~ > 0 ; and if x > 2, - < 0. Hence the point for which x “ 2 is a 

dx:^ dx^ 

point of inflection, since on the left y 

of that point the curve is concave 
upward and on the right of that 
point it is concave downward (fig. 

118). The ordinate of this point isO. 


0 



Fig. 118 


104. Limit of ratio of arc 
to chord. The student is fa- 
miliar with the determination 

of the length of the circumference of a circle as the limit of the 
length of tlie perimeter of an inscribed regular polygon. So, in 
general, if the length of an arc of any curve is retjuired, a broken 
line connecting the ends of the arc is constructed by drawing a 
series of chords to the curve as in fig. 119. Then the length of 
the curve is defined as the limit of the sum of the lengtlis of 
these chords as each approaches zero, and as their number there- 
fore increases without limit. The 
2 manner in wliich this limit is ob- 
tained is a (question of the Integral 
Calculus, and will not be taken up 
here. 

We may use the definition, how- 
ever, to find the limit of the ratio of 
the length of an arc of any curve 
to the length of its chord, as the 
length of the arc approaches zero as a limit, i.e. as the ends of the 
arc approach each other along the curve. 

Accordingly, let and P (fig. 120) be any two points of a curve, 
the chord joining them, and /JT and P^T the tangents to the 
curve at those points respectively. We assume tliat the arc P^I^ 
lies entirely on one side of the chord l^P^, and is concave toward 
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the chord. These conditions can in general be met by taking 
the points and near enough together. Then it follows from 

the definition that 

i^T+Ti^>arc^^>^/^, 
whence 

P,T+lUl ^rcP,P 

PA KK 

If TR is the perpendicular from 
T to PA^y and if the angles and 
PJA denoted by a and ^ respectively, then = sec a, 
and lA = sec /3 = (PA - PA) sec /9. 

= PA sec a + (PA^- PA) sec ^ 

= PAi sec y9 + PA (sec a — sec yS), 

PA+TP^ _ PA2 sec ^ + PA (sec(^ - sec yS) ^ 
pp PP 

= sec yS + (sec a — sec y8). 

PA2 


T 



Now, as and P^ approach each other along the curve, a and J3 
both approach zero as a limit, whence seccr and secyS approach 

PR 

unity as a limit ; and since is always less than unity, it fob 


PT+ TP 

lows that the limit of -- — ^ is unity, 

arc PP 

Hence ^ lies between unity and a quantity approaching 


PP 


^ * arc PP 

unity as a limit, and therefore the limit of — is unity, i.e. 

PA2 

the limit of the ratio of an arc to its chord as the arc approaches 
zero as a limit is unity, 

105. The derivatives ^ and — • On any given curve let the 

distance from some fixed initial point measured along the curve to 
any point P be denoted by s, where s is positive if P lies in one 
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direction from the initial point, and negative if P lies in the 
opposite direction. The choice of the positive direction is purely 
arbitrary. We shall take as the posi- 
tive direction of the tangent that 
which shows the positive direction of 
the curve, and shall denote the angle 
between the positive direction of OX 
and the positive direction of the tan- 
gent by <](>. 

Now for a fixed curve and a fixed 
initial point, the position of a point P 
is determined if s is given. Hence x 
and y, the coordinates of P, are func- 
tions of .s, which in general are con- 
tinuous and may be differentiated. We will now show that 



dx , 

— = cos <p, 
ds 


ds 


sin <f>. 


Let arc PQ = As (fig. 121), where P and Q are so chosen that As 
is positive. Then PP = Ax and PQ == Ay, and 

Ax _ PP __ chord PQ PP 
As arc PQ arc PQ chord PQ 

chord 7"^ 

= iL . eos PPQ, 

arc PQ 


Ay _ PQ __ chord PQ PQ 
As slygPQ arcPQ chord 7^ Q 


chord PQ 
arc PQ 


• sin PPQ. 



( 1 ) 
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From (1) we obtain by division 


ds dy 

tan<^= — = ' 


by (8), § 96. This agrees with § 59. 

Again from (1), by squaring each equation and adding them, 
we have 


By multiplying (3) by and again by and applying 

(7), § 96, we have ^ 

, ^ /dyX_ /dsV 


dx \dx ’ 


^y) Vy) 


These last are the familiar trigonometric formulas 



Fig. 122 


1 4- tan^c/) = sec^cj), 
cot^cj) + 1 = cosec^^. 

For convenience we have used 
a figure in which (}> is acute. But 
as s increases (j> may be in any 
quadrant. This may be seen on 
the circle of fig. 122. 

The student may verify that 
formulas (l)-(5) are true in all 


cases. 


106. Velocity. An important application of the conception of 
a derivative is found in the definitions of the velocity of a moving 
body. 
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If a body moves so that the space traversed is proportional to 
the time, the motion is said to be uniforiiiy and the velocity is the 
quotient of the space divided by the time, and is therefore con- 
stant. If t represents time, s the space traversed in the time 

and V the velocity, then for uniform motion = - • When the 

space is not proportional to the time but is some other function 
of it, the quotient of the space divided by the time is called the 
mean or average velocity during the time. Thus if a railroad 
train goes 200 miles in 5 hours, the mean velocity is 40 miles 
an hour. So, in general, if a body traverses a small increment of 

i^s 

space As in a small increment of time A/, the quotient — is the 


mean velocity in the time A^. The mean velocity depends upon 
the value of A^. To obtain a definition of the velocity at the 
beginning of the interval A^, we think of A^, and consequently of 

.As 

As, as approaching zero as a limit, and take the limit of — as the 
velocity v ; that is, 


.. As 

V = Lim - 
At 


ch^ 

clt 


We note that if > 0, an increase of time corresponds to an 
increase of s ; while if ?; < 0, an increase of time causes a decrease 
of s. Consequently, the velocity is positive wlien the body moves 
in the direction in which s is measured, and negative if it moves 
in the opposite direction. 

Ex. 1. If a body is thrown up from the earth with an initial velocity of 100 ft. 
per second, the space traversed, measured upward, is given by the equation 

s = 100 « - 10 ^ 2 . 

(Iq 

Then v^ — = 100-S2t. 

at 

When i < 3^, >0 and when ^ > 3J, v <0. Hence the body rises for seconds, 
and then falls. The highest point reached is 100 (3J) — lf3(3J)2 = 156J. 

Ex. 2. A man standing on a wharf 20 ft. above the water pulls in a rope 
attached to a boat at the uniform rate of 3 ft. per second. Required the 
velocity with which the boat approaches the wharf. 
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Let A (fig. 123) be the position of the man and C that of the boat. Let 
I AB = ^ = 20, AC= and BC = x. 

dx 



We wish to find 
Now 


dt 

X = - 400 ; 


G 


therefore 


dx 


s 


ds 


dt Vs2 - 400 

But, by hypothesis, 5 is decreasing at the rate of 3 ft. per second ; therefore 
ds 

— = — 8, and the required expression for the velocity of the boat Is 
dt 


dx 


-38 


dt Vs2 — 400 

To express this in terms of the time we need to know the value of s when 
t = 0. Suppose this to be Sq ; then 


s = So -Si, 


and 


dx 3 So -f" 0 f 

dt 400-0sot + 


107. Components of velocity. When a body moves along its 
path, straight or curved, from F to Q (fig. 124), where FQ = AN, 
X changes by an amount FF = Ax, and y changes by an amount 
RQ^ Ay. We now have 


Lim ^ = velocity of the body 

in its path. 

Ax dx 

Lim ™ = — == = component of ve- 

^ ^ locity parallel to OX. 

Lim ^ ^ = component of ve- 

^ locity parallel to 0 Y. 



I 

I 


M 


N 


X 


Fig. 124 


Otherwise expressed, v represents the velocity of F, the 
velocity of the projection of F upon OX, and the velocity of 
the projection of P on 0 Y. 
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By (7), § 96, and (3). § 105, 


dx _ dx ds 
dt ds dt 


dy __ dy ds 
dt ds dt 


whence 


v^ = v cos <f>, 


^dtj 

= V sin (f>, 


= V' + v; . 


Ex. A man walks across the diameter of a circular courtyard at a uniform 
rate. A lamp, at one extremity of the diameter perpendicular to the one on 
which he walks, throws his shadow 
on the wall. Required the velocity y 

of the shadow along the wall. 

In fig. 125 let L be the lamp, 

M the man, and S the shadow. Let 
a be the radius of the courtyard 

and c the uniform velocity of the / \ \ 

man. Let the variable OM = xi / \ \ 

dxi / \ \ 

where — = c. Then the equation / \ \ 

dt A X 

of the line LS is \ ^ / 

ax — X\y — axi = 0, \ \ / 

and that of the circle is \ y/ 

x2 4-2/2 = a2. 


Solving these equations, we have, 
for the coordinates of S, 


. a® + *i“ 

dx 2a* — 2a^x^dxi 
** dt (a^ + dt 

_dy _ dxi_ 

~ ^ ~ (a* + x^Y Tt ~ 


Fio. 126 


a® — oxj 
a^+xf 


(a® + * 1 ®) 


= \dt] 

The required velocity is 


dt (a2-fxf)^ dt 

, /dx\\ /dyy . ,a* + 2 + x* 

\dt/ \dt/ (a2 + x2)^ 


2a2c 
a2 + xf 


The above solution can be simplified by the use of trigonometric functions, 
See Ex. 2, § 163. 
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108. Acceleration and force. Wlien the motion of a body is 
not uniform, the velocity at the end of an interval of time is not 
the same as at the beginning. I^t i be the velocity at the begin- 
ning of the interval A^, and v + the velocity at the end. Then 
the limit of the ratio of the change in the velocity to the change 
in time, as the latter approaches zero as a limit, is called the 
acceleration in the path ; that is, if a denotes this acceleration, 


When a is positive an increase of t corresponds to an increase 
of V, This happens when the body moves with increasing velocity 
in the direction in which s is measured, or with a decreasing 
velocity in the direction opposite to that in which s is measured. 

When a is negative an increase of t causes a decrease of v. 
This happens wlien the body moves with decreasing velocity in 
the direction in whicli s is measured, or with increasing velocity 
in the direction opposite to that in which s is measured. 

The force F which acts in the direction of the path of a moving 
body is measured by the product of the mass in and the accelera- 
tiona. Thus 

F == ma = m — ^ == m • 

(It de 

From this it appears that a force is considered positive or nega- 
tive according as the acceleration it produces is positive or nega- 
tive. Hence a force is positive when it acts in the direction in 
which s is measured, and negative when it acts, in the opposite 
direction. 

Ex. Let 

Then v = B + a, 

a=:C, 

and F=mC, 

If So and Vq denote the values of s and v when < = 0, we have, from the last 

So = A, Vo = B, 

and the original equation may be written 

S = So 4* Vot 4" ^ 


dv _ d /ds\ d^s 
dt dt / dt^ 
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As a special case, suppose a body of mass m thrown vertically upward from 
a point h ft. above the surface of the earth with an initial velocity of Do ft. per 
second. Then, if s is measured upwai*d from the surface of the earth, we have 

SQ-h, F = ~ mg, a = - g, 

where g is the acceleration due to gravity. Then the expression becomes 

s = A + ^ {7^2. 


109. Other illustrations of the derivative. 

1. Bate of change. If ^ = /(•^')> ^ cliaiige of A./; units in the 
value of X causes a change of Ay units in tlie value of y. Then 
A?/ 

is the change in y per unit of cliange in x ; tliat is, tlie change 
A.^* 

in y which would be caused by the change of a unit in x, if Ay 
were proportional to Ax*. Passing to tlie limit, we have 

^ = rate of (change of y with respect to x. 


For example, the velocitj^ of a moving body is the rate of change 
of the space with respect to the time, and the acceleration is the 
rate of cliange of the velocity with respect to the time. 

2. Momentum, Tlie momentum of a moving body is the product 
of the mass and the velocity ; that is, if M is the momentum, 

M == mv. 


Now, from § 108, 


^ (Iv (I (mv) (IM 

jr z=: - 1 —-/ = . 

at (it (it 


The force is therefore the derivative of the momentum with 
respect to the time, or, in other woi*ds, the rate of change of the 
momentum with respect to the time. 

3. Kinetic energy. The kinetic energy of a moving body is 
equal to half the product of the mass into the square of the 
velocity ; that is, if E is the kinetic energy, 


Then 


ds 


as 


that is, the force is the derivative of the kinetic energy with 
respect to the space traversed, or, in other words, the rate of 
change of the kinetic energy with respect to the space. 
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4. Coefficient of expansion. Let a substance of volume ^ be at a 
temperature t If the temperature is increased by A^, the pressure 
remaining constant, the volume is increased by £^v. The change 

Av 

per unit of volume is then — > and the ratio of this change per 

V 1 

unit of volume to the change in the temperature ~ 

limit of this ratio is called the coefficient of expansion; that is, 

the coefficient of expansion equals ^ other words, the 

coefficient of expansion is the rate of change of a unit of volume 
with respect to the temperature. 

5. Elasticity. Let a substance of volume v be under a pressure 
p. If the pressure is increased by Ap, the volume is increased by 

— Av. The change in volume per unit of volume is then — — • 

V 

The ratio of this change per unit of volume to the change in the 
pressure is — ~ ^ > and the limit of this is called the compres- 
sibility ; that is, the compressibility is the rate of change of a unit 
volume with respect to the pressure. 

The reciprocal of the compressibility is called the elasticity, 

which is therefore equal to 

dv 


Ex. For a perfect gas at constant 
temperature, 

fc 

V 

Therefore the elasticity is 
dp / k\ k 

)= =p; 

dv \ v^J V 

that is, the elasticity of a perfect gas is 
equal to the pressure. 


6. Areas. Lety=/(x’)(fig.l26) 
l>e any curve, C a fixed point, and 
Z*(.r, y) a variable point upon it. 
We shall assume that P lies at the right of C and that the por- 
tion of the curve between C and P lies above the axis of x. 
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Draw the ordinates BC and MP and let A denote the area 
BMPC. Then J is a function of x, since it is determmed when 
OM = X is given. Give x an increment A.k = MN, and draw the 
ordinate NQ and the lines PR and QS parallel to OX. Then 

BQ^Ly, MNQP = LA, 

MNRP = MP ■ MN = y Aa;, MNQS = NQ ■ MN = (y + A^/) Aa;. 


But, from the figure, 


that is, 
whence 


MNRP < MNQP < MNQS * ; 
y Ax < A^ < (y + Ay) Ax, 

.A 

S' < to + 


Now as Ax’ approaches zero as a limit, approaches y is 

unchanged, and ?/ + Ay approaches y. Hence which lies be- 
tween y and y + Ay, also approaches y ; that is, 


dA 

'dx~'^' 


If the curve lies below the axis of x (fig. 127), and we place, 
as before, MNRF = y A.x and ^ 

MNQS == (y + Ay) A.^, these areas 
are negative. We shall then 
have, as before, — 


dx 


= 2 /. 


but the area is now considered 
as negative. 

110. Integration. In many 
applications of the calculus the 
derivative is known, and the 
problem presents itself to find 


M N 



Fig. 127 


n 


Q 


* If the curve runs down toward the right, the inequality signs will be reversed. 
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the function which has that derivative. For example, it may be 
required to find a curve when its slope is known, or to find the 
space traversed by a particle with known velocity or acceleration, 
or to find the area bounded partly by a known curve, or to find a 
function which has a known rate of change. 

The process by which a function is found from its derivative 
is called integration. Differentiation and integration are then 
inverse processes, as are addition and subtraction, multiplication 
and division, involution and evolution. The methods of integra- 
tion are in general complex and must be studied later in the 
integral calculus. At this time we shall give some simple exam- 
ples where the integration can be carried out by reversing the 
formulas of differentiation. 

In the first place, however, we must notice that the integration 
of a given function does not lead to a unique result. For, as we 
have seen already (§ 95), 

d {u + c) __ du 
dx dx 


where c is any constant whatever ; that is, two functions lohich 
differ hy an additive constant have the same derivative. 

Conversely, if two functions have the same derivative^ they differ 
hy an additive constant. 


For let 


Then 


or 


dv _ d io 
dx dx 

d.v du __ 
dx~ ' 

"1 = 0 • 
d.v 


Hence* 


V n = Cy where c = constant ; 


that is. 


V =^u + c. 


The constant c cannot be determined by integration, but must 
be fixed by the. special conditions of the problem in which it 
occurs. 


* A proof of this conclusion will be given in the second volume. 
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Ex. 1. Required the curve the slope of which at any point is twice the 

xU-, O) 

•J*" 
fi 

4 

2x. 


abscissa of the point. 

By hypothesis, 

dy _ 
dx 

Therefore 2 / = -f c 



0 ) 


Any curve whose equation can be 
derived from (1) by giving c a defi- 
nite value satisfies the condition of 
the problem. If it is required that 
the curve should pass through the 
point (2, 3), we have, from (1), 

3 = 4 4- c ; whence c = — 1, 
and therefore the equation of the 
y = x‘‘-\. 

But if it is required that the curve 
should pass through (— 3, 10), we 
have, from (1), 

10 = 9 4 c ; whence c = 1, 
and the equation is 

y = x2 4 1. 
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Ex. 2. Required the space traversed by a particle if its velocity is equal to 
the square of the time. 

By hypothesis, v 

dt 

Therefore 5 = c. 

The constant c can be determined if we know the position of the particle at a 
given time. For instance, if when ^ = 0 the particle is at the point from which 
s is measured, we must have c = 0. On the other hand, if when t = 0 the particle 
is two units from the point at which s = 0, we have c = 2. 


Ex. 3. Required the space traversed by a body if the acceleration is propor- 
tional to the time. 


We have 


dv 


dt 


dH 

dV^ 


= kt, 


where A; is a known constant, 
and 


1 

Then v = + 

do It 

s = ^kt^ 4 Cit 4 C2. 


The constants Ci and C 2 can be determined if we know the position and the 
velocit|y of the body at a given time. If, for example, we know that when i = 0, 
8 = 0, and t> = 4, we have C 2 = 0, Ci = 4. 
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Ex. 4. Find the area bounded by the curve y = J (x^ — 3 x* ~ 9 x -f 27), the 
axis of X, and the ordinates x = 4 and x = 6. 

If A is the area CJDPM (fig. 129), where 00 = 4 and OM = x, then (§ 109, 6) 


A 1 

!i^ = :i(x8~3x2-9x + 27), 
dx 8 



Fig. 129 


If X = 4, MP coincides with CD and therefore -d = 0. Substituting in (1) 
the corresponding values x = 4, ^ = 0, we find c = — 

Tlierefore A = - — x® — - x* -f 27 x\ — - • 

8\4 2 / 2 

If X = 6, ^ = CDEF. Hence 

CDEF = I - 126 ~ A + 136) - | = 2/^. 

Ex. 6. Find the area bounded by the axis of x and the portion of the curve 
y = ^ (x® — 3 x2 — 9 X + 27) between x = — 3 and x = 3. 

We now let A = the area GNQ (fig. 129). 
dA 1 

Then, as before, — = ~ (x® — 3 x^ — 9 x -f 27). 
dx 8 

When X = — 3, A = 0 ; therefore c = , 


and 


-x2 + 27x) + 


m 

32 ’ 


Placing X = 8, we have area GQH = 13J. 
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PROBLEMS 


dy . 


Find — in each of the following cases : 
dx 

1. y = (3 x + 1) + 2 X -f 1). 

2. y — (3x2 4- G X + 1) (5x2 -f lOx + 5). 

X — a 


3. y = 

4. y = 

5. y = 

6. y = 


X + a 
X 8 + 1 
X 8 -l‘ 

2 x2 — 4 X 4- 3 
3 x 2 - 0 x 4 - 1 * 

x8 — x2 4- X — 1 


x^ - 1 
7. y = 2x3 4- 3x3 - 


2 5 

x 3 x 3 


8. y = 4 x2 — G X + - — . 

X x2 


9. y = Vx • 

Vx 

10. y = ^x2 — -^x 4- • 

</x 

11. y = (3x2 -5X4- 0)2 

12 . y^(x 2 +l) 8 . 

13. y = V4 x2 4- 5 X — G. 

14. y = -^2 4 . X — 1. 

15. y = — i 

^ X2 4-1 


1 


+ X 2 + 1 
10 


■yx2 4- 1 

( 2 x - 3)2 (X 4 - 1 ) 8 . 
(3x-6)2(x2- 5x4-1). 
(X 4- 1) Vi^"l. 
(x2-4x4-3)3(x8 4- 1)3. 


X 4 Vx2 4 - 1. 
^3 x2 4. 1 4. 



1 . 


^ 3 x 2 + 1 


X 4- VoM^ 


dy 

Find -- from each of the following equations : 

31. X* — 4 x2y2 4. y8 = 0. 34. X® 4- y* — x8 — y = 0 . 

32. x^^ - y8 - x8 4. y =r 0. 35. (x 4- y)3 4 - (x - y)3 = a. 

33. x8y^ 4 - (x — y)8 = 0. 36. y 2 = . 

; x-v 

dy d"^?/ 

Find ^ and — ^ from each of the following equations: 


37. 5x2 4- 2y2 = 10 

38. x^ 4 - 2 /^ = 

39. + = 

a* 62 


40. y8 = a2(x 4 - y). 

41. y 8 4 . y = x8. 

42. y8 — 2 x8 4- 4 xy =r 0. 
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43. Find the tangent and the normal to the parabola y* — 4y — 6x--9 = 0 
at a point the abscissa of which is — 2. 

44. Find the equations of the tangent and the normal to the circle 


+ — — 24 = 0 

at the point (1, 3). 

45. Find the equation of the tangent to the witch y = 
for which x = 1. 


1 

X2 + 1 


at the point 


46. Find the tangent to the curve — y^ — y = 0 at the point the 
abscissa of which is 1. 


47. Find the tangent to the curve x^y + x^ — x^ + y = 0 at the point the 
abscissa of which is 1. 


48. Find the eijuation of the tangent to the curve y^ — xy — a = 0 at the 
point {xi, Vi)- 

49. Find the equation of tlie tangent to the curve i = y* + 1 at the point 
(xi, yi). 

50. Find tlic equation of the tangent to the curve = z* at the point (zi, j/i). 

51. Find the equations of the tangent and the normal to the curve 2 / = x -f — 

at the point (xi, yi). ^ 

52. Find the equation of the tangent to the curve Vx -f Vy = Va at the 
point (xi, yi). 

53. Find the equation of the tangent to the curve x^ -f 2 /^ = at the point 
(iCi, yi). 

54. Find the tangent and the normal to the ellipse Sx® + 6 y 2 = 15 at the 
upper end of the ordinate through the right-hand focus. 

55. Find the equations of the tangent and the normal to the hyperbola 
4 x^ — 2 /*^ = 12 at a point the abscissa of which is equal to its ordinate. 

56. Find in terms of x, 2 /, ~ the projections upon OX of the portions 

dx 

of the tangent and the normal between the point of contact and OX. These 
are called the subtangent and the subnormal. 

57. Find in terms of x, 2/, and — the lengths of the portions of the tangent 

dx 

included between the point of contact and the coordinate axes. 

58. Prove that a normal to an hyperbola makes equal angles with the focal 
radii drawn to the point where the normal intersects the hyperbola. 

59. Prove that a normal to a parabola makes equal angles with the axis of 
the parabola and the line drawn from the focus to the point where the normal 
intersects the parabola. 

60. Show that for an ellipse the segments of the normal between the point 
of the curve at which the normal is drawn and the axes are in the ratio : 62. 


61. Find the point at which the tangent to the curve — xy — 1 = 0 has 
the slope 2. 
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^2 7 /^ 

62. Find the coordinates of a point on the ellipse — |- ™ = 1 such that the 

^ a* 

tangent there is parallel to the line joining the positive extremities of the major 
and the minor axes. 

63. Find a point on the ellipse ^ ^ tangent there is 

equally inclined to the two axes. 

64. Prove that the portion of a tangent to an hyperbola included by the 
asymptotes is bisected by the point of tangency. 

65. If any number of hyperbolas have the same transverse axis, show that 
tangents to the hyperbolas at points having the same abscissa all pass through 
the same point on the transverse axis. 

66. If a tangent to an hyperbola is intei'sected by the tangents at the verti- 
ces in the points Q and iJ, show that the circle described on QR as a diameter 
passes through the foci. 

67. Prove that the ordinate of the point of intersection of two tangents to a 
parabola is the arithmetical mean between the ordinates of the points of con- 
tact of the tangents. 

68. If P, Q, and R are three points on a parabola, the ordinates of which 
are in geometrical progression, show that the tangents at P and R meet on the 
ordinate of Q. 

69. Show that the tangents at the extremities of the latus rectum * of a 
parabola are perpendicular to each other. 

70. Prove that the tangents at the ends of the latus rectum of a parabola 
intersect on the directrix. 

71. Prove analytically that if the normals at all points of an ellipse pass 
through the center, the ellip.se is a circle. 

72. Prove that the tangent at any point of the parabola y'^ — 4ipx will meet the 
directrix and the latus rectum produced in two points equidistant from the focus. 

73. Find the length of the perpendicular from the focus of tlie parabola 
y 2 — to the tangent at any point (xi, yi), in terms of Xi and p. 

74. If peipendiculars are let fall on any tangent to a parabola from two given 
points on the axis which are equidistant from the focus, prove that the difference 
of their squares is constant. 

75. Show that the product of the perpendiculars from the foci of an ellipse 
upon any tangent equals the square of half th^ minor axis. 

76. Find the equation and the length of the perpendicular from the center 

to any tangent to the ellip.se f- -- = 1. 

77. At what angles t do the loci — 4x-\' 4 = 0 and y —x + I = 0 intersect ? 

♦The latus rectum of a conic is the chord through the focus perpendicular to 
the axis. 

tThe angle between two curves is the angle between their tangents at their 
point of intersection. 
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78. Find the angle between the straight line y = 2 x — 2 and the cissoid 
x(x2 -f y®) = 4y2 at each of their points of intersection. 

79. At what angle do the circles x^ + y2 — 9 = 0, x^ -f y2 ~ 6 x — 6 y -f 9 = 0 
intersect ? 


80. Prove that the center of each of the circles 

x2 4- y2 = a2 and x^ -f- y2 — 2 ax = 0 
is a point of the other, and find the angle at which they intersect. 

81. At what angle do the circle x^ 4- y2 21 and the parabola y2 = 4x inter- 
sect each other ? 


a. y2 

82. Show that the curves -- 4-^=1 and = 1 cut each other at 

right angles and are confocal. 4 5 

83. Prove that an ellipse and an hyperbola with the same foci cut each 
other at right angles. 

84. If two concentric equilateral hyperbolas are described, the axes of one 
being the asymptotes of the other, show that they intei’sect at right angles. 

85. Find the angle between the parabolas y2 = 4 ax and x^ = 4 ay at each 
of their points of intersection. 

86. Find the angle between the parabola x^ = 4 ay and the witch y = 
at each of their points of intersection. 

/v8 

87. Prove that the cissoid y^ = 
at right angles at the origin. 




2a — X 

88 . Find the angles of intersection of the cissoid y2 = 


8a8 

x2 4- 4 a2 

and the parabola y2 = 4 ax intersect 


x2 4- 2 /^ - 4 ax = 0. 

89. Find the angle of intersection of the witch 
8a8 


2a • 


and the circle 


V 


x2 4- 4 a2 


and the cissoid x^ = 


4y8 


5a — 4 y 


90. Find the angles of intersection of the circle x^ 4 - y^ = 5 a^ and the witch 

8a8 


y = 


x*-* 4- 4 


and the circle 

_ a 4" 


x2 4- y2 = a^. 

92. Find the angles of intersection of the curves 


y2 = 2 ax and x^ 4- y® — 3 oxy = 0. 

93. It is required to fence off a rectangular piece of ground to contain a 
given area, one side to be bounded by a wall already constructed. Required 
the dimensions of the rectangle which will require the least amount of fencing. 

94. A man on one side of a river, the banks of which are assumed to be 
parallel straight lines \ mi. apart, wishes to reach a point on the opposite side 
of the river and 3 mi. further along the bank. If he can walk 4 mi. an hour 
and swim 2 mi. an hour, find the route he should take to make the trip in the 
least time. 
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95. A rectangular piece of land to contain 96 sq. rd. is to be inclosed by a 
fence and divided into two equal parts by a fence parallel to one of the sides. 
What must be the dimensions of the rectangle that the least amount of fence 
may be required ? 

96. What are the dimensions of the rectangular beam of greatest volume 
that can be cut from a log a ft. in diameter and b ft. long, assuming the log to 
be a circular cylinder ? 

97. The hypotenuse of a right triangle is given. How shall the sides be 
chosen so that the area shall be a maximum ? 

98. Two towns A and B are situated respectively 2 mi. and 3 mi. back 
from a straight river from which they are to get their water supply, both from 
the same pumping station. At what point on the bank of the river should the 
station be placed, that the least amount of piping may be required, if the nearest 
points of the river to A and B respectively are 10 mi. apart? 

99. AB and CD are two parallel lines distant b units apart. A transversal 
BF is drawn, intersecting the transversal AD at E. For what position of F is 
the sum of the areas of the two triangles AEB and FED a minimum ? 

100. A right cone is generated by revolving an isosceles triangle of constant 
perimeter about its altitude. Show that the cone of greatest volume will be 
obtained when the length of the side of the triangle is. three fourths the length 
of the base. 

101. Into a full conical wine glass whose depth is a and angle at the base is 
2 a there is carefully dropped a spherical ball of such size as to cause the greatest 
overflow. Show that the radius of the ball is 

a sin cx 

sin a + cos 2 a 

102. Two ships are sailing uniformly with velocities w, v along lines inclined 
at an angle Given that at a certain time the ships are distant respectively 
a and b from the point of intersection of their courses, show that the least dis- 
tance between the ships is 

(at? — 6a) sin $ 

(u2 -f tj2 — 2 at? cos 0)^ 

103. Find the least ellipse which can be described about a given rectangle, 
as.suming that the area of an ellipse with semiaxes a and 6 is irab. 

104. Find what sector must be taken out of a given circle in order that it 
may form the curved surface of a cone of maximum volume. 

105. The stiffness of a rectangular beam varies as the product of the breadth 
and the cube of the depth. Find the dimensions of the stiffest rectangular beam 
that can be cut from a circular cylindrical log of radius a in. 

106. The strength of a rectangular beam varies as the product of its breadth 
and the square of its depth. Find the dimensions of the strongest rectangular 
beam that can be cut from a circular cylindrical log of radius a in. 
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107. The fuel consumed by a steamship is proportional to the cube of the 
velocity which would be given to the steamship in still water. If it is required 
to steam a fixed distance against a current flowing a mi. an hour, find the 
most economical rate. 

108. A cistern in the form of a circular cylinder open at the top is to 
be constructed to contain a given amount. Required the dimensions that the 
amount of material expended may be the lea.st. 

109. Required the right circular cone of greatest volume which can be 
inscribed in a given sphere. 

110 . A power house stands upon one side of a river of width h mi. and a 
manufacturing plant stands upon the opposite side a mi. downstream. Find 
the most economical way to construct the connecting cable if it costs m dollars 
per mile on land and n dollars per mile through water. 

111. Find the isosceles triangle of greatest area which can be cut from a semi- 
circular board, the vertex of the triangle being at the center of the diameter. 

112. Find the isosceles triangle of greatest area which can be placed in a 
figure bounded by a portion of a parabola and a straight line perpendicular to 
the axis of the parabola, assuming that the vertex of the triangle lies in the 
straight line and that the base is parallel to the straight lino. 

113. Find the point of inflection of the curve y = a + (6 — x)«. 

114. Find the points of inflection of the curve y = ~~ — 

-f 1 

115. Examine the curve y — (x — l)2(x + 1)^ for maxima and minima and 
points of inflection. 

116. Find the maximum and the minimum ordinates and the points of 
inflection of the curve y^ = x(x 2 — cC^). 

g 

117. Find the points of inflection of the curve y = — 

x^ “ 1 “ 4 

118. Show that the strophoid y = ± x\/— - --- has no point of inflection. 

\ a -f X 

119. Find the points of inflection of the curve _ ^ 23.4 _ 

120. Find the points of inflection of the curve = 1. 

121 . Find where the rate of change of the ordinate of the curve 

2/ = — (> x2 + 3 X + 6 


is equal to the rate of change of the slope of the tangent. 

122. A body moves in a straight line according to the law s = J — 4 2. 

Find its velocity and acceleration. When is it stationary ? When is its velocity 
a maximum ? During what interval is it moving backward ? 

123. A particle is moving along the cuiwe y- = 4x, and when x = 4 its ordi- 
nate is increasing at the rate of 10 ft. per second. At what rate is the abscissa 
then changing, and how fast is the particle moving along the curve ? Where 
will the abscissa be changing ten times as fast as the ordinate ? 
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124. Two points, having always the same abscissa, move in such a manner 
that each generates one of the curves y = x* — 12 + 4x and y = — 8x2 ^ 8. 

When are the points moving with equal speed in the direction of the axis of y ? 
What will be true of the tangent lines to the curves at these points ? 

12i). The top of a ladder a units long slides down the side of a vertical wall 
which rests on horizontal land. Find the ratio of the velocities of its top and 
bottom. 

126. The altitude of a variable cylinder is constantly equal to the diameter 
of its base. If when the altitude is (5 ft. it is increasing at the rate of 2 ft. an 
hour, how fast is the volume increasing at the same instant ? 

127. A boat moving 8 mi. an hour is laying a submarine cable. Assuming 
that the water is 100 ft. deep, that the cable is attached to the bottom of the 
sea and stretches in a straight line to the stern of the boat, at what rate is the 
cable leaving the boat when 120 ft. have been i)aid out ? 

128. A ball is swung in a circle at the end of a cord 4 ft. long so as to make 
100 revolutions a minute. If the cord breaks, allowing the ball to fly off at a 
tangent, at what rate will it be receding from the center of its previous path 
10 sec. after the cord breaks, if no allowance is made for any new force acting? 

129. A body slides down an inclined plane at such a rate that the distance 
traversed at the end of t from the time it begins to move is 5 If the plane 
is inclined to the horizon at an angle of 30®, what is the vertical velocity of the 
body at the end of 3 sec. ? 

130. A roll of belt leather is unrolled on a horizontal surface at the rate of 
6 ft. per second. If the leather is \ in. thick and at the start the roll was 2 ft. 
in diameter, at what rate is the radius decreasing at the end of 3 sec., if the roll 
is assumed to be a true circle ? 

131. An elevated car running at a constant elevation of 40 ft. above the 
street passes directly over a surface car, the tracks of the two cars crossing at 
right angles. If the speed of the elevated car is 10 mi. per hour and the speed 
of the surface car 8 mi. per hour, at what rate are the cars separating 5 min. 
after they meet ? 

132. Find the curve the slope of which at any point is 3 more than the 
square of the abscissa of that point and which passes through the point (1, — 3). 

133. Find the curve the slope of which at any point is equal to the square 
of the reciprocal of the abscissa of the point and which passes through (2, 1). 

134. Find the curve the slope of which at any point is equal to the square 
root of the abscissa of the point and which passes through (4, 9). 

135. Prove that any curve the slope of which at any point is proportional 
to the abscissa of the point is a parabola. 

136. Find the curve the slope of which at any point is proportional to the 
square of the ordinate of the point and which passes through (1, 1). 

137. Find the area of each arch of the curve y = 160 x — 26x2 — x®. 
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138. Find the area of the arch of the curve y = »* — 3*® — 9 a: + 27. 

139. Show that the area bounded by any parabola = 4px, the axis of x, 
and the ordinate through any point of the curve is two thirds the area of a rec- 
tangle the sides of which are the coordinates of the point. 

140. Express the area between the curve y — the axis of x, and the ordi- 
nate through the point (A, k) of the curve as a rational function of h and k, 

141. Find the area of the three-sided figure bounded by the coordinate axes 

and the curve x* + = a* (§ 69). 

142. Find the area between the parabola y2 = 8x and the straight line 
2 y — X = 0. 

143. Find the area between the parabolas y^ = 4 ox and x^ = 4 ay. 

144. Find the area of the crescent-shaped figure between the curves 
y = x^ -h 6 and y = 2 x^ -f 1. 

145. Find the area of the closed figure bounded by the curves y2 = 16 x 
and y^ = x*. 



CHAPTER X 


CHANGE OF COORDINATE AXES 

111. Introduction. So far we have dealt with the coordinates 
of any point in the plane on the supposition that the axes of coor- 
dinates are fixed, and therefore to a given point corresponds one, 
and only one, pair of coordinates ; and, conversely, to any pair of 
coordinates corresponds one, and only one, point. But it is some- 
times advantageous to change the position of the axes, i.e. to make 
a transformation of coordinateSy as it is called. In such a case 
we need to know the relations between the coordinates of a point 
with respect to one set of axes and the coordinates of the same 
point with respect to a second set of axes. 

The equations expressing these relations are called formulas of 
transformation. It must be borne in mind that a transformation 
of coordinates never alters the position of the point in the plane, 
the coordinates alone being changed because of the new standards 
of reference adopted. 

112. Change of origin without change of direction of axes. 

In this case a new origin is chosen, but the new axes are respec- 
tively parallel to the original axes. 

Let OX and OY (fig. 130) be 
the original axes, and O^X' and 
O' y' the new axes intersecting 
at O', the coordinates of O' with 
respect to the original axes being 

and ^ 0 - ^ be any x)oint 

in the plane, its coordinates being 
X and y with respect to OX and 
OF, and x^ and f with respect to 
O'X' and O'F'. Draw PMM^ paral- 
lel to OF, intersecting OX and O'X' at M and Af' respectively. 
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Then OM=x, MP=y, O' M'=x', M'P=-y', ON=y^, and NO'=x^ 


But OM = NM' = N(y + O' M', 

and MP = MM' + M'P = ON + M'P. 

.■.x = x^ + x\ y = y^ + y\ 

which are the required formulas of transformation. 

Ex. 1. The eofirdinates of a certain point are (3, — 2). What will be the 
coordinates of this same point with respect to a new set of axes parallel respec- 
tively to the first set and intersecting at (1, — 1) with respect to OX and OY ? 

Here Xo = 1, 2/o = — It x = 8, and y — — 2. Therefore 3 = 1 -f x' and 
— 2 = — 1 -f 2 /^, whence x' = 2 and y' = — 1. 

Ii]x. 2. Transform the equation — 22/ — 3 x — 5 = 0 to a new set of axes 
parallel respectively to the original axes and intersecting at the point (—2, 1). 

The formulas of transformation are x = — 2 -f x', y = 1 + 2/'. Therefore 
the equation becomes 

(1 -1- 7jy - 2(1 4- /) - 3(-- 2 4- X') - 5 = 0, 
or — 

As no point of the curve ?ias been moved in the plane by this transformation^ 
the curve has been changed in no way whatever. Its equation is different because 
it is referred to new axes. 

After the work of transformation has been completed the primes may be 
dropped. Accordingly, the equation of this example may be written >_ 3 x = 0, 
or 2 /^ = 3 X, the new axes being now the only ones considered. 

113. One important use of transformation of coordinates is 1 
the simplification of the equation of a curve. In Ex. 2 of the last 
article, for example, the new equation = is simpler than the 
original equation, and from its form we recognise the curve as a 
parabola. It is obvious, however, that the position of the new 
origin is of fundamental importance in thus simplifying the equa- 
tion, and we shall now solve an example illustrating a method of 
determining the new origin to advantage. 

Ex. Transform the equation y^ — 4: y -x® — Sx^ — 3x-h3 = 0to new axes 
parallel respectively to the original axes, so choosing the origin that there shall 
be no terms of the first degree in x and y in the new equation. 
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The formulas of transformation are 

X = xo + x' and y = i/o 4- y\ 

where suitable values of Xo and 2/0 are to be determined. The equation becomes 
( 2/0 4 ~ 4 ( 2/0 4 y^) — (xo 4 ~ 3 (xo 4 x')^ — 3 (xq 4 x^) -j- 3 = 0, 

or, after expanding and collecting like terms, 

2/'^ 4 (2 2/0 - 4) y' - x'3 - (3 Xo 4 3) x'2 -- (3 x ^ + 0 Xq 4 3) x' 

4 ( 2/0 “ 4 yo — Xy — 3 Xq — 3 Xo 4 3) — 0. 

By the conditions of the problem we are to choose Xq and 2/0 so that 

2 2/0 - 4 = 0 , + 0 »o + 3 - 0 , 

two equations from which we find xo = — 1 and ijo — 2. 

Therefore (—1, 2) should be chosen as tlie new origin of axes, and the new 
etiuation is y'^ — x'^ = 0, or = x'^, after the priiru's are dropped. 

114 , In particular, this method of simplifying an equation is 
of considerable importance in studying the conics defined in 
Chap. VIL For consider the ecjuation 


If we place x = x^-i- y — (1 ) becomes 


^ y^ 

,.2 VI 


which is the equation of an ellipse with its center at x^ = 0, y' = 0, 
and its axes along O ' and O' Y' , Therefore (1) is an ellipse 
with its center at = x^, y = and its axes parallel to OX 
and OY. 

Furthermore, if a >6, e = > and the foci of the ellipse 

cc 

are at {x' = ± ae^ y' = 0), or, what is the same thing, {x = ±ae + Xq, 

y = y^). The directrices are xi ^ ^ ox x ^ XqY-- 

In a similar manner 

{x — {y — yoY __ , 
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is the equation of an hyperbola with its center at y„) and its 
axes parallel to OJC and 0 F ; and . 

represents a parabola with its vertex at and its axis parallel 

to OX. 

Any equation which can be reduced to a form similar to one 
of these can be discussed in a similar manner. A general treat- 
ment of such equations will be found in Chap. XL We shall 
give here some examples. 


Ex. 1. 10x2 -f 252/2 -f<34x- 160?y- 111 = 0. 
Rewriting, we have 

16 (x2 -f 4 X) -f 25 (2/2 - 0 2/) = 111, 
whence 10 (x2 -f 4 x -f 4) + 26 — 6 7y -h 9) = 400, 

or + 

26 10 


Placing now 
wo have 


X = ~ 2 + x', 2/ = 3 + 2/', 


25 


-f 


^2 

10 


= 1 . 


This is an ellipse with semiaxes 6 and 4, and eccentrifdty 5. Its center is at 
(x' = 0, y' = 0), its foci are at (x' = ± 3, y' = 0), and its directrices are x' = ± 'Af 
= ± 

Hence the original equation represents an ellipse with semiaxes 5, 4, and 
eccentricity g. Its center is at (— 2, 3), its foci are 5, 3) and (1, 3), and its 
directrices are x = — 10 J and x = 6J. 


Ex. 2. 5y2-10y-4x-7 = 0. 

Rewriting, we have 5(y2 — 2 y) = 4 (x + |), 

6(y2-2y4- 1) = 4 (x 4-| + |), 
or (y - 1)2 = |(x + 3). 

Placing now x = — 3 + x', 

y = 1 + y', 

we have y'2 = ^ x', 

which represents a parabola with vertex (x'= 0, y'= 0). Its axis is along O'X' 
its focus is (x' = J, y' = 0), and its directrix is x' = — J. 

Therefore the original equation repi'esents a parabola with its vertex at 
(—3, 1) and its axis parallel to OJC. Its focus is (— 2|, 1) and its directrix is 
x = ~8i. 
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Ex. 3. (X - c)2 + y* = e»x». 

This is the equation of the conic, as found in § 81. We may write it as 
(1 — X* — 2 cx + = — c*. 


Then if e 1, we may proceed as follow.s: 


(1 - e 2)2 

(x - -‘L, y 
V l-e^/ 

f > 2(>2 (* 2^2 

(1-6^2 1_> 


l-e2 


We may now place 


^2^2 


(1 - e 2)2 ’ 

:a2(l-e2) = d:62, 


and 

the sign of 6 being ± I according as e 


c 

5 1 - 


_ a 
e ' 

The equation is then 




= 1 . 


The equation accordingly represents an ellipse or an hyperbola with center 



If 6 = 1, the equation (x — c)2 -\- 
becomes — 2 cx ~ = 2c 

which represents a parabola with the vertex at , 0^ . 



115, Change of direction of axes without change of origin. 

Case I. Botation of axes. Let OX and OY (fig. 131) be the 
original axes, and OX' and OY' be the new axes, making Z<^ 
with OX and OF respectively. Then ZXOF' = 90® + and 
Z FOX' = 90®-^. 
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Let P be any point in the plane, its coordinates being x and y 
with respect to OX and O Y, and and y' with respect to OX^ 

and O F'. Then by construction OM — 
ON = y, Oiif ' = x\ and Jf'P = y'. Draw 
OP. 

The projection of OP on OX is OM^ and 
the projection of the broken line OM'P 
on OX is OM^ cos</> +M'P cos (90° + </>) 
X or Oil/' cos — Af'P sin <^. 

OJf=OAf'cos6-JPPsin6, (1) 

Fig. 131 ^ v / 

by § 15. 

In like manner the projection of OP on OF is ON, and the 
projection of the broken line OJSP P on OF is OJl/' cos (90° — 

+ M^P cos</>. 

OX= OJ/' sin^ +3/'Pcosc^, (2) 

by § 15. 

Eeplacing OM, ON, OM', • • • by their values, we have 
X = x' cos^ — y' 
y = x' sin (f> + y' cos (f>. 

Ex. 1. Transform the equation zy 5 to new axes, having the same origin 
and making an angle of 45® with the original axes. 

Here (f) = 45®, and the formulas of transformation are x = - — J~ , y = • 

V 2 V 2 

Substituting and simplifying, w'e have as the new equation x^ — 2 /^ = 10, 
from which we recognize the curve to be an equilateral hyperbola. 

Ex. 2. Transform the equation 34x2 4-412/2 — 24x2/ = 100 to new axes with 
the same origin, so choosing the angle 0 that the new equation shall have no 
term in xy. 

The formulas of transformation are 

X = x' cos <t> — y' sin 
y = x^ sin 0 -f y' cos </>, 

where </» is to be determined. 

Substituting in the equation and collecting like terms, we have 
(34 cos 20 4 - 41 sin2 0 — 24 sin </> cos <^)x2 

4- (34 sin2 0 + 41 cos^ 0 + 24 sin 0 cos 0 ) y2 
+ (24 sin 2 0 + 14 sin 0 cos 0 — 24 cos^ 0 ) xy = 100. 

By the conditions of the problem we are to choose 0 so that 
24 sin 2 0 + 14 sin 0 cos 0 — 24 cos^ 0 = 0, 
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One value of 0 satisfying this equation is tan-i Accordingly we substitute 
sin0 = J and cos0 = when the equation reduces to 2 = 4, which is 
the equation of an ellipse. 

Case II. Interchange of axes. If the axes of x and g are simply 
interchanged, their directions are changed, and hence such a trans- 
formation is of the type under consideration in this article. The 
formulas for such a transformation are evidently x = 2 /', y = x'. 

Case III. Rotation and interchange of axes. Finally, if the 
axes are rotated through an angle (f> and then interchanged, the 
formulas, being merely a combination of the tvi^o already found, are 

x = g' cos sin (f), g sin (f> + x^ cos <f>. 

A special case of some importance occurs when (f>= 270°. We 
have then x = x\ g = — f. 

Cases II and III, it should be added, occur much less frequently 
than Case I. 

In case both the origin and the direction of the axes are to t)e 
changed, the processes may evidently be performed successively, 
preferably in this order: (1) change of origin; (2) change of 
direction. 

116 . Oblique coordinates. Up to the present time we have 
always constructed the coordinate axes at right angles to each 
other. This is not necessary, however, 
and in some problems, indeed, it is of 
advantage to make the axes intersect 
at some other angle. Accordingly, in 
fig. 132, let OX and OV intersect at 
some angle co other than 90°. 

We now define x for any point in the 
plane as the distance from OF to the 
point, measured parallel to OX; and g 
as the distance from OX to the point, measured parallel to OF 
The algebraic signs are determined according to the same rules as 
were adopted in § 16. 

It is immediately evident that the rectangular coordinates are 
but a special case of this new type of coordinates, called oblique 




224 


CHANGE OF COORDINATE AXES 


coordinates, since the new definitions of x and y include those 
previously given. In fact, the term Cartesian or rectilinear co- 
ordinates includes both the rectangular and the oblique. 

Oblique coordinates are usually less convenient than the rectan- 
gular, and are very little used in this book. If necessary, the 
formulas obtained by using rectangular coordinates can be trans- 
formed into similar ones in oblique coordinates by the formulas 
of the following article. When no angle is specified the angle 
between the axes is understood to be a right angle. 

117. Change from rectangular to oblique axes without change 
of origin. I^t OX and OY (tig. 133) be the original axes at right 
Y angles to each other, and 

OX' and OY' the new axes, 
making angles (f> and (f>' 
respectively with OX. 
Then ay = (f>' — <}>. Let F 
be any point in the plane, 
its rectangular coordinates 
being x and y, and its ob- 
lique coordinates being x' 
and y'. Draw FM parallel to OF, FM' parallel to OF', M'N 
parallel to 0 F, and RM'N' parallel to OX. Then Z RM'F = </>'. 

But OM = OW + NM = OX + M'N' = OM' cos (f) + M'F cos (f>', 
MF == MN' + N'F = NM' + N'F = OM' sin -f M'F 

ic = x' cos(f> 4- y cos</>', 
y = x' Bin<f> + y' 
x2 



Ex. Transform the hyperbola ' 


a 


2 


62 


= 1 to its asymptotes as axes. 


V a/ 


ana 


Since the equations of the asymptotes are y = ± - (p 

6 ^ 

<f>' = tan-'-, if we choose to have the hyperbola lie in the first and the third 

quadrants with respect to the new axes. The formulas of transformation become 

a . . . « 6 


v'a2 + 62 


(«' + y'). 


y = 


Va2 + 62 


(- X' + v'y 


Substituting and simplifying, we have as the new equation xy = 




Unless 6 = a, the axes are oblique and ta : 


: 2 tan-' - . 
a 
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118. Degree of the transformed equation. In reviewing this 
chapter we see that the expressions for the original coordinates in 
terms of the new are all of the first degree. Hence the result of 
any transformation cannot be of higher degree than that of the 
original equation. On the other hand, the result cannot be of 
lower degree than that of the original equation ; for it is evident 
that if any equation is transformed to new axes and then back to 
the original axes, it must resume its original form exactly. Hence 
if the degree had been lowered by the first transformation, it must 
be increased to its original value by the second transformation. 
But this is impossible, as we have just noted. 

It follows that the degree of an equation is unclianged by any 
single transformation of coordinates, or by any number of succes- 
sive transformations. In particular, the proposition that any equa- 
tion of the first degree represents a straight line is true for oblique 
as for rectangular coordinates. 

PROBLEMS 

1. What are the new coordinates of the points (2, S), (— 4, 5), and (5, — 7) 
if the origin is transferred to the point (3, — 2), the new axes being parallel to 
the old ? 

2. Transform the equation x2-f4y2_2icH-8?/-fl = 0to new axes parallel 
to the old axes and meeting at the point (1, — 1) with respect to the old axes. 

3. Transform the equation __ 6^2 q. 3a;2 q. 12 2 / — 18x -f 35 = 0 to new 
axes parallel to the original axes and meeting at (2, — 3) with respect to the 
original axes. 

4. Find the equation of the ellipse when the origin is taken at the lower 
extremity of the minor axis, and the minor axis is the axis of y. 

5. Find the equation of the ellipse when the origin is at the left-hand vertex, 
the major axis lying along OX. 

6. Find the equation of the hyperbola when the origin is at the left-hand 
vertex, the transverse axis lying along OX. 

7. Find the equation of the strophoid when the origin is at A (fig. 92), the 
axes being parallel to those of § 84. 

8 . Find the equation of the strophoid when the asymptote is the axis of y, 
the axis of x being as in § 84. 

9. Find the equation of the witch (fig. 90) when LK is the axis of x and 
OA the axis of y. 
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10. Find the equation of the witch when the origin is taken at the center of 
the circle used in constructing it, the axes being parallel to those of § 82. 

11. Find the equation of the cissoid when its asymptote is the axis of y and 
its axis is the axis of x. 

12. Find the equation of the cissoid when the origin is at the center of the 
circle used in its definition, the direction of the axes being as in § 83. 

13. Find the equation of the parabola when the origin is at the focus and 
the axis of x is the axis of the curve. 

14. Find the equation of the parabola when the axis of the curve and the 
directrix are taken as the axes of x and y respectively. 

15. Transform — 8x - 10 2/ + 1 = 0 to new axes parallel to the old, so 
choosing the origin that the new equation shall contain only terms in y‘^ and x. 

16. Transform the equation 12x2 + 18 2/^ — 12 x + 12 ?/ — 31 = 0 to new axes 
parallel to the old, so choosing the origin that there shall be no terms of the first 
degree in the new equation. 

17. Show that any equation of the form xy -f ax -f 62/ + c = 0 can always 
be reduced to the form x?/ = A: by choosing new axes parallel to the old, and 
determine the value of k. 

18. Show that the equation ax^ + 62/^ 4- cx -f d2/ -|- c = 0 (a 7^ 0, 6 0) can 
always be put in the form ax^ 4- hy'^ = A: by choosing new axes parallel to the 
old, and determine the value of k, 

19. Show that the equation -{■ ay bx c = 0 {b^^) can always be 
reduced to the forai + 6x = 0 by choosing new axes parallel to the given ones. 

20. Find the equation of an ellipse if its axes are 6 and 2, its center is at 
(— 3, 2), and its major axis is parallel to OX, 

21. Find the equation of an ellipse if its axes are ^ and its center is at 
( — 2, — 3), and its major axis is parallel to OX. 

22. Find the equation of an hyperbola if its transverse axis is 4, its conju- 
gate axis 2, its center at (1, — 2), and its transverse axis parallel to OX, 

23. Find tlie equation of an hyperbola if its transverse axis is V 2 , its con- 
jugate axis its center at (2, 3), and its transverse axis parallel to OX. 

24. The vertex of a parabola is at (3, — 2) and its focus is at (5, — 2). Find 
its equation. 

25. The vertex of a parabola is at (4, 6) and its focus is at (4, 1). Find its 
equation. 

26. The center of an ellipse is at the point (2, 3), its eccentricity is J, and 
the length of its major axis, which is parallel to the axis of x, is 10. What is 
the equation of the ellipse ? 

27. Find the equation of an ellipse when the vertices are (—2, 0), (4, 0), and 
one focus is at the origin. 
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28. The center of an hyperbola is at (- 1, - 2), its eccentricity is 1^, and its 
transverse axis, which is parallel to OX, is 4. Find its equation. 

29. The vertex of a parabola is at the point ( - 4, — 2), and it passes through 
the origin of coordinates. Find its equation, its axis being parallel to OX. 

30. Given the ellipse 4x2 + 92 /- + 8x-3(3y + 4 = 0; find its eccentricity, 
center, vertices, foci, and directrices. 

31. Given the ellipse -f -f 18x — 20y + 32 = 0 ; find its eccentricity, 
center, vertices, foci, and directrices. 

32. Given the hyperbola Ox^ — 4 2 /^ — 54x — 32 y — 10 = 0 ; find its eccen- 
tricity, center, vertices, foci, directrices, and asymptotes. 

33. Given the hyperbola 3x‘^ — 2y2-f-6x + 82 /— 11 = 0 ; find its eccentricity, 
center, vertices, foci, directrices, and asymptotes. 

34. Given the i)arabola 72x2 + 48x + 180 y ~ 37 = 0; find its vertex, focus, 
axis, and directrix. 

35. Given the parabola — hx-fO^z — l^O; find its vertex, focus, axis, 
and directrix. 

36. What are the coordinates of the points (0, 1), ( 1 , 0), (1, 1) if the axes 
are rotated through an angle of 00 ® ? 

37. Transform the equation 3x2 -f 3y2 _ lOxy + 8 = 0 to a new set of axes 
by rotating the original axes through an angle of 45®, the origin not being 
changed. 

38. Find the equation of the folium x^ -f — 3 axy = 0 after the axes have 
been rotated through an angle of 45®. 

39. By rotating the axes through an angle of 45® and changing the origin, 
prove that the curve x^ -f- 2 /^ = is a parabola. 

40. Transform 5x2 — 12 x?/ 4 - 10 2/2 — 14 =: 0 to a new set of axes, making 
an angle tan-i | with the original .set. 

41. Show that the equation x2 -f- 2/2 = a‘^ will be unchanged by transforma- 
tion to any pair of rectangular axes, if the origin is unchanged. 

42. Transform the equation x2 — 2 /^ = 30 to new axes bisecting the angles 
between the original axes. 

43. Transform the equation 4x2 — 3xy -f 82/2 = 1 to one which has no 
X 2 /-term, by rotating the axes through the proper angle. 

44. By rotating the axes through the proper angle transform the equation 
3 x2 4 - 2 V 3 X 2 / + 2/2-f2x — 2V32/ = 0 to another which shall have no term in xy, 

45. Transform the equation 

xS _ _ 6 Vs*?/ + [2 + 12 Vsjx + [20 - 6 Vs] 2 / - 15 + 12 VS = 0 

to a new set of rectangular axes making an angle of 60® with the original axes 
and intersecting at the point ( -- 1, 2) with respect to the original axes. 
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46. Transform the equation 4 x 2 -f 9^/2 = 36 from rectangular axes to oblique 
axes with the same origin, making angles tan-i ^ and tan-i(~ J) respectively 
with OX 

47. Find the equation of the hyperbola 3 x2 — 4 2/2 — 12 referred to its asymp- 
totes as coordinate axes. 

48. Show that the lines y — inUirsect the strophoid at the origin only, and 
find the equation of the curve referred to these lines as axes. 

49. Transform the equation 2x2 — 3 2 /^ = 6 from rectangular axes to oblique 
axes having the same origin and making the angles tan-^ ^ and tan-^ ^ respec- 
tively with OX. 

50. Prove that the formulas for transposing from a set of rectangular axes 
to a set of oblique axes having the same origin and the same axis of x are 

x^ = x' T . ' cos w, 
y = 2 /' .sin w, 

where tu is the angle between the oblique axes. 

51. By transforming the equation y = mx b hj the formulas of example 
50, show that the equation of a straight line in oblique coordinates is 

sin (f> 

y = — + c, 

sin(w — 4>) 

where w is the angle between OX and OF, 0 the angle between the line and OX*, 
and c the intercept on OF. 

52. Derive the result of example 51 directly by use of the trigonometric 
formulas connecting the sides and the angles of an oblique triangle. 

53. By use of the transformation of example 50, prove that the equation of 
a circle in oblique coordinates is 

(x — d)2 -f ( 2 / — e)2 4- 2 (x - d) ( 2 / - e) cos w = r‘\ 
where w is the angle between the axes, and (d, e) is the center. 

54. Obtain the result of example 53 directly by use of the trigonometric 
relations connecting the sides and the angles of an oblique triangle. 



CHAPTER XI 

THE GENERAL EQUATION OF THE SECOND DEGREE 

119. Introduction. The most general equation of tlie second 
degree is of the form 

2 Hxy + By^+2Gx+2Fy+C=-Q, 

where the coefficients may have any values, including zero, except 
that A, Bj and H cannot be zero together. 

We shall proceed to show that this equation always represents 
an ellipse, an hyperbola, a parabola, or a limiting case of one of 
these, if it represents any curve, and shall derive criteria by whicli 
the nature of the curve can be readily determined. 

120. Removal of the xt/-term. ].et us make a transformation 
of coordinates to new rectangular axes, making an angle </> with 
the original ones, the origin being unchanged. The formulas of 
transformation are (§ 115) 


X = cos (f> — y^ sin (f>, 
y = sin ^ A- oos (f). 

Substituting, we have 

A V + 2 Il'x'y' + B'y'^ + 2 GV + 2 F'l/ + C" = 0, 


where A^ = A cos^ </> + 2 sin cos <^ + sin^ 

W ^{B — A) sin <f> cos (f> + H (cos^(j> — sin^<^), 
B^ = A sin^(f) — 2-ff sin (f) coscf) + ^ cos^<^, 

= G cos <f> + F sin <f), 

F' = cos </) — G sin 0, 
and (7'=a 

229 



230 GENEKAL EQUATION OF SECOND DEGKEE 


We may now determine (f> so that i/' shall vanish ; that is, 
80 that 

2 — A) cos (f) sill + 2 H(cos^(f) — = 0. 

This equation is equivalent to 

2 II cos 2(f> + (B — A)sm2(f> = 0, 

2 II 

whence tan 2 <f) = > 

^ A- B 

2B 

or = 


To compute the values of A' and B’, we have 

A' = A cos'^<^ + 2 // sin <f) cos (f> + B sm^(f> 

1 + cos 2 2 <f> 

= A n + Ji sm 2<f) + B ^ 

= l[A+B + iA-B) cos 2(1) + 2 H sin 2 


But, since tan 2 <f) = > 

’ ^ A-B 

■ oj. + 2// , A-B 

V (J - Bf -f- 4 IB y/{A - ay + 4 iB 

and therefore Z' = 1 [^ + /> ± 

2L V(^-y>y+ 4//“. 

= },[A + B ± \'{A — By+ 47/"]. 

Similarly, B' = | [.1 -{-B^: V (A - By + A B'^]. 


From these results it follows that 

A^B^ = AB-II\ 

Henee if AB — H^ is positive,^' and B' have the same sign; if 
AB — is negative, A' and B' have opposite signs ; if A B — 
is zero, either A^ or is zero. 
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The discussion of the general equation is then reduced to that 
of the simpler equation 

J V + + 2 GV+ 2i^y + U' = 0. 

This equation we will consider in the next two articles, dropping 
the primes for convenience. 

121. The equation Ax^ + By^ + 2Gx + 2Fy + C = 0. We 

shall prove the theorem : The equation 

Ax^+ nf+ 2Gx + 2Fy + C^Q, 
where the coefficients are such that 

AF^ + Ba^-ABC^ 0 , 

represents a conic, if it represents any curve at all. In particular, 

(1) whe7i A and B have the same sign, it represents an ellipse * 
or no curve ; 

(2) when A and B have opposite signs, it repixse^its an hyperhola ; 

(3) when either A or B is zero, it represents a parabola. 

Suppose first that neither A nor B is zero. Then the equation 
may be rearranged as follows : 

A + 2 1 y (^f + 2 - a 


We may then complete the squares of the expressions in the 
parentheses; thus, 


a(x^+2^x + 


a- 


}j+B(^^+2~y + 


F^' 

7? 


91 91 


c, 


that is, 



AF^+ BG^-ABC 
AB 


* The circle is considered a si)ecial case of an ellipse (see § 76). 
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Since AF‘^ + — ABC is not zero, we may divide by the right- 

hand member of the equation, obtaining 


fci.fca.. 


M N 

where, for convenience, we place 

Ali^ + BCf — ABC 


M: 


N = 


A^B 

AF'^+BG^-ABC 


We may now transfer tlie origin of coordinates to the point 

(G F\ 

— the new axes remaining parallel to the old, by the 


formulas 


X = • 


G 

A 


+ x\ 


F 

y==-j + y'- 


X^“ 

The equation is then h = 1. 

3f N 

Now if A and B have the same sign, 31 and JV will have the 
same sign. If this sign is positive, we may place 31 — N = 
and the equation is 

fl! 4. ^ 1 

^ F 

which represents an ellipse. 

The axes of the ellipse are parallel to the original coordinate 

(G F\ 

, \ referred to the 

A Bj 

original axes. If A = J5, the ellipse is a circle. 

If M and N are both negative, tlie equation 

— +?^ = i 
M N 


can be satisfied by no real values of x and y. 



EQUATION WITHOUT THE a:y-TERM 


233 


If A and B have opposite signs, M and N have opposite signs, 

and we may place either M= W = — or jif = — d\ JV = 

thus obtaining either ,2 12 

^ y _ 1 

.‘2 12 




or 


y^^ 

b^ 


1 , 


either of which represents an hyperbola. 

The axes of the hyperbola are parallel to the original coordinate 

( Cr B\ 

— ~ — j referred to the 

The first and the second parts of the theorem are therefore proved. 
Consider now the case in which either ^ or i/ is zero. If, for 
example, ^ = 0, ^ 0, the equation is 

Btf+ 2 Gx + 2Fi/ + C = 0, 

and the condition to be fulfilled by the coefficients is BG^ ^ 0, 
which is equivalent to G = 5 ^ 0, since B cannot be zero. 

We may arrange the equation as follows : 

y^+2--y=^—2--x 

ij ' T> O T> X> 


B'' B 

Completing the square, we have 


B 


/ , FV 2G/ C \ 

Y'^~b)~ B\^2G 2Gb)' 


If now we transform to a new origin by placing 

+ a:', 

2G 


C , F^ 

x = 

2G 2GB 




we have 


y'^ = - 


B 


■X, 


which is the equation of a parabola. 

Similarly, if J5 = 0 but A=^ 0, the equation may be reduced to 
the form 


a/" = - 


2F 


■y. 


which is also a parabola. 
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In each case the axis of the parabola is parallel to one of the 
original coordinate axes. 

Hence the third part of the theorem is proved. 

122. The limiting cases. We shall consider now the equation 

Ax^ + Bif+2 Gx +‘iFy + C = 0 

when the coefficients are such that 

af^a-bg^'-abc^q. 


The figures represented are limiting cases of a conic, since the 
equation of tliis article may be obtained from tliat of the previous 
article by allowing the coefficients to change in such a way that 
AF'^ + BCt^~ABC approaches zero. We have three cases: 

1. A and B have the same sign. 

By proceeding as in § 1 2 1 , we may put the equation in the form 

and if, as before, we place 

y = — t: + 

A h 

we have AF'^ + Bi/^ = 0. 


Since A and B have the same sign, we may consider them as 
positive, and factor the equation as follows : 

A F + i^fBiJ) (y/~AF — iV By') = 0, 

which is satisfied by real values of x' and y' only when x' = 0, 

G F 

y' = 0, or in the old coordinates a? = — — > ?/ == 

Hence in this case the equation represents a point. This may be 
considered the limiting case of the ellipse. 

2. A and B have opposite signs. We may put the equation in 
the form , ^.2 / 

or Ax'^ + By'^ = 0. 
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Since A and B have opposite signs, we will consider A as posi- 
tive and B as negative. The equation can then be separated into 
two real factors 

(VaJ - -V—Tiy') = 0 . 

Consequently the equation represents the two straight lines inter- 

(If B 

secting in the point a;' = 0, = 0, or ^ = ^ y ~ 

A B 

This may be considered the limiting case of the hyperbola. 

3. One of the coefficients A or B is zero. For exam})le, let 
A — 0, B ^ 0, Then the condition AF‘^-\- ABC becomes 

G = 0. Hence the e(|uation is 


B?/-^2Fi/ + C=0, 
This may be factored into 




and accordingly represents either two parallel straight lines, two 
coincident straight lines, or no real locus, according as and y^ 
are real and unequal, real and equal, or imaginary. 

Tliis is considered a limiting case of tlie parabola. 

123. The determinant AB — //*. Returning now to the gen- 
eral equation of the second degree, 

Ax^ + 2 Hxy + Bif 2 Gx + 2 Fy + C ^ Qy 

and remembering that if it is reduced to the form 

A^x^^^ + BUf^ + 2 CAJ + 2 F^y^ + C" = 0, 

we have AB IF^ == A' B', 

we may state the following theorem ; 

The equation 

Ax^A^ 2lIxyA’BifA- 2Gx A- 2 Fy 0 

always represents a conic or one of the limiting caseSy if it repre- 
sents any curve at all. 
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1. If — > 0, the equation represents an ellipse, a point, 

or no curve. 

2. If AB — < 0, the equation' represents an hyperbola or two 

intersecting .straight lines. 

3. If AB — //'^ = 0, the equation represents a parabola, two par- 
allel lines, two coincident lines, or no curve. 

124. The discriminant of the general equation. We have seen 
in § 122 that 

+ B'if^ + 2 G'x' + 2 F'y' + C" = 0 (1) 

represents one of the limiting cases of the conic sections when 

A'F'‘^ + B’G'‘^ — A'B'C' = 0 . 


It is useful to have this condition in terms of the coefficients of 
the general equation 

Ax^-\-2Hxy + By‘^+2GxA-2Fy + C —H. (2) 

This might be done by substituting for A', B', G' , F', and C the 
values given in § 120, but this method is tedious. We may obtain 
the result by noticing that the first member of (1) can be factored 
rationally in x and y when it represents a limiting case, and not 
otherwise. The same must be true of equation (2). We shall pro- 
ceed then to find the condition under whicli (2) can be factoi-ed. 

1. Assume A ^ 0. (2) may now be considered as a quadratic 
equation in .k, and factored by the method of § 41. Solving (2) 
for X, we have 

( ITy + G) ± V( - d B) if -p 2 y {HG—AF)^-{ <F - CA) 

It is necessary, however, that y should not appear under the radi- 
cal sign, and for this it is necessary and sufficient that the quantity 
under the radical sign must be a perfect square. The necessary 
and sufficient condition for this is (§ 37) 

{HG - AFf-{H'‘-AB){ G^-CA) = 0, 
ABCA-2FGH-AF^~BG^-CIP = 0. 


that is. 


( 3 ) 
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2. Assume A = 0, but B ^ The equation may then be con- 
sidered as a quadratic equation in y, and handled in the same 
manner as before with the same result. 

3. Assume A = 0, B = 0. Then II cannot equal zero. The 
equation can consequently be written 


G , C 

Xy ^ X-\ V H ■ 

^ II 2H 


0 . 


The factors of this, if they exist at all, are clearly of the form 


whence 


{x + a){y + h)= 0, 





The necessary and sufficient condition that two quantities a and h 
can be found satisfying these equations is 

2FG -011=0. 


But this is just what (3) becomes wiien A = 0, B = 0. Hence, 
the necessary and sufficient condition that 

Ax?+ 2 Hxy + Bif+ 2Gx+2 Fy + 0=0 

represents a limiting case of a conic is 

ABO+ 2FGII-AF'^-BG‘^-Oin = 0. 


The expression (3) is called the discriminant of (1) and is 
denoted by A. In determinant form 


A- 


A II G 
fl B F 
G F O 


125. Classification of curves of the second degree. The results 
of the previous articles are exhibited in the table on the following 
page, which gives the simplest forms to which tlie general equation 

Ax? + 2 Hxy + By^ + 2Gx + 2 Fy + 0 = 0 
can be reduced under the various hypotheses, where 
D = AB-II\ 

i:i.=ABO +2FGH-AF^-BG^-OH^. 
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A ^0 

o 

11 

<1 

D>0 

rr2 7/2 

Ellipse „ + f 5 = l, 

0?‘ Ip 

or no curve 

Point = 0 

a2 62 

Z><0 

7*2 7/2 

Hyperbola ^^-- = 1, 

or + = 1 

a‘2 62 

Two intersecting straight lines 

a2 62 

o 

11 

Parabola — 4^pXy 
or = 4py 

Two parallel straight lines 

{v - y\) (y y‘ 2 ) = o, 

or (x — Xi) (x — Xo) — 0, 

or no locus 


126. Center of a conic. It is frequently desiral)le to find the 
center of a conic represented by the general equation. Now, if 
the origin of coordinates is taken at the center of the curve, the 
equation can contain no terms of the first degree in x and y ; for 
if it is satisfied by any point (x^y ?/j), it must also be satisfied by 
the symmetrically placed point (— x^y — y^). We will accordingly 
take the center as y^) and make the transformation 

= ^ 0 + 
v = Vo+y'- 

Tlie general equation then becomes 

Ax'^+ 2 Ilx'y' + By'^ + 2 {Ax^ + Hy, + G) x' + 2 (//,»•„ + By, + F) y' 
+ Ax^ + 2 // e,y, + By^ + 2 Gx, + 2 Fy, + C = 0, 

where, by the condition for the center, 

Ax,+Jfyo+G = 0, 

Jlx,+ By,+F=^0. ^ ’ 

By multiplying each of these by a properly chosen factor and add- 
ing, we obtain the e(iuivalent equations 

{AB- IP) x, = HF— BG, 

{AB - H^) y,= HG- AF. 


( 2 ) 
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Three cases then occur : 

1. AB — 0. Equations (2) have then a single solution 

and the curve has a center. This occurs for the ellipse, the 
hyperbola, and their limiting cases. 

2. AB — ^ 0, but not each of the expressions IlF — BG 

and HG—AF equal to zero. At least one of equations (2) ex- 
presses an absurdity, and hence equations (1) have no solution 
and the curve has no center. This occurs in the case of the 
parabola. 

3. AB-H^=^ 0, BF -BG^^, IIG-AF^^. Equations (2) 
are each 0 = 0. Equations (1) are identical, and any point on the 
line exj)ressed by each of them is a center of the curve. In this 
case one easily calculates that A = 0. The curve then consists of 
two parallel straight lines (§ 125), and the line of centers is the 
line lialfway between the two parallel lines. 

127 . If for the equation 

Ax^ + 2 II xy + B}f+2Gx+2 Fy + C=0 

tlie origin is transferred to tlie center of the curve, when such 
exists, the equation becomes 

Ax'^ + 2 my + 7>y " + C" = 0, 

where C' = A x^ + 2 Bx^y^ + By^ + 2 Gx^^ + 2 Fy,^ + C. 

This quantity C' may be expressed in terms of the original coeffi- 
cients as follows. Take the equations (1) of § 126, multiply the 
first one by the second by y^^ and add them. There results 

Ax^ + 2 Bx^^ + By^ + Gx^ + Fy^ = 0 . 

Subtracting this from the value of C', as given above, we have 

C^==Gx, + Fy,+ C, 

whence, by substituting the values of x^ and y^, as given by (2) 
(§ 126), we have 

, ^ ABC +2FGB-AF^--BG‘^-CB^ ^ A 
AB—B^ D 
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128. Directions for handling numerical equations. In case it 
is necessary to reduce a numerical equation to its simj)lest form, 
the procedure, based on the foregoing discussion, is as follows : 

First compute AB — and determine the type of the curve 
(§ 123). A may also be computed if wished, but it is not necessary. 

If AB — =/= 0, find the center, as in § 126, and transfer the 

origin to it. Then, as in § 120, turn the axes through an angle 


(f) = \ tan ^ 


2 If 
A-B 


tail 


±2H 


V(A- ~Bf +A1P±{A-B) 


computing A' and B' l)y the formulas of § 120. The two values 
of tancf} are the slopes of the axes of the curve. 

If AB — //^ = 0, write the equation in the form 


(y/Ax + -VByf +20x^2 Fy + C=0, 

Vb being taken with the same sign as //, and let 

, y/ Ax 4 - 'y/Tiu , 'yflfx Ay 

yf = ^ —4 , x* = ^ 

y/A + B y/A + B 


Solve these equations for x and y and substitute in the given 
equation. 

The equation is now in the form y^^ + 2 2F^y^ + C" = 0, 

and the furtlier reduction is made by the metliod of § 121. 

Ex. 1. 8 — 4 ic?/ 4- 5 — 30 x 4 18 y 4 1) = 0. 

Ilei’o AB — = 3(>, and the curve is an ellipse or a limiting case of an ellipse. 

The center, found by § 120, is (2, — 1), and the equation transferred to the 
center as origin becomes 

8 x'2 _ 4 xY 4 r> 2/'2 _ 30 = 0. 

We now turn the axes through <f> ~ h tan~i(— = tan-i2 or tan-i(— J), 
and find, from § 120, A' — 9 or 4, IV — 4 or 9. 

The ambiguity is removed by noticing that if we take tan0 2, the formulas 
of transformation (§ 115) are 

, x"-2y" , 2x"-hy" 

X — , y — , 

Vg V6 

which give A' =4, B' ~ 0. 

The simplest ecpiation is then 

4x"2 4.92/"2 = 36. 

The slopes of the axes are 2 and — 
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Ex. 2. 36x2 - 48 xy + 16y2 + 62x - 2602/ - 89 = 0. 


Here 
We write 

and place 


^R-//2=:0. 
(6x - 4 2/)2 + 52x - 260 2 / - 39 =: 0, 

, 6x — 4y 3x — 2y 

Vm Wd 

— 4x — (^y _ — 2x — 32/ 

VTii 


Solving for x and y and substituting, we have 

y's + VTsy' + VTSx'- 3 =0, 

or y"'^ — — Vis x", 

where x" = — -4= + x', y" — 

Via 2 

The curve is a parabola, the axis of which is 2 /'' = 0 or 6 x — 4 2 / -f 13 = 0. 


129. Equation of a conic through five points. The general 
equation of the second degr(3e 

Ax^ 2 Ilxy -j- “f" 2 Qx -j- 2 y -f“ C = 0 

contains six constants, the ratios of wliich are alone essential. Five 
independent equations are sufficient to determine these ratios. 
Therefore a conic is, in general, determined by live conditions. 'J'he 
simplest conditions are that the conic should pass tlirougli the five 
points (ajj, y^, {x^, y^, {x^, y^), {x^, y^, and (a;^, y^). The five e([ua- 
tious to determine the ratios of A, H, B, G, F, and C are then 

A xl + 2 Ilx^y, + By I + 2 Gx^ + 2 + (7=0, 

Axl + 2 Hx^y^ + By^ + 2 Gx.^ + 2 Fy.^ + G' = 0, 

Axl + 2 Ux^, + Byl + 2 Gx, + 2 + 6' = 0, 

Axl V 2 Hx^y^ + Byl + 2 (h:^ + 2 Fy^ + C' = 0, 

Axl + 2 Hx,y, + Byl + 2 Gx, + 2 Fy, + (7=0. 

Eliminating the coefficients between these and the general equa- 
tion, we have 



xy 


X 

y 

xl 



*1 

yi 

xl 


yl 


3(2 



yl 


y. 

xl 

* 42(4 

y\ 

*4 

y* 

xl 

* 5^5 

yl 

*6 

Vi 
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which is the required equation of a conic through five given points. 

The equation of a conic through five points may also be found 
in the following manner : 

I^t us take any four of the given points and connect them by 
straight lines so as to form a quadrilateral (fig. 134). 

Let the equation of im be + B^y + = 0, or, more shortly, 
/i(^> y) = 0. Similarly, let the equation of be f^{x, y) = 0, that 
of be f^{x, y) = 0, and that of be f^{x, y) = 0. 

Form now the equation 

y) • /a(-c. y) + y) ■ y) = ^, (i) 

where I and k are undetermined factors. This equation is of the 

second degree in x and y ; therefore 
it represents a conic section. More- 
over, this conic section passes through 
if; for the coordinates of 1{ make 
y) = 0 ‘^nd f^{x, y) = 0, and 
therefore satisfy equation (1). Simi- 
larly, this conic passes through if, 
if, and if. If now we substitute in 
(1) the coordinates of if, we de- 
termine values of I and /c, which we 
must assume in order that the conic 
may pass through We thus de- 
termine the equation of a conic through the five given points. 

Ex. Let it be required to pass a conic through the points Pi(2, 3), P 2 ( — 1, 2), 
P3(-3, -1), P4(0, -4), P,(1, 1). 

The equation of PiP-j is x — 3y + 7 = 0, that of P 2 P 3 is 3x — 2 y -f 7 0, 

that of P 8 P 4 is X 4 - 2 / + 4 = 0 , and that of P 4 P 1 is7x — 2 y -8 = 0 . 

We form the equation 

Z(x - 3i/ -f 7)(x -f- 2 / + 4) + ifc(3x - 2i/ + 7)(7x - 22/ - 8) = 0, 

and, substituting the coordinates of P 5 , find k = 

Hence the required conic is 

(x - 3 2 / 4 - 7) (x + 2 / + 4) 4- J (3x - 2 2 / 4- 7) (7 X - 2 y - 8) = 0, 
or 109x2 - 108x2/ + + 169x - IO 2 / ~ 168 = 0. 

If three of the points lie in a straight line, the method is appli- 
cable, but it is evident that the conic must be one of the limiting 
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cases, for it must consist of the straight line in which the three 
points lie, and the straight line connecting the other two points. 

If four or five of the points lie in a straight line, the method is 
not applicable. It is geometrically evident that in this case the 
problem is indeterminate ; for the conic may consist of the straight 
line in which the Jour points lie, together with any line through the 
fifth point, if that is not on the line with the four, or any line what- 
ever if the fifth point lies on a straiglit line with the four others. 

If it is required to determine a parabola, only four points are 
necessary. This follows from the fact that one relation connecting 
the coefficients is always given, namely, AB — IP = 0. We form, 
as before, the equation 

y) • y) + y) ■ y) = o. 

We form, then, the equation AB — — 0 out of the coefficients 

of this equation. The result is a quadratic e(|uation in j j and 

iC 

hence we will have two, one, or no real parabolas, according as the 

values of j are real, equal, or imaginary. It should be noticed that 
ic 

in this connection parabola*' may mean two parallel straight lines. 


Kx. Let it be re(juired to pass a parabola through the points Pi(l, — 1), 
P2(2, 3), P3(2, - r3), P 4 (r,, 7). 

We find the equations of the following lines : P1P2, 4x — y — 5 = 0; P2P8, 
X — 2 = 0 ; P 3 P 4 , 4 ic — y — 13 = 0 ; P 4 P 1 , 2 x — y — 3 = 0 . The equation of 
the conic is then 

Z(4x - y - 5) (4x - y - 13) + A: (x - 2) (2x - y - 3) = 0, 
or (lOi + 2A:)x2 4 . (_ - k)xy + hj^ 

4 . ( _ 72 Z _ 7 A:) X + (18 i -f 2 A:) y 4- 05 i + 0 A; = 0, 

and the condition — 0 is 

whence A: = 0 or — 8 i. 

There are accordingly two parabolas, 

10 x2 — 8 xy 4 - y^ — 72 X 4- 18 y + 05 = 0, 
and y 2 ~ 10 X 4 - 2 y 4 - 17 = 0 . 


The first equation, however, represents a limiting case of a parabola, since 
it factois into 4 aj_y _5 — 0 and 4 x — y — 13 = 0, 


which represent two parallel straight lines. 
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130. Oblique coordinates. We have assumed, thus far, that the 
general e(j[uation is referred to rectangular coordinates. If, how- 
ever, the equation 

2I/xy + Bf+2Gx + 2Fy + a^0 

has reference to oblique coordinates, it may be transformed to any 
conveniently chosen pair of rectangular coordinates. Formulas for 
this purpose are given in § 117, and it has been proved in § 118 
that such a transformation does not alter the degree of the equa- 
tion. Therefore the new equation is of the form 

+2H 'xV + ^ + 2 t? V + 2 + C' = 0. 

This e(|uation may now be investigated by the methods of this 
chapter. 

Hence we have the result : 

A7iy equation of the second degree, whether referred to rectangu- 
lar or to oblique coordinates, represents a conic. 


PROBLEMS 

Determine the nature and the position of the following conics: 

1. 4 X2/ -f 3 2/2 _ 8 -I- Ifi y ^ 19 ~ 0. 

2 . - Oxy + 9 //2 - 280x ~ 20 = 0. 

3. 11x2 - 4x?/ -f 14 2/2 - 2(>x H- 32y -f 50 = 0. 

4. 6x2 — 20 xy -f 6 2/2 -f lOx - 20 2/4-71 = 0. 

5. 4 X2/ 4- 0) X - 8 2/ -f 1 = 0. 

6. x2 — 2 x?/ 4- 2/2 4- 2 X - 2 2 / 4- 1 = 0. 

7. 13x2 4- 10x2/ 4* 132/2 4- Ox - 422/ - 27 = 0. 

8. x2 - 4 X2/ - 2 2/2 - 14 X 4- 4 2/ 4- 26 = 0. 

9. 0 x2 — 5 xy — 0 2/2 — 40 X — 9 2/ 4- 00 = 0. 

10. 4 x2 — 8 X 2 / 4-4 2/2 4-Gx — 82 / 4-1 = 0. 

11. x2 4- 0 xy 4- 9 2/2 — 6 X — 18 2 / 4- 5 = 0. 

12. 41 x2 - 24xy 4- 34 y2 _ i88x 4- HOy 4- 100 = 0. 

13. 31x2-24xy 4- 21y2^. 48x-84y 4-84 = 0. 

14. Show that, if A and B in the general equation have opposite signs, the 
conic is an hyperbola. 

15. Show that the conic represented by the general equation is an equilateral 
hyperbola when A — — B, 
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16 . Prove tllat the necessary and sufficient conditions that the general 
equation should represent a circle are A B, ll ~ 0, provided the axes are 
rectangular. 

17. Show that, if the general equation contains the term in xy and not more 
than one of the terms containing or the conic is an hyperbola. 

18. Show that xy -f ox + hy c = 0 is tlie general equation of the hyperbola 
when the axes of coordinates are parallel to the asymptotes. 

19. Prove that any homogeneous equation in x and y represents a system of 
straight lines passing through the origin. 

20. Find the angle between the two straight lines represented by the equation 
-4x2 + 2 Hxy + By^ = 0. 

21. Show that the asymptotes of the hyperbola are parallel to the two 
straight lines ^x^ + 2 Hxy + By^ — 0. 

22. Show that, if the focus is taken upon the directrix, the conic becomes 
one of the limiting cases. 

Find the equations of the conics through the following points; 

23. (3, 2), (- 2, - 3), il; - 3), (2, - 2), (|, - §). 

24 . (1, 2), (0, 3), (3, 2), (2, ]), (9, 2). 

25. (0, a), (a, 0), (0, -«),(- a, 0), (a, a), 

26. (1, 1), (- 1, f)), (2, 4), (0, 3), (3, 1). 

27. Find the equation of a parabola through the four points (4, — 4), (9, 4), 

(0, - 1), (6, - 2). 

28. A point moves so that the sum of the S(juaros of its distances from two 
intersecting straight lines is constant. Prove that tlie locus is an ellipse, and find 
its eccentricity in terms of the angle between the lines. 
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TANGENT, POLAR, AND DIAMETER FOR CURVES OF THE 
SECOND DEGREE 


131. Equation of a tangent. It lias been shown in § 59 that 
the tangent to a curve at a point (.x,, y,) is 

/diA 


where 


dy 

dx 


denotes the value of ^ at (x^, y^). 


Applying this theorem to the conic 

Ax^ + 2 Jfxy + By^ + 2 Gx + 2 Fy + C == 0, 
we first find, hy diherentiation, 

2Ax+2ny+2JIx‘-[-f- + 2By^ + 20 + 2 F-^J^ = 0, 

iX/jo cLiiy 


whence 


dy _ Ax + Hy + G 
d^x lix -f- By F 


Therefore the equation of the tangent at the point y^ is 


2/-2/i=~ 


Ax^ + Hy ^ -f- G 


i^x 


Hx^ + By ^ + F 

that is, Ax^x — Ax^ + Hxy^ + ILi\y — 2 Hi\y^ + By^y — Byl 

+ Gx^Gx^ + Fy^Fy^ = 0, 


This equation may be simplified by adding to it the identity 
Axl + 2 Hi\y^ + Byl + 2 Gx^ + 2 Fy, + C = 0, 
which follows from the fact that y^ is on the conic. There results 
Ax^x + H{x^y + xyl) + By^y + G{x + x^) + F{y + y^)+C^0, 

This result is easily remembered from its resemblance to the equa- 
tion of the conic. 
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132. Definition and equation of a polar. We have just seen in 
§131 that the equation 

+ ^i) -h F{y + yj + C' = 0 (1) 

represents the tangent line to the conic 

+ 2 Hxij + Bif -f 2 Gx +2Fy + C=0, (2) 

provided the point (x^y y^) is on the conic. But no matter what is 
the position of the point y^)y (1), being of the first degree, repre- 
sents some straight line which from the form of tlie ecpiation must 
in some way be related to the conic (2) and the point {x^y y^. 

This line is called the pohfr of the j^oint (.r^, y^ with respect to 
the conic, and the point is called the pole of the line. 

The tangent line now appears as only the special case of the 
polar which occurs when the pole is on the conic. 

Ex. 1. Tlie polar of the point (3, — 2) with rCvSjH'ct to the ellipse 

4x2 -f r>y2 „ + :]7y - 1 = 0 

is 12 X - 10 ?/ - (x + a) + *5 (y - 2) - 1 ~ 0, 

or 22x - 17 7/ - 14 = 0. 

Ex. 2. Find the pole of the line 2x~3?/4-0=:0 with respect to the hyper- 
bola 4 x2 — 5 2/2 4- 4 X — 2 7/ 4- 3 =: 0. 

The polar of (Xi, y\) is 

4 xix - 6 2/j7/ 4- 2 (x + Xi) ~ (7/ 4- Vx) + 3 = 0, 
or (4xi + 2)x 4- (- >yyi - l)y + 2xi - 4- 3 = 0. 

This will be the same as tlie i^iven lijie if 

4 xi_4^2 __ 5j/i 4 2 _ 2 Xi - t/ i + 3 
2~ ” ~ 3 ~ “ () 

These reduce to the two equations for X\ and yi, 

12xi - 10771 + 4 = 0, 

2xi - 11 + 1 = 0; 

whence a:i = - ] J, 

133. Fundamental theorem on polars. When the equation 

Ase+2jrxy + By‘+2Gx-\-2Fy + C = 0 ( 1 ) 

represents one of the limiting cases of tlie conics, the polar has 
little importance. We shall therefore assume that the conic is 
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either an ellipse (including the circle), a parabola, or an hyperbola. 
The properties of its poles and polars are then conveniently found 
by use of the proposition : 

If is any point on the polar of another point F^, the polar of 
F^ passes through F^ 

For the polar of Ffx^y with respect to (1) is 
Ax^x + H{x^y + xy^) + By^y +G{x + x^) + F(;y + y^) + C=Q, (2) 
and if F^(x,^, y^ is on (2), we must have 

Ax^x^ + II (^’ 1 ^ 2 + ^ 2 ^ 1 ) + ^^12^2 + ^ (^ 2 + ^’ 1 ) + Hi) + G == 0. (3) 


Again, tlie polar of 7^ with respect to (1) is 
Ax,x + II(x^y + i^y^) + ^ 2 ^ + ^ (^‘ + ‘^’ 2 ) + -^(l/ + ?A>) + <? = 0, (4) 

and this passes through (u\, y^ because of (3). 

134. Chord of contact. An inspection of the figures of the conics 
shows that a point not on a conic must lie so that in general either 
two tangents or no tangent can be drawn from it to the conic. In 
the former case the point is said to be outside the conic ; in the 
Pj latter case, inside. Let us take 

now a point F^ outside the conic, 
and let the two tangents drawn 
^ from it to the conic touch the 

/ J conic in L and K (fig. 135). Now 

f y the polar of a point on a conic 

is the tangent to the conic at 
point (§ 132). Hence F^L is 
the polar of Z, and is the 
polar of A. Therefore, by the fundamental theorem (§ 133), the 
polar of must pass through L and K. Hence the polar is 
the straight line LKy which is called the chord of contact of 
tangents from F^ 

Conversely, if a straight line intersects a conic, its pole is the 
point of intersection of the tangents at the points of intersection. 
The proof of this is left to the student. 
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The chord of contact may be used to find the equations of the 
tangents through a point not on the conic. 

Ex. Find the tangents to the conic + 2 xy 2 x (Sy 1 — (> which 

pass through the point (4, — 2). 

Since this point is not on the conic, its coordinates not satisfying the equa- 
tion of the conic, we form the equation of its polar, i.e. — 1 = 0, which 

will be the chord of contact of the tangents drawn from the point to the conic, 
provided any can be drawn. Solving the equations of the polar and the conic 
simultaneously, we find that they intersect at the points (7, — 4) and (2, — 1). 

Hence there are two tangents which are respectively 2x + 3y — 2 = 0 and 

X + 2 2^ = 0. 

135. Construction of a polar. Whether a point lies inside or 
outside a conic, the polar may be obtained by the following con- 
struction. Draw through 
II (fig. 136) two straight 
lines, one intersecting the 
conic in L and K, and 
the other intersecting tlie 
conic in M and N, Let 
the tangents at L and K 
intersect in U and the 
tangents at M and N in- 
tersect in S, Tlien R is the pole of LK and S is tlie pole of MNy 
by § 134. Since lies on both LK and MN, its polar passes 
through R and S by the fundamental theorem. Therefore RS is 
the required polar. 

This construction may also be used when is outside the conic. 

136. The harmonic property of polars. An important property 
of poles and polars is stated in the theorem : Any secant passing 

through ![ is divided har- 
monically hy the conic and 
the polar of ij. 

Let P^N (fig. 137) be any 
secant through ij, M and 
N be the points in which 
P^N cuts the conic, and Q 
the point in which it cuts 
the polar of JJ. We are to prove that the Line MN is divided 
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harmonically, i.e. that it is divided externally and internally in 
the same ratio. We are to prove, then, that 

P^M _ MQ 
P^N ” QN' 

whence, by pltcing MQ^P^Q—P^M, QN = P^N—P^Q, and solving 

for I\Qy we liave PM • PN 

pn == L ^ 

PJI + P^N 


Let tlie ])()int l)e the equation of the conic be 

+ 2 I/xy + Bif + 2 Gx +2Fy + C={), (1) 

and that of the polar of be 

Ax^x + H {x^y + xy^ + Hy^y + G {x + x^) + F{y + y^) + G = 0. (2) 

Let {x, y) be a variable i>oint on P^N, r the varialde distance IJP, 
and 0 tlie angle made by JIN and OA\ Then 


cos 0 = 


X — X, 


sin 0 = 


y - ?/i 


r r 

that is, X = r cos 0 + x^, y = r sin 0 + y^ (3) 

Now if P coincides with either M or iV, the values of x and y 
given by (3) satisfy (1). Substitution gives 

[A cos^ 0+211 sin 0 cos 0 + P sin^ 0] 

+ 2 r [vl./q cos 0 + 11 (x^ sin 0 + y^ cos 0) 

+ By^ sin 0 + G cos 0 + F sin 0] + C' = 0, 
where C' - Ax^ -f 2 llx,y, + Byl + 2 Gx, + 2 Fy, -f G. 

The roots of this equation are T^Mand P^N, Hence, by § 43, 
P^M+P^N 

2\^A x^ cos 0 + i/(.?q sin 0 + y^ cos 0) + By^ sin 0 + G cos 0 + i^sin 0] 


whence 


P^M1\N=^ 

2P,MP,N 
1\M+ P,N 


A co^^0 + 211 sin 0 cos 0 + B sin^ 0 
G' 


A cos^ 0 + 211 sill 0 cos 0 + B sin^ 0 


G' 


Ax^ cos 0 +H{x^ sin ^ cos 0) +By^ siii0 + G cos 0+Fsm 0 


(4) 
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Also, if the point P coincides with Q, the values of x and y 
given by (3) satisfy (2). Substitution gives 

r [Ax^ cos 0 + sin 0 + y^ cos 6) + By^ sin ^ + G cos 6 + Psin O'] 

+ 6" = 0. 


The root of this is Therefore P^Q 

/ 5 \ 

Ax^ cos 0 A- P «in d + cos 0)+By^^i\\ 0 + 0 cos 0 +i^\sin 0 

Comparing (4) and (5), we liave 

2 P.M . PN 
~ 7[y?/ +I[N ’ 

which W7as to l)e proved. 

The theorem of this article is often made tlie basis of the 
definition of the polar. 

137. Reciprocal polars. Consider a given conic and a rectilinear 
figure, such as the triangle ABC A^ith sides e, h, c (fig. 138). Con- 
struct the lines a', //, c', the polars of A, />, C, respectively with 
respect to the conic. The lines aJ, ?/, c/ form a new triangle B^ C\ 
The fundamental theorem shows that A\ B\ C' are the poles of 




a, b, c respectively. Hence the two triangles are so related that the 
vertices of one are the poles of the sides of the other. They are 
called reciprocal polars. A similar construction holds for any 
figure composed of straight lines. 

Consider next any curve K and a tangent line a (fig. 139). Let 
A be the pole of a with respect to a conic C, As the tangent rolls 
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around tlie curve K, the point A describes another curve h. Let 
a and h be two tangents to iv, and M their point of intersection, 
and let A and B be thel/wo corresponding points of k, and m the 
chord A B. Then, by the fundamental theorem, m is the polar of M. 

Now let a and h approach 
coincidence. Then M ap- 
//? proaches a point on K, B 
and A approach coinci- 
dence, and m approaches a 
^ tangent to h. Hence tlie 
points of K are the poles 
of tlie tangents to k. 

We have tlien two curves such that the points of either are the 
poles of tlie tangents of the other. These curves are called reciprocal 
polar s. 

The study of reciprocal polars forms an important jiart of geom- 
etry, but lies outside the limits of this work. 

138. Definition and equation of a diameter. A diameter of a 
conic is the locus of the middle points of a system of p)arallel chords. 

Let 

A x^+ 2 Hxy 7>y + 2 Gx 
+ 2Fy + C^0 (1) 

be any conic (iig. 140), BS any 
chord which makes the angle d 
with OXy and l\{x^, y^ the mid- 0 

die point of this chord. Take 
P {Xy y) any point on the chord, 
and let 7^7" = r, where r is posi- Fig. 140 

tive if P^P has the direction of 

RSy and negative if P^P has the direction SR, Then for any 
position of P we have 

. y-Vx . . 

= cos u, = sin ^ ; 

r ^ r ’ 








whence 


X — + r cosd, y = -f r sin ft 


( 2 ) 
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Now if P coincides with either R or S, the values of x and y in 
(2) satisfy (1). Substituting, we have 

cos ^ 6 + 2H sin 6 cos 6 + B sin^ 6] 

+ 2r [Ax^ cos 6 + Ux^ sin 6 + Hy^ cos d 
+ By^ sill 6 + G cos 6 + F sin 

+ [Axl + 2 Hx^y^ + By I + 2 Gx^ + 2 Fy, + ("] = 0, (3) 

the roots of which are P^S and P^R, But, by hypothesis, PJi 
= — P^S, Hence tlie roots of equation (3) are equal in magnitude 
and opposite in sign. Therefore the coefficient of r in (3) must be 
zero, that is, 

Ax^o^o^d +Hx^?ivL6 -\-lly^Q.o^d A-By^^md A-G cos0+i»^sin^ = 0. (4) 

If, for convenience, we assume that cos 6 Q, and this will gen- 
erally be the case, we may divide by cos 9 and replace tan 9 by the 
usual symbol for the slope m, thus obtaining 

Ax^ -t- 7/y, + G + m (Ilx^ -f By^ + P) = 0. (5) 

If we allow RS to move parallel to itself, so that m remains 
fixed but II clianges, (5) always holds true, and in fact shows that 
II is always a point of the straight line 

Ax + Ify 4- G 4- m {IIx + % 4- F) = 0. (6) 

Conversely, any point y^ on line (6) makes the values of 

r in (3) equal in magnitude but opposite in sign, and if ![ lies so 
tliat these roots are real, it will be the middle point of a chord 
witli slope m. 

The straight line (6) is of infinite length, and it is customary to 
regard the entire line as the diameter, though it is evident that 
not all of its points correspond to chords of the system which 
intersect the conic in real points. 

139 . The last statement of the previoas article may be explained as follows : 

The equation y = mx 4- h may be made to represent any line of slope m by 
assigning an appropriate value to h. For some values of h the corresponding 
line intersects the conic (1) of § 138 in real points, and is one of the chords 
bisected by the diameter (6). 
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For other values of 6, however, the line does not intersect the conic in real 
points, the simultaneous values of x and y satisfying their equations being 
imaginary. But if these imaginary values of x and y are substituted for 

Xi, X 2 and yi, 2/2 respectively in the formulas x = y = of 

2 2 

§ 18, the resulting values of x and y are real, and furthermore they satisfy the 
equation of the diameter. 

This fact is sometimes expressed by saying that the line is a chord of the 
conic which intersects it in imaginary points, and that its middle point is a 
real point of the diameter. It is from this point of view that the entire line is 
regarded as the diameter, since every point of it is the middle point of some 
chord of the system. 


140. // the conic has a center, every diameter i^asses through the 
center, For, by § 11^6, tlie center satisfies the equations 

Ax -f“ dJy ~f“ (i ~ 0, IIx -f- liy -1- = 0, 

and lienee satisfies (H) of § 188 for any and all values of m. 

In the parabola, however, all diameters are parallel to each other 
and to the axis ; for the slope of the diameter is, from (6), § 138, 

_ ^ , ]hit for the parabola //= ^ A J>, so that the sloiie of 

// 4- Bm ^ V i 

the diameter becomes > which reduces to — • 

^AB+Bm Vi/ 

This is independent of m, and equal to tlie slope of the axis (§ 128). 

It is evident that the axes of a conic are diameters, for from the 
symmetry of the curves they contain the middle points of all 
chords which are perpendicular to them. In fact, they are the 
only diameters which are perpendicular to the chords which they 
bisect, as will be proved later on. 

141. Diameter of a parabola. If the equation of the parabola 
is written in its simplest form, y^=^Apx, the equation of the 

diameter becomes y = — • 

m 

From this equation it is evident that the only diameter perpen- 
dicular to the chords which it bisects is the axis of the parabola. 

Ex. 1. Find the equation of the diameter of the parabola 2y24-3x = 0 
bisecting chords with slope 2. 

Since m = 2 and p = — J, the equation of the diameter is y = ^ ^ , or 
2v + 3 = 0. 2 


2 
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Ex. 2. A diameter of the parabola passes through the point (2, — 1). 

What is its equation, and what is the slope of the chords bisected by it ? 

If m is the slope of the chords bisected, the equation of the diameter is 
y = -i . But (2, — 1) is a point of this diameter. 

mi 1 

— 1 = — , whence ?« = — 1 ; also the diameter is y = — » or y = — 1. 
m — 1 

This equation of the diameter could have been written down immediately, 
for the diameter is parallel to OA", so that if one of its pointe is distant — 1 from 
OA", all its points are distant — 1 from OA”, and its ecpiation is y = ~ 1. 


If we solve the etjuations of tlie diameter and tlie parabola 
simultaneously, we find the coordinates of O' (fig. 141), their point 

of intersection, to be ( > 
yw** 

Tlie equation of the tangent at O' is found to be y = dim + ~ , 
whence it is seen tliat its slope is m. 

Calling O' tlie end of the diameter, we express the above theo- 
rem as follows : The. tangent at the end of a diameter is j)arallel to 
the chords bisected by the diameter. 

If we consider the tangent as the limiting position of a chord 
which is moved, yet retains its original slope, the above theorem 
seems almost immediately evident. 

142. Parabola referred to a diameter and a tangent as axes. Tx^t 
O' A' (fig. 141) be a diameter of parabola 

i/==4px, ( 1 ) 



bisecting chords of slope m, and O'F' be the tangent at O'. Then 

the coordinates of O' are ^ 

\m m ) 

and the slope of O'F' is m. 

First transposing (1) to O'A^' and 
O'r", where is parallel to OF, 
we have the formulas of transfor- 
mation 

m m 

The new form of the equation is 

m 



Fig. 141 



256 TANGENT, POLAE, AND DIAMETER 


Using now the formulas of transformation of § 117, which become 


x" = x' + 


y 


y'= 


my 


VIT ^ ViT 

since <^ = 0 and </>' = tan" ^ m, we have, finally, 


y 


T j>(l + m-) 1 
ni^ 


By § 17, however 


m 


Therefore if we denote FO^ by j?', after dropping the primes from 
X and y, the equation becomes 

It is to be noted that an equation in the form always 

represents a parabola, the x axis being a diameter, the y axis a 
tangent, and the distance of the focus from the origin being one 
fourth the coefficient of x, 

143, Diameters of an ellipse and an hyperbola. If the equation 

of the elli])se is written in its simplest form, ^ = 1, and the 

common slope of the chords is denoted by the equation of the 
diameter becomes 

V 

y = ; — X. 

* 

If the slope of the diameter is denoted by = — > 

whence = • 

If 6 = 1 ^ a, cannot in general be — 1, and the diameter of an 
ellipse cannot in general he perpendicnlar to the chords which it 
bisects. The single exception is when the chords are parallel to 
either axis, in which case the diameter is the other axis and is 
perpendicular to the chords which it bisects, as noted above. 

If 6 = a, the ellipse becomes a circle, and mpn^ is always equal 
to ~ 1. Hence the diameter of a circle is always perpendicular to 
the chords which it bisects. 
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Ex. 1. Find the equation of a diameter of the ellipse 4x2 -f == 30 bisect- 
ing chords parallel to the line x-f2y-i-l = 0. ^ 

Here == 9 52 — 4 ^nd 7/4 =— i. the diameter is y = x, 

or9j,-8x = 0. ^ »(-i) 


Ex. 2. 22/ + 3x = Oisa diameter of the ellipse 4x2 4 - 9^/2 = 36. What is 
the slope of the chords which it bisects ? 

The slope of the diameter is — and by the formula is — - , mi being 

52 ^ 

the slope of the chords bisected. As a2 = 9 and 62 — 4 ^ ^ — becomes — - — . 


whence mi: 


Ex. 3. Find the diameter of the circle 4x2-f4y2 4.4x — 8y~-ll = 0 
bisecting chords of slope 2. 

The center of the circle is (— -J, 1), so that the required diameter will be 
y - 1 =-- - J (x 4- or 2 X 4 - 4 y - 3 = 0. 


Ex. 4. Find the diameter of the circle 4x2 4-4 2/2 4_4x — 82 / — ll=:0, which 
passes through the point ( 2 , — 1 ). 

The center of the circle is (— 1 ), and the straight lino determined by the 

two points (2, — 1) and (— 1), i.e. 4x 4 - 5^/ — 3 = 0, is the recjuired diameter. 


X' 7 / 

In the case of the hyperbola — — ^ = 1 it is to be noticed that 

the parallel chords may be drawn in two ways. They may join 
points on the same branch of the hyperl>()la, or jxhnts of one 


branch to points of the 
other branch, as repre- 
sented in fig. 142. 

In whichever way 
the chords are drawn, if 
their common slope is 
denoted by the equa- 
tion of the diameter is 


Y 



Fig. 142 


This equation differs from that for the diameter of the ellipse 

only in the sign of the right-hand member. ^2 

If is the slope of the diameter, = — > and, as in the 

ct 

case of the ellipse, a diameter of an hyperbola cannot be perpendic- 
ular to the chords it bisects, except in the two special cases of the 
transverse axis and the conjugate axis. 
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144. Conjugate diameters. In § 143 we have seen that if the 

iX^ 7/^ 

slope of the chords of the ellipse ~ .+ = 1 is denoted by and 

the slope of the diameter is denoted l)y 

— — > whence m,in^ — : • n ) 



^ A. ^ 

j 


0/^ 1 


1 




Via 



Similarly, if the slope of the chords is the slope of the diam- 

eter bisecting them must be ^ — > which, by (1), must be 7/i,. 

Hence the proposition : J/ and are the slopes of two 
y diameters of an elli2)sey and 


f -X— Y diameter bisects all 

V J chords to the other. 

Such diameters are called 

— - ^2 

^ conjugate diameters. As the 

major and the minor axis 
each bisects chords parallel 
to the other, they are conjugate diameters. 

It follows that : 

1. The two axes are the only pair of conjugate diameters which 
are perpendicular to each other. 

2. If one of two conjugate diameters of an ellipse makes an 
acute angle with the axis of a;, the otlier makes an obtuse angle 

with the axis of x. For if m. > 0, < 0, since m.m^ = 

a 

But a positive slope corresponds to an acute angle, and a negative 
slope to an obtuse angle. Hence the upper portions of conjugate 
diameters always lie on opposite sides of the minor axis, as OA^ 
and OB^ in fig. 143, A^A^ and B^B^ being conjugate diameters. 

X^ 7/^ 

In similar manner for the hyperbola —^--~=^l,ifthe slopes 
of two diameters m^ and T/ig are such that 
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the correspondimj diameters are eonjiujatCy and each bisects all 
chords parallel to the other. The transverse and the conjugate 
axes are conjugate diameters, each of which bisects chords parallel 
to the other. 

It follows that : 


1. The two axes are the only pair of conjugate diameters that 
are perpendicular to eacli other. 

2. Two conjugate diameters make eitlier both acute or bv)th 

obtuse angles with the ti-ansverse axis; for being always 

positive, and have the same sign. 

3. Two conjugate diameters lie on o])])osite sides of either asyni])- 

tote ; for since mpa^, ~ > if m, < then m,, > - > and the corre- 

a“ a “ a 

sponding conjugate diameters are on opposite sides of the asymptote 

y = (iiy- 06). 

145. Ellipse and hyperbola referred to conjugate diameters as 
axes. Let tlie conjugate diainoter.s OA^ and ()B^ of the ellip.se 


L 


( 1 ) 


(tig. 144) be chosen as new 
axes OA' and OY', and let 
them make angles <p and (f)' 
respectively with OX. 

Then the formulas of trans- 
formation are 


X = x' cos ^ -f l/ cos (f)', 


(^) 


■"A, 











y = J sin sin </>', 

where tan (f> tan (/>' = 


Fk;. 144 


l.e. 


sin ^ sin <^' , cos cos ^ 
1 — 


( 3 ) 


since OX' and OT' are conjugate diameters. 
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Substituting in (1) and collecting like terms, we have 
cos^<l> ^ sin''‘<^Y,./a_L n 4> 4> ' j_ sin <f) sin (f)' 


x'‘^+2l^ 


+ 


+ 


cos^<f>' sin^<^ 

Ot 5 7 9 


¥ 


If 

= 1 . 


'^x'y' 


(4) 


But the coefficient of is zero, by virtue of (3); and if the 
intercepts on OX' and OV are denoted by a' and V respectively, 
i.e. OA^ = a' and OB^ = ?/, (4) becomes 


ri + 


a 


tvhere a' 


Icos^ 


1 , 

and b' = ■ 


(5) 


(f> I siii^<^ 


|cos‘'^0' 


+ 


~~1F' 


The equation of an ellipse can assume the form (5) only when 
the axes chosen are a pair of conjugate diameters, as only then will 
the coefficient of xy be zero. Conversely, any equation in form (5) 
is an ellipse referred to a pair of conjugate diameters as axes. 

Ill similar manner, the e(j[uation of tlie hyperbola referred to a 

x^ 

pair of conjugate diameters as axes is = 1, where at pres- 

ent no geometrical meaning will be assigned to V. 

146. Properties of conjugate diameters. 

1. The, tangent at the end of a diameter is parallel to the conjugate diameter. 
We shall prove the theorem for the ellipse, the same form of proof being appli- 
cable to the hyperbola. 

In fig. 145 let Ai have 
coordinates (xi, 2 /i). Then 
the slope of OAi is 

Xi 

and if the slope of OJ5i is 

Vi 1 

7^2, m 2 ^ = — — , whence 

rp7 

m 2 = — o— * The equa- 
tion of the tangent .4 jTi 
at A, is 5 + ^1 = !, 
the slope of which is 


] 










Fio. 146 


h^zi 

o^r 


Hence this tangent is parallel to the conjugate diameter OBi, 
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2. The sum of the squares of the halves of two conjugate diameters of an ellipse 
is constant and equal to the sum of the squares of the halves of the major and the 
minor axes^ i.e. a''^ + + 6'^. 

b^Xi 

We have just seen that the slope of OBi (fig. 146) is so that its 


equation is 


l^Xi 

y = - ~x. 
a^yi 


a^Vi 


( 1 ) 


Solving this equation simultaneously with the equation of the ellipse, in order 

x^ 

to find coordinates of we substitute the value of y from (1) in — = 1. 


a^y^ 


As a result x’^ — 

^2 j ,2 + 

! + -,v = 1, or 


62 

But Ai{X\^ y\) is a point of the ellipse, so that 


62 


tt262 

(m 

b ' 

bxi 


62 ’ 


Xz=± 


a 


and 

By substitution in (1), 

Therefore the coordinates of Bi are ( — ^ ^ . 

V 6 a / 

If, as in § 145, we denote OA i by a' and OBi by b\ by § 17, 

a'2 = xf -f ?/f, 

6'2: 


and 

and hence 


a'2 -f 6'2 : 


62 02 ’ 

a"^ + o + 62 2 

a2 b^ 


X ^ 

since ~ + ‘ - = 1, as noted above, 
a2 62 


= (o2 + 62) 

= a2 + 62, 


w 62/ 


3. The area of the parallelogram formed by drawing tangents to an ellipse at 
the ends of conjugate diameters is constant and equal to 4a6. Let TiT^T^T^ 
(fig. 145) be a parallelogram formed by the tangents at the ends of the con- 
jugate diameters AiA^ and BiB^. Now the area of this parallelogram is evi- 
dently fo ur times the area of the parallelogram ^lORiTi. But AiTi = 0B\ 

a^y ^ "h b^x ^ x x 

= b' = — J ^ , from work above ; and since the equation of AiTi is -U 
ab a2 

v^v . a^b^ 

4- — - = 1, the perpendicular distance from O to .4i Ti is, by § 32, — • 

Va^y^+b^x} 

/ '\/a*y? -4- b*x^\ / a262 \ 

Hence the area of AiOBiTi = ( : ) = a6, and the 


ab 


+ b^xl 


area of the large parallelogram is 4 a6, as was to be proved. 
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147. It was noted in § 144 that conjugate diameters of the hyperbola 
1 lie on opposite sides of the asymptotes, whence it follows that if 

one of two conjugate diameters intersects the hyperbola, the other cannot inter- 
sect it. In order, then, to state for the hyperbola propositions analogous to 2 and 
3 of the last article, it is customary to consider, in connection with the above 

These two hyperbolas are called con- 
jugate hyperbolas, either one being considered the primary and the other being 
called the conjugate. 

It may readily be proved that if the slopes of two diameters are such that 
62 

mim 2 — — 1 they are conjugate diameters of both the above hyperbolas. More- 
Y 


hyperbola, the hyperbola ^ -f = 1 . 


over it is evident (fig. 14G) 
that if one diameter in- 
tersects one hyperbola, the 
other intersects the conju- 
gate hyperbola. 

Now if 0^1 and 0B\ are 
conjugate diameters, and 
0-4 1 is called a', as in 
§ 145,’ and we apply the 
same method as was ap- 
plied to the ellipse, we shall 
find OBi = 6 ' of § 145. 

With this value of 6 ', 
theorem 2, § 146, becomes 
for the hyperbola a'^ — 6 '^ = — 6 ^, while theorem 3 is the same for the 

hyperbola as for the ellipse. 

The proofs of these last statements are left to the student, the work being 
exactly like that for the ellipse. 



PROBLEMS 

Find the polars of each of the following points with respect to the given 
conic, and find the points in which the polar intersects the conic : 

1. (1, 2), 23a:2 -11x2/4- 27/2 + 36x~ 9?/ + 9 = 0. 

<2. ( — 1, — 2), 3x2 — 3x2/ + ^25 + 2 / — 3 = 0. 

3. (0, 0), 2 x2 — 2 2/2 — 2 X + 2 2/ — 1 = 0. 

4. (4, — 2), 6 2/2 + 18 2/ + 4 X + 5 = 0. 

Find the poles of each of the following polars with respect to the given conic : 

5. 2 x — 2 / = 0 , x2 + 8 x 2 / — 22/2 — 12x + 62 / — 9 = 0. 

6 . X — 32 / + 2 = 0, x 2 + 2/2 — 2x + 42 / = 0. 

7. X + 22 / - 13 = O, 3x2 + 82/2 - 26x - 762/ + 231 = 0. 

8 . 3x — 22 / — 9 = 0,3 x2 — 4 2 / 2 + 6 x — 242 / — 46 = 0. 
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rind the equations of the tangents from each of the following points to the 
given conic : 

9 . (2, 3), 4** ■- 5xy + 22/2 + 3* — 2j/ = 0. 

10. (0, 1), 3x2 _ 42/2 + 12* = 0. 

11 . (1, -2), 2x2-22/2 -Ox -02/ -1 = 0. 

12 . (2, 4), x2 + 2/2 - Ox - 22/ + 5 = 0. 

13 . (2, 0), 52/2 + 4x- 2 2 / - 3 = 0. 

14 . (- 1, - 1), 3 x 2 + 82/2 - 8 x - 122/ + 4 = 0. 

15 . Prove that the polar of a given point with respect to any one of the 

circles _j_ _ 2 fex + = 0, when k is variable, always passes through a fixed 

point whatever the value of k. 

16 . T is the pole of a chord PQ of the parabola = 4px. Prove that the 
perpendiculars from P, P, and Q upon any tangent to the parabola are in 
geometric progression. 

17 . If P is any point, LM its polar with respect to any central conic, C the 
center of the conic, R the point in which the perpendicular from G to LM meets 
LMy and S the point in which the perpendicular from P to LM meets the axis 
of the conic, prove CR • PS — 62 . 

18 . Prove that the perpendicular from any point (Xi, yi) to its polar with 
respect to any central conic intei'sects the axis of the conic at a distance e'^Xi 
from the center of the conic. 

19 . Prove that if in any conic the pole of the normal at P lies on the normal 
at Q, then the pole of the normal at Q lies on the normal at P. 

20 . If Pi and P 2 are any two points, and C the center of a conic, show that 
the perpendiculars from Pi and C to the polar of P 2 are to each other as the 
perpendiculars from P 2 and G to the polar of Pi. 

21. If mi is the slope of the polar of a point Pi with respect to the ellipse 
x^ 

— |- — = 1 and m 2 is the slope of the line joining Pi to the center show that 
2,2 

mim 2 = Find the similar relation for the hyperbola. 

22 . Prove that the portion of the axis included between the polars of two 
points with respect to a parabola equals the projection on the axis of the line 
joining the points. 

23 . Show that for any conic section the polar of the focus is the directrix. 

24 . Where is the polar of the center of an ellipse or hyperbola with respect 
to that curve ? 

^2 

25 . In the ellipse = 1 find the equations of two conjugate diametei's, 

one of which bisects the chord determined by the upper end of the minor axis 
and the right-hand focus. 
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26. If Pi and P 2 are the extremities of any two conjugate diameters of the 

ellipse = 1, prove that the sum of the squares of the perpendiculars drawn 

from Pi and P 2 to the major axis of the ellipse is equal to 6^. 

27. 8how that there can be only one pair of equal conjugate diameters of the 

2/2 5 5 

ellipse — f- = 1, namely y = ~x^y — x, 

a2 a a 

28. Show that the equation of any ellipse referred to its equal conjugate 

0 p - 52 

diameters as axes is = 

2 

29. In any ellipse show that the diameters parallel to the lines joining the 
extremities of the axes are conjugate. 

30. One diameter of the ellipse ^ = 1 passes through the upper end of 
the right-hand latus rectum. What is the slope of the conjugate diameter ? 

31. What must be the relation between the semiaxes a and h of an ellipse 
when the diameters passing through the upper extremities of the left-hand latus 
rectum and the right-hand latus rectum are conjugate ? 

32. Show that the polar of any point on a diameter of a central conic is 
parallel to the conjugate diameter. 

33. Show that if an ellipse and an hyperbola have the same axes in magni- 
tude and position, then the asymptotes of the hyperbola coincide with the equal 
conjugate diameters of the ellipse. 

34. Prove that tangents at the ends of conjugate diameters of an hyperbola 
intersect on the asymptotes. 

35. Prove that the straight line joining the ends of a pair of conjugate diam- 
eters of an hyperbola is parallel to one asymptote and bisected by the other. 

36. If an hyperbola has a pair of equal conjugate diameters, prove that it is 
an equilateral hyperbola. 

37. Show that in an equilateral hyperbola conjugate diameters are equally 
inclined to the asymptotes. 

38. Show that in an equilateral hyperbola all diameters at right angles to 
each other are equal. 

39. Show that every diameter of an equilateral hyperbola is equal to its 
conjugate. 

40. Prove that the tangents at the ends of any chord of a conic intersect on 
the diameter which bisects the chord. 

41. The chords which join the ends of any diameter to any point of the 
curve are called supplemental chords. Prove that two diameters which are 
parallel to any pair of supplemental chords are conjugate. 

42. If the tangent at the vertex A of an ellipse cuts any two conjugate 
diameters produced in T and show that AT • At = — 
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43. Show that if any tangent meets any two conjugate diameters, the prod- 
uct of its segments is equal to the square of the half of the parallel diameter. 

44. If from the focus of an ellipse a pei-pendicular is drawn to a diameter, 
show that it will meet the conjugate diameter on the corresponding directrix. 

45. The tangent at any point Pi of an ellipse cuts the equal conjugate 
diameters in T and Ti. Show that the triangles TCPi and TiCPi are in the 
ratio : CYi^. 

46. Show that the product of the focal distances of any point of a central 
conic is equal to the square of half the corresponding conjugate diameter. 

47. Find where the tangents from the foot of the directrix will meet the 
hyperbola, and what angles they will make with the transverse axis. 

48. Show that the perpendicular from the focus upon a polar with respect to 
an ellipse or an hyperbola meets the line drawn from the center to the pole on 
the corresponding directrix. 
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ELEMENTARY TRANSCENDENTAL FUNCTIONS 

148. Definition. Any function of x which is not algebraic is 
called transcendental. The elementary transcendental functions are 
the trigonometric y the inverse trigonometric^ the exponential, and 
the logarithmic functions, the definitions and the simplest properties 
of which are supposed to be known to the student. In this chapter 
we shall discuss tlie graphs and the derivatives of these functions. 

149. Graphs of trigonometric functions. 

Ex. 1. y = sin x. 

The values of y are found from a table of trigonometric functions. In plot- 
ting it is desirable to express x in circular measure ; e.g. for the angle 180® we 
lay off X = TT =z 3.1416. When x is a multiple of tt, y = 0; when x is an odd 

TT 

multiple of — , y = i 1 ; for other values of x, y is numerically less than 1. The 

graph consists of an indefinite number of congruent arches alternately above 
and below the axis of x, the width of each arch being tt and the height being 1 
(fig. 147). 


Y 



Fig. 147 


The curve y = sin x may be constructed without the use of tables by a method 
illustrated in fig. 148. 

Let Pi be any point on the circumference of a circle of radius 1 with its 
center at O, and lot .40 be a diameter of the circle extended indefinitely. With 
a pair of dividers lay off on AO produced a distance 0N\ equal to the arc OPi. 
This may be done by considering the arc OPi as composed of a number of straight 
lines each of which differs unappreciably from its arc. From N\ draw a line 

266 
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perpendicular to AO^ and from Pi draw a line parallel to AO. Let these lines 
intersect in Qi. Then NiQi = MiPx = CPisin OCPi. But CPi = l||ind the cir- 
cular measure of OCPi is OPi= OJV'i. If, then, we take ONi= ic, NiQi = y, 



Fig. 148 


Qi is a point of the curve y = sin x. By varying the position of the point Pi we 
may construct as many points of the curve as we wish. The figure shows the 
construction of another point Q 2 . 


Ex. 2. y ~ a sin bx. 

TT TT 

Wlien X is a multiple of , y = 0 ; when x is an odd multiple of — , y = ± a ; 

h 2 6 

for all other values of x, y is numerically less than a. The curve is similar in 

its general shape to that of Ex, 1, but the width of each arch is now - , and its 
height is a. Fig. 149 shows the curve when a = 3 and 6=2. ^ 



Fig. 149 


Ex. 3. y — a sin (6x -f c). 

c 

Place X = — - -f- x', y ^y'. 

6 

The equation then becomes y' — a sin 6x'. 

The graph is consequently the same as in Ex. 2, the effect of the term -}- c 
being merely to shift the origin. 
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Ex. 4. y — acosbx. 

This may be written y = a sin ^bx + ^ , 

which is a curve of Ex. 3. Hence the graph of the cosine function differs from 
that of the sine function only in its position. 

Ex. y — sin x + ^ sin 2 x. 

The graph is found by adding the ordinates of the two curves y = sinx and 
y = ^ sin2x, as shown in fig. 150. 


Y 



Fig. 160 


Ex. 6. t/ = sin - . 

X 

2 / = 0 when — = kn. i.e. when x = - » where k is any integer. Hence the 
X k 

graph crosses the axis of x at the points 1, J, etc. Between any con- 
secutive two of these points y varies continuously from 0 to ± 1 ^-ud back to 


r 



Fig. 151 


zero. It follows that as x approaches 0, the corresponding point on the graph 
oscillates an infinite number of times back and forth between the straight lines 
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y = rb 1. It is therefore physically impossible to construct the graph in the 
neighborhood of the origin. This is shown in fig. 161 by the break Ai the curve. 
It should be borne in mind, however, that the value of y can be calculated 


for any value of x no matter how small. E.g. let x 

-f —TT, and y = sin — = sin 76° = .9659. 

12 ’ ^ 12 


12 

126 


; then 


TT 

X 


126 TT 
12 


= 107r 


The value of y is not defined for x = 0, and the function is discontinuous 
at that point. 


Ex. 7. y — tanx. 

When x is a multiple of tt, y = 0; when x is an odd multiple of — , y is 

2 

infinite, in the sense of §§11 and 68. The curve has thei’efore an unlimited 

number of asymptotes perpendicular to OX, namely x = ±~, x = ± — » • • • , 

2 2 

which divide the plane into an infinite number of sections, in each of which 
is a distinct branch of the curve, as shown in fig. 162. 



Fig. 162 


150. Graphs of inverse trigonometric functions. The graphs of 
the inverse trigonometric functions are evidently the same as those 
of the direct functions, but differently placed with reference to the 
coordinate axes. It is to be noticed particularly that to any value 
of cc corresponds an infinite number of values of y. 
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Y 



Fig. 153 


Ex. 1. y = sin- lx. 

From this x = sin y, and we may plot the graph 
by assuming valiles of y and computing those of x 
(fig. 163). 

Y 



Fig. 154 


Ex. 2. y = tan-ix. 

Then x = tan y, and the graph is as in fig. 154. 
These curves show clearly that to any value of x 
corresponds an infinite number of values of y. 


151. Limits of and - — order to apply the 

h h 

methods of the differential calculus to the trigonometric functions, it 

is necessary to know the limits approached by and - — ~ — ^ 
as h approaches zero as a limit, it 
being assumed that h is expressed 

in circular measure, \ 

1. T^t AOB (fig. 155) be the ^ 

angle A, r the radius of the arc AB q a \i) 

described from 0 as a center, a the ^ / 

length of AB,p the length of the per- j / / 

pendicular BC from B to OA^ and | // 

t the length of the tangent drawn 
from B to meet OA produced in D , Fig. 166 


Fig. 165 



CERTAIN LIMITS 


Revolve the figure on OA as an axis until B takes ^e position 
Then BCB' = 2 BAB^ = 2 a, B^I) = BD. Evidjtly 


whence 


BD -f DB^ > BAB' > BOB', 
t> a> p. 


Dividing through by r, we have 


that is. 


tap 
- > > ~ , 
r T T 

tan Ji > Jit > sin A 


Dividing by sin Ji, we have 


or, by inverting, 


cos Ih sin h ^ 
ll 


Now as ll approaches zero, cos/t approaches 1. Hence 

n 

which lies between cos li and 1 , must also approach 1 ; that is, 

-r . sin ll 
Lim — — == 1. 

/t =5= 0 ll 


2. To find the limit of - , as h approaches 0, we proceed 

as follows : 


1 — cos Ji 
h 


2 sin^ X sin“ x 


_2 ^ A 

h 21 A 

2 \ 2 




Now as ll approaches zero as a limit, — j-^ approaches 1, as 


just shown, and therefore ~ — - 

h 




approaches zero, by 2, § 94. 


T . 1 — cos A ^ 

Lim = 0. 

A±0 A 


Therefore 
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152. Differentiation of trigonometric functions. The formulas 
for the differentiation of trigonometric functions are as follows, 
where u represents any function of x which can be differentiated : 


d 

du 

(1) 

dx 

sm u = cos u — > 
dx 

d 

du 

cos u=^ — sin u — > 
dx 

(2) 

dx 

d 

o du 

(3) 

dx 

tan u = sec zz — > 
dx 

d 

o du 

(4) 

cot Z6 = — CSC zz- — > 

dx 

dx 

d 

du 

(5) 

sec u = sec u tan u — - > 

dx 

dx 

d 

^ du 

(6) 

dx 

CSC ZZ = — CSC u cot u — • 
dx 


1 -r. /.T, ff n/. A . d . du 

1. By (7), §96, = 

To find ^ sin we place y — sin u, 
du 

Then if u receives an increment ^u, y receives an increment Ay, 

A • / ^A X • 9 / 

Ay = sin {u + /^u) — sin u = 2 cos / -|- — j sm > 

the last reduction being made by the trigonometric formula 

• T . a — h 

sin a — sin & = 2 cos — - — sm — - — 


Then we have 


Ay r, / . 

— ^ = 2 cos ( + — 
Au \ 2 


. Au 

^ sm— - 
Au\ 2 


cos lu + 


. Az^ 

sin 

\u\ 2 

2 / ^ 

T 


Let Au approach zero. By 2, § 94, 


Lim ^ = Lim cos (u + Lim ■ 
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But Liiu ^ , Lim cos = cos u, and ^im 

Ate du \ 2 / 

= 1 (§ 151). 


. Au 

sin-y^ 


Hence 


sin u =» cos u 


d . die 

sin u = cos u ~ — 
dx dx 


2. To find — cos u, we write 
dx 


cos u = sin I — — u j. 


d d . [tt 

— cos = — sin( -- • 


/tt \ d /it 
:C0s/-~^j — 


\ dll 

'^)dx 


(by (1)) 


= — sm ^ 


3. To find — tan Uy we write 
dx 


d , d sin u 

™ tan It = 

dx dx COS 


d . . d 

COS u ~ sm 21 — sm 21 — - cos u 
dx dx 


(by (5), § 96) 


(cos'^^z^ + sin^'2^) * 


(by (1) and (2)) 


a du 
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4. To find — cot u, we write 
dx 

, cos n 

cot U = 

Sin u 


d ^ d cos u 

Then — cot : — 

dx dx 811124 


d d . 

sill u — cos u — cos u — sill u 
dx dx 


sin^24 


— sin^24 — cos^24 du 


= — CSC 24 


du 

dx 


(by (5), §96) 


— (by (1) and (2)) 


d 

5. To find — sec 24 , we write 
dx 


sec 24 : 


cos 24 


= (cos u) 


Then 


d . d 

— sec 24 = — (cos 24) - cos 24 
dx dx 

sin 24 du 


cos‘^24 dx 


(by §97) 
(by (2)) 


= sec 24 tan u 


du 

dx 


6. To find — esc u, we write 
dx 


Then 


CSC 24 = = (sin v) \ 

sin 24 

d i • x-id , 

— CSC 24 = — (sin 24) ^ — sin 24 
dx dx 

^ du 

= — CSC 24 cot 14 * 

(a/JU 


(by § 97) 
(by (1)) 


Ex. 1. y — tan 2x — tan ^ x = tan 2x — (tan xy. 

-- = sec2 2 x -- (2 oj) — 2 (tan x) — tan x 
dx dx dx 

= 2 sec^ 2 X — 2 tan x sec^ x. 
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Ex. 2. A particle moves in a straight line so that 

8 = /c sin 

where t = time, a = space, and b and k are constants. Then 


velocity = u = — — hk cos bt^ 
dt 


acceleration = a ~ — = — bVc sin bt — — bH. 

dt^ ’ 

force — F ~ ma = — mb^. 


Let O be the position of the particle when i = 0, and let OA =-^ k and 
OB = — k. Then it appears from the formulas for s and v that the particle 
oscillates forward and backward between B and A, It describes the distance 

TT 2 TT 

OA in the time — , and moves from B to A and back to B in the time — • 

2 & b 

The formula F = ~ mb‘^s shows 
that the particle is acted on by a 
forc^ directed toward O and pro- A 
portional to the distance of the 
particle from 0. 

The motion of the particle is 
called simple harmonic motion. j) 

Ex. 3. A wall is to be braced 5 

by means of a beam which must 

pass over a lower wall b units ^ 

high and standing a units in front 
of the first wall. Required the 
shortest beam which can be used. 

Let AB = I (fig. 160) be the beam, and C the top of the lower wall. 
Draw the line CD parallel to OB and let EBC = B. Then 


l = BC + CA 

— EC CSC e -V DC sec 6 

= 6 CSC 0 -f a sec d 
dl 

— = — 6 CSC 6 cot $ + a sec $ tan 0 
id 

_ a sin®^ — b cos^^ 
sin2^ cos2^ 

— = 0, when a sin^^ = b cos®^, 


that is, when 


tan 6 = . 
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When d has a smaller value than this, a sin^^ < b cos^^, and when $ has a 

larger value, a sin^^ > b cos^S, Hence Zis a minimum when tan d — — . Then 

• 

I = b CSC 0 -{■ a sec 6 

+ a Va^ + 6^ 

= (a^ + b^)^. 

153, Differentiation of inverse trigonometric functions. The 

formulas for tlie differentiation of the inverse trigonometric func- 
tions are as follows : 


1. ^ sin — A - -- when sin is in the first or the 
^ V 1 — u ^ fourth quadrant ; 


Vi 


> when sin is in the second or 
the third quadrant. 


^ d ^ 1 du 

3. — tan = - 

ax 1 + IV dx 


'-■> when cos is in the first or the 


. / XXK^lL W XkJ JXX L/Xiv/ XXXK-7i/ v/x vxxv^ 

’vl’—u second quadrant ; 

—== when cos“^^^ is in the third or the 
1 ^ ^ fourth quadrant. 

1 du 


A d , y 1 du 

4. — cof^'i^ = — T — • 

dx 1 -f- u dx 


5. -7- sec u = 


1 du 


when sec is in the first or the 


dx 


third quadrant ; 

> when sec“^'2^ is in the second 
or the fourth quadrant. 


£* ^ — 1 
6. — CSC = — 

dx 


— , when CSC" ^ u is in the first or 

uy/u^ — 1 dx third quadrant ; 

— - 1 — - —y when csc"^^6 is in the second or 
— 1 dx fourth quadrant. 
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The proofs of these formulas are as follows : 


1. If 

y = sin ^Uy 


then 

sin y = 'll. 


Hence 

dy du 

(by § 152) 

or 

dy 1 du 

dx cos y dx 


But cos y = VT^ 
rant, and cos y = — 
quadrant. 

- 'u\ when y is in the first or the fourth quad- 
•Vl — when y is in the second or the third 

2. If 

y = COS'^'Z^, 


then 

cos y = - 2 ^ ; 


whence 

dy du 


or 

dy 1 du 


dx sin y dx 



But sin y = + V 1 — when y is in tlie first or the second 
quadrant, and sin y = — when y is in the third or the 

fourth quadrant. 


3. If 
then 

Hence 

whence 


y = tan ^ tty 
tan y 


^ dy du . 
sec"y-^ = 

dx dx 


dy __ 1 dn 
dx 1 + dx 


4. If 
then 

Hence 

whence 


y = cot ^u, 
cot y = %i. 


2 dy 
— c^c^y 

^ dx 


du 

dx 


^ ^ 1 

dx 


du 


1 + 'id dx 
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5. If 

then 

Hence 

whence 


?/ = sec~^^6, 

sec y — u, 

dy dll 
sec y tan y -f- = — > 
dx dx 

dy _ 1 du 

dx sec y tan y dx 


But ^^Q.y — 11 and i'<my — y/id — \ when y is in the first or 
the tliird quadrant, and tan ;y = — id — 1 when y is in the second 
or the fourth quadrant. 

6. If' y = 


Hence 


CSC y = u. 


— CSC y cot y 


<ll 

dx 


dll 

dx 


whence 


dy _ 1 du 

dx CSC y cot y dx 


But cscy = n and coty = + y/ id — 1 when y is in the first or 
the third quadrant, and cot y ~ — y/id — 1 when y is in the second 
or the fourth quadrant. 


Ex. 1, y sill- ^ Vl — where y is an acute angle. 

. ~ - - 

dx Vl-(l-a:q Vl~x2 

This may also be done by noticing that sin-^ Vl - — cos-Jx. 


Ex. 2. The example of § 107 may be solved by drawing a straight line from 
N to O (fig. 125), denoting the angle YOS by 6 and the subtended arc by s. 


Then 

and 

Hence 


.s - a0, 

OM Xi 

6 = 2- YLS = 2 tan-i — = 2 tan-i . 

OL a 

s = 2a tan- ^ , 

a 


1 


V = 


ds 

dt 


= 2a- 


a 



dx\ 

dt 


2 a2c 


and 
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154. The exponential and the logarithmic functions. The 

e(iuation _ 


defines y as a continuous function of x, called the exponential func- 
tion^ such that to any real value of x corresponds one and only 
one real positive value of y. A proof of this statement depends 
upon higher mathematics, but the student is already familiar with 
the methods by which the value of y may be computed for simple 
values of x. If = n, an integer, y is determined by raising a to 


the nt\\ power by multiplication. 


P 


If is a positive fraction — > y is 


the 2 ^th root of the jt)th power of a. If is a positive irrational num- 
ber, the approximate value of y may be obtained by expressing x 
approximately as a rational number. If = 0, y = a® = 1. Finally, 

if a* = — m, where m is any positive number, y = = — • 

a 

Practically, however, the value of is most readily obtained by 
means of the inverse function, the logarithm ; for if 


then 


a; = 


When a = 10, tables of log- 
arithms are readily accessible. 
Suppose a is not 10, and let h 
be such a number that 

lO"* = a, 


Then we have 


Hence 

and 


y a^ 

hx = log,„ 2 /, 

a; = . 

b iogioa 


r 



Ex. 1. The graph of y = log(i.6)X is shown in fig. 157. 

It is to be noticed that the curve has the negative portion of the y axis for 
an asymptote, and has no points corresponding to negative values of x. 
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Ex. 2. The graph of y = (1.6)* is shown in fig. 158. 


r 



155. The number e. In 

the theory and the use of the 
exponential and the logarith- 
mic functions, an important 
part is played by a certain 
irrational number, commonly 
denoted by the letter e. This 
number is defined by an 
infinite series, thus: 




It will be shown in the second volume that this series converges; 
i.e. that the greater the number of terms taken the more nearly 
does their sum approach a certain number as a limit. Assuming 
this, we may compute e to seven decimal places by taking the first 
eleven terms. There results 

^ = 2.7182818.... 


When y is called the natural or Napierian logarithm of y. 

The student will discover as he proceeds with his study that the 
use of Napierian logarithms in theoretical work causes simpler 
formulas than would arise with the use of the common logarithm. 
Hence, in theoretical discussions, the expression logx usually means 
the Napierian logarithm. On the other hand, when the chief inter- 
est is in calculation of numerical values, as in the solution of tri- 
angles, logic usually means logJ^,^c. In this hook we shall use log x 
for log,x. 

Tables of values of log^ic and c® are found in many collections 
of tables, and may be used in finding the graphs. It is evident, 
however, that the graphs will not differ in general shape from those 
in Exs. 1 and 2 of § 154. 

We give the graphs of certain other functions which involve e 
and present other points of interest. 
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Ex. 1. y = e~^^ 

The curve (fig. 15S) is symmetrical with respect to OY and is ^^ays above 
OX. When x = 0, y = 1. As at increases numerically y decreases, approaching 
zero. Hence OX is an asymptote. 


Y 



This is the curve (fig. 160) made by a string held at the ends and allowed to 
hang freely. It is called the catenary. 


Y 



Ex. 3. y = e~®*sin&x. 

The values of y may be computed by multiplying the ordinates of the curve 
y = by the value of sin hx for the corresponding abscissas. Since the values 
of sin 6a; oscillate between ± 1, the value of er^^sinbx cannot exceed those of 
Hence the graph lies in the portion of the plane between the curves 

y z= and y = — e“«®. When x is a multiple of - , y is zero. The graph 

b 
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therefore crosses the axis of sc an inlinite number of times. Fig. 161 shows the 
graph when a = 1, h — 2 tt. 


r 



When X approaches zero, being positive, ?/ increases without limit. When sc 
approaches zero, being negative, y approaches zero; e.g. when x= loV?)’ 

y = and when x = - V = function is therefore 

discontinuous for x = 0. ^ 


r 



The line y = 1 is an asymptote (fig. 162), for as x increases without limit, 

being positive or negative, i approaches 0 and y approach'^.s 1. 

X 
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1 4- e* 

As cc approaches zero positively, y approaches zero. As x approaches zero 
negatively, y approaches 10. As x increases indefinitely, y approaches 5. 

The curve (fig. 163) is discontinuous when x = 0. 


Y 



156. Limits of (1 + and 


In obtaining the formulas 


for the differentiation of the exponential and the logarithmic func- 
tions it is necessary to know certain limits, the rigorous derivation 
of whicli requires methods which are too advanced for this book. 
We must content ourselves, therefore, with indicating somewhat 

roughly the general nature of the proof. 

1 

1. We require the limit of (1 A)'* as li approaches zero. We 

begin by expanding (1 + lif by the binomial theorem and making 
certain simple transformations ; thus : 


1/1 


( 14 -/ 0 ^ 


.1 , A VA 
: 1 + - • A + 

A 


A^ + 


1 / 1-1 

h\h 




+ [2 


[2 




h^ + 


2h) 


[3 

Jt, 


+ 
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where A represents the sum of all terms involving li, A®, etc. 
Now it may be shown by advanced methods that as A approaches 
zero R also approaches zero, and at the same time 





approaches e. Hence i 

Lim {l + hy 

A = 0 

— 1 

2. We require the limit of — - — as h approaches zero. 
Let us place e^ — 1— k, 


where evidently k is a number approaching zero as h approaches 
zero. Then 

= 1 + ky whence = log (1 + k). 

Then we have 


1 _ 1 

^ log ( 1 + A) 1 iQg ^ 2 + A) log ( I + A)* 

I 

Now as h approaches zero k approaches 0, and (1 + ky approaches 

1 

e by the previous proof. Hence log(l + 7i’)^ approaches log e, which 
is 1. Therefore >__i 

Lim = 1. 

A = 0 th 


157. Differentiation of exponential and logarithmic functions. 

The formulas for the differentiation of the exponential and logarith- 
mic functions are as follows, where, as usual, u represents any func- 
tion which can be differentiated with respect to Xy log means the 
Napierian logarithm, and a is any constant: 


dx 


log'^6 == 


„ du 
^ d^' 
1 du 
u dx 


A 

dx 




a“ log a 


du 

dx 


d , dto 

-log,. = -^-. 


( 1 ) 

( 2 ) 

(3) 

(4) 
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1. By (7), I 96, 

(L 

To find — - e", place y — e“. Then if v, receives an increment Aw, 
du 

y receives an increment Ay, where 

Ay = e” + — e” = e” 1). 


Then 


All- 


Now let Ai^ approach zero. 


By § 94, 
But 

and 

Tlierefore 

and 

2. If 
then 

Hence 

whence 

3. Let 


-p. Ai/ 6^ —1 

Liio Lim — 

Lii Alt 


Lim ^ e- 

A<( rfw c?w ’ 
1 

Lim — - — = 1. 

Aw 

d 


du 

d 


r" = e , 


d'jij dtXj 


y = log w, 
== u, 

,,dy du 
_£ = — , 

dx dx 


dy du du 
dx ey dx u dx 


by 2, § 156 


t>y (1) 


y = a\ 

Then it is always possible to find a quantity 5 such that 

a = « 5 ^ 

h = log a. 


whence 
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Then 

y = [iy = ef”‘, 


and 

dx dx ' ^ 

by (1) 


• 

dx 


4. If 

y = log„«, 


then 

a" = u. 


and 

„ , y dn . 

by (3) 

whence 

rf// 1 1 du 

dx log ^ dx 


But if 

log a = hy 



a = d*, 


whence 

1 


and therefore 

J = log„e, 


or 

1 = log„c. 

log a 


Hence 

dy log^^ dib 
dx u dx 


Ex. 1. y = log(x2 

- 4x -f 6). 



dy _ 2 X — 4 

dx x2 — 4 X + 6 


Ex. 2. 1 / = e-**. 

^=-20=6-=^. 

dx 

Ex. 3. y = e-^cosbx. 


= cos bx ~ {e 
dx dx 

d 

-ax\ ^ g-ax — (cosfex) = — ae~«®cos5x — 6e“«*sin &x, 
dx 
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158. All important property of the exponential functions is 
expressed in the following theorem : If the rate of change of a 
f 'miction is proportional to the value of the function , the function 
is an exponential function. 


Let 



Then 

Hence 


or 


1 ^ 
y d. 


log y = ax + c„ 


y 






ce" 


Ex. Letp be the atmospheric pressure at the distance h above the surface 
of the earth and p the density of the air. We will assume that the density is 
proportional to the pre.ssure. Tlien if po and po are the density and the pressure 
respectively at the surface of the earth, 

Po Pf 

whence p - • p. 

Vo 


Let now the height h be increased by a distance A/i. The pressure will 
be increa.sed by an amount Ap, where — Ap is equal to the weight of a column 
of air standing on a base of unit area and having a height A/i. If p is the density 
at the height h and p — Ap the density at the height h -f A/i, it is evident that 
the weight of this column of air lies between (p — Ap) Ah and pAh ; that is, 


{p — Ap) Ah < — Ap < pAh, 


whence 


. Ap 


Taking the limit, we have 


dp .Ap Po 

dh Ah ^ Po 


Therefore 


p — ce Po . 


Since when A = 0 , e i’o =1 and p = po, it follows that c = po. 


Hence 


or 


P=PoC PO , 
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159. Sometimes the work of differentiating a function is sim- 
plified by first taking the logarithm of the function and then 
applying the formulas of this article. 


Ex. 1. Let 

Then 


Hence 


and 


y = 

V I _ X2 

= h 'og (1 - **) - I >og (1 + *“)• 

1 dy _ X X 

y dx 1 - 1 + x2 

_ — 2x 

~ ^X^(T-1-"x2) 

^ - -- 2xy 

dx “ (1 _ x^) (1 + x2) 

^2x Il-x2 

”■ (1 - x2) (1 + aj2) \ 1 + x^ 

_ - 2x 

(1 + X2) Vl-X4 


1 -X 2 
1 + X 2 ’ 


This method is especially useful for functions of the form 
where u and v are both functions of x. Such functions occur 
rarely in practice, and cannot be differentiated by any of the 
formulas so far given. By taking the logarithm of the function, 
however, a form is obtained which may be differentiated. 


Ex. 2. Let 
Then 


Therefore 

and 


y =r 

log y — log (x®^n^) 

= sin X • log X. 

— ^ = (sin x) - -f cos X • log X, 
y dx X 

^ — ajBinx-i . sin X + cos x • log x. 


160. Hyperbolic functions. Certain combinations of exponential 
functions are called hyperbolic functions. In their names and 
properties they are analogous to the trigonometric functions, but 
the reason for this cannot be shown at present. The fundamen- 
tal hyperbolic functions are the hyperbolic sine (sinh), the. hyper- 
bolic cosine (cosh), the hyperbolic tangent (tanh), the hyperbolic 
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Relations between hyperbolic functions may be derived by 
expressing each in terms of the exponential functions. The 
student may in this way prove the following relations : 

cosh^iT — sinh^^L’ = 1 , 
tanh‘'^i>c + sech^^ = 1, 
cotlV'^^ — cosech’^o; = 1, 


smh {x±y)^ sinh;^ coshy ± cosher sinhy, 

cosh (x ±y) = cosh.x’ coshy ± sinh.>c sinh y, 

, 1 , , X tanho? ± tanh?/ 

tanh (x ± y) = ; . 

1 ± tanho? tanliy 


Y 



+ / 

\ 



0 ^ 

Fig 

The derivatives of the hyperbc 
by differentiating the equations 
this way : ^ 

sinh u — cosh 
dx 

f cosh ii = sinh 
dx 

-1 

, 16 C 

)lic functions are readily obtained 
wliich define them. We have in 

du 

dll 


d ^ ^ o du 

^ tanh u — sech u — , 
dx dx 


— coth = — cosech*^ u 
dx 


dll 

dx 


sech u ^ — sech u tanh ii ^ > 
dx dx 

cosech = — cosech ii coth it 
dx dx 
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161. Inverse hyperbolic functions. If 

X = sinh y, 

then 2 / = sinh"'^, 

called the mverse hyperbolic sine of x. 

This function may be expressed as a logarithm as follows : 

We have y == sinli”^^’, 

and X = sinh y = — 

^ 2 

Placing e“^=iand clearing of fractions, we have 
6 

e2»_ 2a^!' = l. 


Treating this as a quadratic equation in e", we have 
e‘' = a; ± + 1 ; 

but since we know that for any real value of y, e'' is positive, we 
discard the minus sign before the radical and have 

y — sinh~ ' x = log {x + + 1 ). 


In the same manner, the student may prove the following ; 

COsli“hc = log {x ± V.a;* — 1) 

= ± log {x + — 1)> 

tanlr ‘ « = i log U ’ 

^ 1 — X 


cotlr'x = I log \ , 

, l±Vl — X'* , , 

sech ‘ X = log = ± log 


1 + Vl-x* 


X 


cosech ' X == log 


l + Vl + x" 


X 
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The derivative of the inverse hyperbolic functions can be 

obtained by differentiating the expressions just obtained, or by 

proceeding in the same manner as in § 153. In either way 

we find: , ^ , 

{/ . , I \ . an 

— smh — > 

dx '\n^+\dx 

d , . \ dn 

— cosh ^n-=± — — , 

dx 1 

d , . y \ dn 

— tanh ^n = ^ , 

, dx 1 — u dx 

c? , , . \ dn 

— coth = - 

dx V—'Udx 

d . . 1 dn 

dx V 1 — dx 


— cosech ^u . 
dx 


d'li 


n 


y/l+ dx 


Ex. Consider the motion of a particle of unit mass falling from rest, and 
impeded by a force proportional to the square of its velocity. The total force 
acting on the particle is then g — where g is the acceleration due to gravity, 
and A: is a constant. Hence 




dv 



di 

whence 


1 dv 

g — kv^ dt 

or 

1 

1 dv 

g' 



9 

To bring this under one of the known formulas of differentiation we will 
place 




whence 

We have, therefore, 
whence 

or 


1 


dv 
~dt 
1 du 


Ig ^ 

kdt' 


= 1; 


Vfe^ I - M* 

: tanh-i u = t-^Cy 


1 




tanh- 1 


4 ’ 


t^c 
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But since the body falls from rest, when t = 0, i? = 0; therefore c = 0. 
The equation may be written 



V = -y 1 tanh t 

that is, 

(Is jg sinh t 


dt \lk coshfV^ 

Hence 

8 = - log cosh t \^kg + c. 
tc 


162. Transcendental equations. Equations involving transcen- 
dental functions can often be solved by methods similar to those 
used for algebraic equations. Graphical methods can often be used 
to advantage. 

Ex. 1. sinx = a. 

The solutions of this equation are the abscissas of the points of intersection 
of the curve y = sinx and the straight line y — a (fig. 167). If a > 1 or a < — 1, 
there are no real solutions ; otherwise there are an infinite number of solutions. 

Let us call the smallest positive root Xi, where 0 < xi < ~ if a is positive, and 

2 


Y 



TT < Xi < 2 TT if a is negative. The value of Xi must be found from a table or 
approximately from the graph. The next largest positive root is then tt — X\ 
when a is positive, and 3 tt — Xi when a is negative ; and all other roots, positive 
or negative, are found by adding or subtracting multiples of 2 7r. Hence the 
general solution is 2 fc7r + Xi and (2 A: -f l)ir — Xi, or, more compactly written, 

’ A:7r 4- (— 

where k is any positive or negative integer or zero. 

Ex. 2. cosx = a. 

The general solution is 2 kir ± Xi, where Xi is the smallest positive solution 
and k is an integer or zero. The proof is left to the student. 

Ex. 3. tanx = a. 

The general solution is kw + Xi. The proof is left to the student. 
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Ex. 4. cos 2x = 2 cosx. 

Wher. iin equation involves two or more trigonometric functions it is well to 
write it in terms of one. The above equation may be written 

2 cos^x — 1 = 2 cosx, 

which is a quadratic equation in cosx. Solving, we have in the first place 

cos x = ^ Vs, 

but the plus sign may be disregarded, since for real angles cosx is not greatei 
than 1 numerically. The equation 

cos X = i — \ Vs 

is now to be solved as in Ex. 2. There results x = 2 Att T l.b40. 

Ex. o. tanxrrA'x. 

The roots of this e(juation are the abscissas of tlie points of intersection of 
the curve 2 / = tanx and the straight line y = kx (fig. 1()8). 



Eio. 108 


The two intersect at the origin, but the other intersections depend upon the 
value of k. Since the slope of the curve y = tan x is 1 wlien x -= 0, and . - 1 when 

0 < X < ^ , we need t(» distinguish three ca.ses, according as k > 1, ()< k < I, k<0. 
2 
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The graph sliows that if A: > 1, the smallest positive root lies between 0 and 

^ ; if 0 < A; < L fl^^^ smallest j^ositive root lies between tt and ; and if A: < 0, 

the smallest positive root lies between and tt. 

2 

We shall now find the smallest jiositive root in the special case 


tan x~2x. 


We must first locate the root {§ 47), either by the graph or by means of a table. 
If a table is used, it must be one in which angles are given in radians. We shall 
use the table on page 1 .j 2 of Professor B. O. Peirce’s “ Short Table of Integrals.” 
We liiid, by looking for a place in the tables where the tangent of an angle is 
approximately ecjual to twice the angle, that when x = 1.1630 (00^ 40'), tanx 
= 2.3183, and when x 1. 1605 (00° 50^, tan x = 2.3309. Consider now the cuiwe 

y = tan x — 2 x. 

When Xx — 1.1030, yx = ~ .0089, and when x .2 — 1.1005, ^2 = .0039. 

Hence the curve intersects OX between X\ and Xo, and a root of the equation 

tan X — 2 X = 0 


is therefore located to two decimal places. To locate the root more closely we 
will use the method of § 63. We have 


and 


dg 

dx 


- .sec“X — 2, 


- 2 tan X .sec^x, 
dx- 


both of which are positive when x is between X\ and Xo. Hence that portion of 

(he curve ^ 

?/ — tanx- 2.r 

appears as in fig. 04, (1), and its intersection with O.Y lies between the tangent 
at (X 2 , ^ 2 ) and the chord connecting (xj, t/i) and (Xo, y^). 'flu^ tangent at (Xo, 7 / 2 ) is 


y - .0039 = 4.461 (X - 1.1605); 

the chord is y ~ .0039 — ' (x — 1.1665), 

.0029 

and the point of intersection of each with OX is found to be 

X ~ 1.1650 

to four places of decimals. This is therefore the root of the equation to four 
decimal places. 


Kx. 0. - 4 x2 - 2 X -f 3 = 0. 

'fhc roots of tills eiiuation are the abscis.sas of the points of intersections of 
tlic curves y -= and y ~ Ax'^ + 2x ~ 3, and may be found graiiliicaHy or by 
means of tables to lie between — 1 and — 2 and between 0 and 1. To iletermine 
die root between 0 and 1, we place y — 4x‘‘2 ~ 2x + 3. When Xi = 0, 
“ 4, and when .x-j ~ 1, y^i .282. 
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Also — 8 a; — 2, 

dx 

and . g = 

which are both negative when x is between 0 and 1. Hence the portion of the 
curve in question has the shape of fig. 64, (4), and its intersection with OX lies 
between that of the tangent at ( 0 : 2 , 2 / 2 ) and that of the chord connecting (xi, yi) 
and {X 2 ^ 2 / 2 )- The tangent is 

y + .2S2 = - 7.282 (X - 1), 
which intersects OX when x = .97 — . The chord is 
2 / 4- .282 = - 4.282 (x- 1), 
which intersects OX when x = .93-f . 


If we now place Xi = .03, yi = .2149, and if X 2 = .97, 2/2 = — .0667, the tan- 
gent at (* 2 , j/a) is _ _ -j 1221 (a: - .97), 

which intersects OX where x = .9608— ; and the chord between (Xi, yi) and 


(« 2 , 2/2) is 


yq_.0657 = --|?^(x-.97), 


which intersects OX where x = .9606+. 

Hence a root of the equation lies between .9606 and .9608. 


PROBLEMS 

Plot the graphs of the following equations : 

1. y = ctnx. 

2. y = sec x. 

Z. y = cscx. 

4. y = versx. 

5. y = J sin 3 x. 

6. y = sin x 4- J sin 3 x. 

7. y = sinx 4- sin 2x. 

8 . y = 2 sin x — sin 2 x. 

9. y = cos x 4- J cos 3 x. 

10. y = 1 — cosx — § cos 2 X. 

1 


11. y = xsin - . 

X 

12. y = x^sin i . 

X 

1 

13. y = e 1“-^. 

l-x 

14. y = xe ^ . 

1 

15. y = xe-^. 

16. y = log (sinx). 

17. y = tan- 1 (ox 4- b). 

18. y = )og?-^. 

X 4- 1 


19. Plot the graph of the equation y = ~ sin x, and determine what relation 
it has to the hyperbolas xy = ±h 

20. Plot the graph of the equation y = sin x®, and show that the distance 
between two consecutive intercepts on OX approaches zero as a limit. 
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■ in each of the following cases ; 


21 . 

22. 

23. y = 

24. y = 


' = sin (ax + b) cos (ox — b), 

' = tan (ax -f 6) ctn (ax + c). 
r — 2 X -f- ctn 2 X 

sec4x 

csc2x 
_ sec 3 X 
tan 3 X + 1 
= CSC 2 X — ctn 2 x. 

= 8ec"»nx C8c"mx. 

= sec22x -f tan2x. 

= ctn 4 X CSC 2 X. 

= sin (x coax). 

= (cos^x + f)8in»x. 

= (2 sec< X 4- 3 sec^ x) sin x. 
_ sin^x 
V 1 — cos 2 X 
= cos Vl — x2. 
sin 2 X cos 2 x 


36. y = 


37. y = 


38. y = I 


Va^ -x 3 


40. y = 


sin- 1 

a 4 - X 




42. i/ = 

43. y = 


csc->(x* + 2x). 
, . 2az 


44. i/ = 


tn- 1 2 tan- ^ - - 

x2 - aa a 

1 ,6 4-acosx 

/(ja _ 5 ‘i a 4- 6 cos X 


: sin-1 (2xvl — ica). 
. 2x~l 


= sec- 1 V 4 x^ 4- 4 X 4- 2. 


K-i)- 


r — ^a:* + 2x^ 


\x* + a* 

X 

log (2 X 4- 1 4* 2 Vx* 4 - x). 


= x^ log x2. 

~ X Bee* 

= tan 2x • 

— e(« + x>*sin mx. 

= C8c-i(8ec2x). 

= (x 4- a)e^“~*^i. 


e* 4- e-* 

, 3 tan X -I- 1 

= log 

tan X 4- 3 

e* 4- C-* 

= sec-i - — 

2 

= e^cosa cQs (a- sin a). 

= log tail (x* -f a^). 

= X cos-ix — V^l — xa. 

= ^ log (sec ox 4“ tan ax). 

= (X 4* a Vl ~ 

= log Vl 4 - x^ 4- X ctn-^x. 
xcos-ix , _n -T 


log Vl - x5i. 

Vl-x^ 

e«-^ (a sin nix — m cos mx) 
4 * a* 
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ft iC 

= x 2 ctn- \ - 4 - oC^ ax, 

X a 






72. y 

73. y 

74. 2 / = log(x 4 - Vx^ — a‘^) 4- cos"i 

75. 2^ 

76. y 


77. y 

78. y 

79. y : 

80. y: 

81. y: 


log (x 4 - — a^) — esc 

tan-* * Vx^ — 2 X 
2 


X 

X 

a* 

X 

a 

log(x - 1) 


/x“ — 2 X 


tan- 1 


VNia + A 2/ 


Va2 — 6- 
log tan (2 X 4 - 1 ) 4 - c.se (4x4- 2 ). 

V2 ox — X2 
a 


; V2 ax — X- 4- a cos- * 

X Va- 4* X- 4- a2 log (x 4- 4- x^). 

. I2 — 1 2 Vx .SfH'" '2 Vx 

loS \ , — 

N 2 Vx 4- 1 Vj X - 1 


V 2 ox — x 2 4 sin * 


82. y 

83. y = tan - 1 (x — Vx^ — 1 ) 4 - log 

84. y 

85. y = ^ Vl — x’^ — tan- * VT 

86. y 


X — a 
a 


Vx2 - 1 


log(e'^4-2) , /- — 

.j. c.sc-i 4 - 2e^, 

VeS X ^ 2e^ — 1 


' ioB « + ViTTi). 

2 V2 V2 + 2x2 + X 


87. y 

88. j/ 

89. y 


: (sin Vx)**"'^*. 

: Vsinx. 

= x<*'). 


90. y = (x)-'*. 

91. yr=(e)^. 

92. y = (a + x)**"-* <“ + *■>. 


dy 

Find — in each of the following cases ; 
, dx 

93. xJf 4 - xy ~ 0 . 

94. y tan-* X — y2 4 . x^ — 0. 

95. y .sin X — cos (x — y) = 0 . 

96. ye”y = ax"*. 


97. sin y — cos x ~ 0. 

98. y sin X -f x tais y = a*y. 

99. y logx . X sin y. 

100 . xy =r- tair * 

V 
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Find — , ^ in each of the following caees: 

dx d** 

,-1^-0. 103. log - log = 1. 


101 . log {*3 + y*) — 2 tan-i 

102. e* + = 1. 

106. 

107. 

may be 


*1 + 2 ^ 

104. aj - y = log(x + y). 

105. e^+y = xy. 


108. 

109. 

110 . 
111 . 


At what points is the curve y = sin x -f sin 2 x parallel to the axis of x ? 

What value must be assigned to m that the curve y = 1- tan-i(x + m) 

f) mx 

parallel to OX at the point the abscissa of which is 1? 

Find the angle of intersection of the curves y = sinx and y = cosx. 
Find the angle of intersection of the curves y = sin x and y = sin (x -f «)• 
Find the angle of intersection of the curves y = sinx and y = sin 2x. 
Show that the portion of the tangent to the curve 




® I 

y= \og 

^ a ~ Va2 _ 


included between the point of (‘ontaet axis of y is constant. (From this 

property the curve is called the tractrix.) 

112. Find the points of inflection of the curve y = 2 sinx — ^ sin 2x. 

113. Find the point-s of intieetion of the curve xy ~ a^log^- 

114. Find the points of inflection of the cui-ve y = e~^ 

115. Prove that the curve 

y zr X — sin X H- sin 2 x 

has an indefinite number of points of inflection, and that two of them lie between 
the points for which x = 0 and x = 10 respectively. 

116. Plot the curve y = siu’^x, finding maxima and minima, and points of 
inflection. 


117. Plot the curve y — c-^’^coshx, and prove that it is tangent to the curve 
y — wherever they have a point in common. Find maxima and minima and 
pointe of inflection of this curve when a — b — 1. 

118. Plot the curve y = x"e“^ (n > 0), finding maxima and minima and points 
of inflection. 

119. A body moves in a plane so that x = a cos f 4- 5, y = a sin f -f- c, where 
t denotes time and a, 6, and c are constants. Find the path of the body, and 
show that its velocity is constant. 

120 . A rectilinear motion is expressed by the equation s = 6 — 2 cos^f. Show 
that the motion is a simple harmonic motion, and express the velocity and the 
acceleration at any point in terms of a. 
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121. A, the center of one circle, is on a second circle with center at B, 
A moving straight line, AMN, intersecting the two circles at M and N respec- 
tively, has constant angular velocity about *A. Prove that J5iV' has constant 
angular velocity about B. 

122. Two particles are moving on the same straight line, and their dis- 
tances from the fixed point 0 on the line at any time t are respectively 

x = a cos wt and x' = a cos 
distance between them. 

123. A ladder b ft. long leans against a side of a house. Its foot is drawn 
away in the horizontal direction at the rate of a ft. per second. How fast is its 
center moving ? 

124. If a particle moves so that 

s = i (a sin At -f h cos At), 

find expressions for the velocity and the acceleration. Hence show that the 
particle is acted on by two forces, one proportional to the distance from the origin 
and the other proportional to the velocity. Describe the motion of the particle. 

125. If s = -h be-^*^ show that the particle is acted on by a repulsive 
force which is proportional to the distance from the point from which s is 
measured. 

126. BC is a rod a ft. long, connected with a piston rod at C, and at B with 
a crank AB b ft, long, revolving about A. Find O’s velocity in terms of AB's 
angular velocity. 

127. A man walks along the diameter, 200 ft. in length, of a semicircular 
courtyard at a uniform rate of 6 ft. per second. How fast will his shadow move 
along the wall when the rays of the sun are at right angles to the diameter ? 

128. How fast is the shadow in the preceding problem moving if the sun’s 
tays make an angle a with the diameter ? 

129. Given that two sides and the included angle of a triangle have at a 
certain moment the values G ft., 10 ft., and 30® respectively, and that these 
quantities are changing at the rates of 3 ft., — 2 ft., and 10° per second respec- 
tively, what is the area of the triangle at the given moment, and how fast is it 
changing ? 

• 130. One side of a triangle is I ft., and the opposite angle is a. Find the 
other angles of the triangle when its area is a maximum. 

131. A tablet 8 ft. high is placed on a wall so that the bottom of the tablet 
is 20 ft. from the ground. How far from the wall should a person stand in order 
that he may see the tablet at the best advantage, i.e. in order that the angle 
between the lines from the observer’s standpoint to the top and the bottom of 
the tablet may be the greatest ? 

132. A weight P is dragged along the ground by a force F. If the coefficient 
of friction is iT, in what direction should the force be applied to produce the 
best result ? 


Of and a being constants. Find the greatest 
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133. An open gutter is to be constructed of boards in such a way that the 
bottom and the sides, measured on the inside, are to be each 4 in. wide, and 
both sides are to have the same slope. How wide should the gutter be across 
the top in order that its capacity may be as great as possible ? 

134. Above the center of a round table is a hanging lamp. What must be 
the ratio of the height of the lamp above the table to the radius of the table 
that the edge of the table may be most brilliantly lighted, given that the illumi- 
nation varies inversely as the square of the distance and directly as the cosine 
of the angle of incidence ? 

135. A steel girder 27 ft. long is to be moved on rollers along a passageway 
and into a corridor 8 ft. in width at right angles to the pEissageway. If the hori- 
zontal width of the girder is neglected, how wide must the passageway be in 
order that the girder may go around the corner ? 

, 136. Find the area of an arch of the curve y — sin x. 

137. Find the area bounded by the axis of y and the portion of the curves 
y — sinx, y = cosx, lying between x = 0 and x = tt. 

138. Find the area bounded by the portions of the curves 2 / = ^ sin 2 x and 
2/ = sin X 4- ^ sin 2 x that extend between x = 0 and x = tt. 

139. Find the area between the curve y = e*, the axis of x, and the ordinates 
X = 0 and x = 1. 

140. Find the area bounded by the axis of x, the catenary, and the ordinates 
X = ± a. 

#141. Find the area bounded by the axis of x, the curve y = and the 
ordinates x = 1 and x = 2. 

142. Find where the ordinate of the witch should be drawn in order that 
the area between that ordinate, the witch, the axis of y and the axis of x should 
be equal to the area of the circle used in the detinition. 

tl43. Show that for the catenary 
expression for the length of s. 

144. Find the curve the slope of which at any point is k times the reciprocal 
of the abscissa of the point, and which passes through (2, 3). 

145. Find the curve the slope of which at any point is k times the oixiinate 
of the point, and which passes through the point (a, h). 

146. Find the space traversed by a moving body in the time t if its velocity 
is proportional to the distance traveled. 


- = e «), and thence find an 

dz 2^ 


Solve the following equations : 

147. tan X = cos x. 

148. COS 2 X = J cos X. 

149. sin 2 ^ cos 2 ^ 4- 2 sin ^ = 0. 

150. sin 4x — 2 sin x cos 2 x = 0. 

151. sin^x4-8 cos^x— 4sin2xcos‘‘^x=0. 


152. tanx = x. 

153. tan X = X. 

154. X — I sinx = 

155. e* = x^. 

156. logx = J*. 



CHAPTER XIV 


PARAMETRIC REPRESENTATION OF CURVES 

163. Definition. Thus far we have considered a curve as 
represented bv a single ecjuation connecting x and y. Another 
useful method is to express x and y each as a function of a 
third independent variable ; thus : 

!/=fX)< 

where t is an independent variable and fy{i) and /o(0 
continuous functions of /. As t varies, x and y also vary, 
and the ))oint (/’, y) traces out a vurviK Py eliminating t be- 
tween the two eijuations the curve may often be expressed 

by a single equation between 
./• and //. 

164. The straight line. 

l.et y^) (lig. 169) be a 
fixed point on a straight line 
and (f> be the angle which 
tlie line makes with a line 
I*// ])arallel to OX. L(*t 
.V P(x, y) be any ])oint on 
the line, and r the distanc.e 
from to Py where r is 
])ositive when P is on the 
terminal line of and negative wlien /j is on the backward exten- 
sion of the terminal line. Then, for all possible positions of P 
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11iis is a j)araiuetric rcpreseritaliori of ilio straight line, where 
r is the arbitrary parameter. Illustrations of tlie use of these 
e<|iiations have l)een given in §§ 136 and 138. 

Another parametric representation of a straight line is furnished 
by tlie e<iuations of § 19, 

= 4- 

// = y, + e.//o- //,), 

where I is the parameter and and (./ ,,//.,) are fixed points. 

jMore generally, the (S|uations 

^ (f + y 

wh(‘r(‘ e, //, /, are constaids, and f is an arbitrary }>arameter, 
ri‘j)r(‘S(mt a straight lin(\ For these e([uations are e(|uivalent to 

// — / = — ")■ 

165. The circle. la't 
//) (lig. 1 70) l>e any 

]M>int on a (‘irele with its 
('enter at the origin O, and 
its radius e(jual to e. l.i^t 
be th(* angle made by OP 
and tLV. Then from the defi- 
nition of the sine and cosine 

j', =z a (M)s cf>, 

y =: a sin(/), 

the ])arainetric ecpiations of 
})aramet(*r. 

166. The ellipse. Take the ellipse 

_ + 1 , i„>h) 

a h 

and on its major axis as a diameter construct a circle. Take 
//) (lig. 171) any ])oint on the ellipse, draw the ordinate MP 



the circle with </> as the arbitrary 
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and prolong it until it meets the circle in Q. Call the coordinates 
of Q ( 00 , y'). Then from the equation, of the circle 



y=: 


and from the equation of 
the ellipse 



Hence y == - 


Draw the line OQ, mak- 
ing the angle XOQ = (f), 
Then, as in § 165, 

a cos <!>, 
y' = a 8in<f>. 


By substituting for y' its value in terms of y, we have 
x = a cos (f>, y =2 b sin (f>, 

the parametric equations of the ellipse. 

<f> is called the eccentric anyle of a point on the ellipse, and 
the circle y^= is called the auxiliary circle. 


Ex. The parametric equations of an ellipse may be used to find its area. 
For if A is the area bounded by the ellipse, the axis of y, the axis of x, and 


any ordinate MP (fig. 171), 

then (6, § 109) 



dA 

dz 

dA dA 

(1) 

But 

dA d,<p d<p 


dz dx — asin0 



d<f> 


and 

y = 6 sin 0. 



Therefore (1) is equivalent to 
dA 
d4> 

„ , , /sin 2 0 

Hence A = ab I 

\ 4 


. = ab 8in2 (p = ab 


cos 2 0 — 1 


-I) 


2 


+ c. 
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When ^ ^ = 0 ; hence c = — — . 

2 4 


Therefore 


V 4 2 4 / 


When 0 = 0, is one fourth the area of the ellipse. Therefore the whole 
area of the ellipse equals vab. 


167. The cycloid. If a circle rolls upon a straight line each 
point of the circumference describes a curve called a cycloid. 

Let a circle of radius a roll upon the axis of x and let C 
(fig. 172) be its center at any time of its motion, N its point of 



contact with OX, and P the point on its circumference which 
describes the cycloid. Take as the origin of coordinates, 0, the 
point found by rolling the circle to the left until P meets OX. 
Then 

OiV= arc PiY. 


Draw MP and CN each perpendicular to OX, PR parallel to 
OX, and connect C and P, Let 

NCP = <i>. 

Then x==OM-= OX ~ 3fX 

^aroNP-PR 
= a (j> — a sin (p. 
y=zMP:=X^C-RC 
= a — a cos<f>. 

Hence the parametric representation of the cycloid is 

x = sin (f>), 

y = a(l — cos<^). 
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By eliminating </> the equation of the cycloid may be written 

,r = (( cos * P — 1 /“^ 

a 

but this is less convenient than the parametric representation. 

At eacli point where the cycloid meets OX a sharp vertex called 
a cusp is formed. The distance ])etweeu two consecutive cusps is 
evidently 2 ira, 

168. The trochoid. At'^hen a circle rolls upon a straight line, 
any i>oint upon a radius, or upon a radius produced, describes a 
curve called a trochoid. 



Let the circle roll upon the axis of ./*, and let O (ligs. 173 ami 
174) be its center at any tijne, N its point of contact with the 
axis of y) the point whi(*h descnlbes the ti’ocdioid, and 



K the point in which the line Ol* nuads the circle. Take as 
the origin 0 the point found l)y rolling the cnrcle toward the 
left until K is on the axis of x. 'Uien 


O.V=arciVA: 
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Draw PM and CN perpendicular tn OA\ and through P a line 
parallel to OX, meeting CN or CN produced, in li. Let the radius 
of the circle be a, CP be k, and NCP be </>. Then 

x=^OM=-()N - MN 
= arc NK — PR 
= a(f)~h sine/). 
y=^MP = N(^~RC 
~ a — k cos 

169. The epicycloid. When a circle rolls upon the outside of 
a fixed circle, ea(*h point of the circumference of the rolling circle 
describes a curve called an epicycloid. 


} 



Let ^>^(hg. ITb) be the center of the fixed circle, the center of 
the rolling circle, N its juiint of contact with the fixed i*irc-le, and 
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P{Xy y) the point which describes the epicycloid. Determine the 
point K by rolling the circle C until P meets the circumference 


of 0. Then 


arc KX = arc NF. 


Take 0 as the origin of coordinates, and OK as the axis of x. 
Draw PM and CL perpendicular to OX, PS parallel to OX, meet- 
ing CL in Ry and connect 0 and C, I^t the radius of the rolling 
circle be a, that of the fixed circle h, and denote the angle OCP 
by Q, the angle KOC by Then 

arc KN — b<f>y arc XP = ad ; 
whence h(f> = ad. 

We now have x = OM ~ OL + LM 

= OC cos KOC - CP cos SPC 
= (a + b) cos (f> — a cos (<f> + d) 

/i7\ JL 

= (a -f- b) cos 9 — a cos 9. 

y = Mr = LC-RC 

= OC sin KOC - CP sin SPC 

= {a'+ b) sin ^ — a sin (</> + d) 

/ I 7 \ • JL • ^ d" & , 

= (« + ^) sin (f> — a sin 9. 

CL 


The curve consists of a number of congruent arches the first of 
which corresponds to values of d between 0 and 2 tt, that is, to 

2 air 

values of <f> between 0 and Similarly the ^th arch corre- 
sponds to values of <i between and — « Hence 

h b 

the curve is a closed curve when, and only when, for some value 
0 f^aTT 

of ky — is a multiple of 2 tt. If a and b are incommensurable, 

a 7) 7) 

this is impossible, but if -- = A , where A is a rational fraction in 

h q q 

its lowest terms, the smallest value of k=: q. The curve* then con- 
sists of q arches and winds p times around the fixed circle. 
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170. The hypocycloid. When a circle rolls upon the inside of 
a fixed circle, each point of the rolling circle describes a curve 
called the hypocycloid. If the axes and the notation are as in 
the previous article, the equations of the hypocycloid are 


x = (b — a) cos (j>+ a cos ^ (f>, 

Ct/ 

y = (I) — a) sin ^ — a sin - — ~ (f>. 


Tlie proof is left to the student. Tlie curve is shown in fig. 176. 

r 



171. Epitrochoid and hypotrochoid. The epitrochoid and 
hypotrochoid are generated by the motion of any point on 
the radius of a circle which rolls upon the outside or the 
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inside of a fixed circle. If h is the distance of the generating 
point from the center of the morving circle, and the notation 
is otherwise the same as in the previous articles, the equations 
of the epitrochoid are 


X ^ (a + h) cos (f) — h cos 


a + h 
a 


</>. 


y =:(^a + h) sin<^ — h sin 


a + 1) 
a 





and of the hypotroclioid are 


— a) cos ^ + h cos ^ (f>, 

y = a) sin (f) — h sin (j>. 

Ci/ 
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The proofs are left to the student. The curves are shown in 
figs. 177, 178, and 179, 180 respectively. 



172. The involute of the circle. If a string, kept taut, is 
unwound from the circumference of a circle, its extremity 
describes a curve called the involute of the circle. Let 0 (fig. 181), 
be the center of the circle, a its radius, and A the point at which 
the extremity of the string is on the circle. Take 0 as the origin 
of coordinates and OA as the axis of x. Let F (x, y) be a point on 
the involute, FK the line drawn from F tangent to the circle at 
Ky and the angle XOK, Then FK represents a portion of the 
unwinding string, and hence 


KF = arc^/T = a<^. 



812 



THE INVOLUTE OF THE CIRCLE 


313 


Now it is clear that for all positions of the point K, OK makes 

TT 

an angle — with 0 Y. Hence the projection of OK on OX is 
always OK cos^ = a cos</), and its projection on OY is OK cos 



Fiu. 181 

OX and 7r~<^ with OF. Hence the projection of KP on OX 
is KP cos (^ - 1) = ««/> sin<^, and its projection on OF is KP 

cos (tt — (f>) = a<f) cos 0. The projection of OP on OX is x, and 
upon OF is y. Hence, by the law of projections, § 15, 

X cos(f) + a(f) sin (f>, 
y = a siiKp — a<f> cos(j>, 

173. Time as the arbitrary parameter. An important use of the 
parametric representation of curves occurs in mechanics in find- 
ing the path of a moving point acted on by known forces. Here 
the independent parameter is usually the time. 
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Ex. 1. A particle moves in a circle with uniform velocity, k. Then, if a 
represents the arc traversed, and a tlie radius of the circle, 

f . j 5 ktt 

s := kt and 0 = - = — . 

a a 

Therefore the equations of the circle are (§ 105), 

kt 

x = a cos — » 
a 

. kt 
y = a sin . 
a 

This shows that the projections of P on the coordinate axes have simpile 
harmonic motions of the same amplitude. 


Ex. 2. A particle Q moves with uniform velocity along the auxiliary circle 
of an ellipse (§ ICO) ; required the motion of its accompanying point, P. 

As in Ex. 1, 0 = ~. Hence the equations of the path are 

kt 

X ~ a cos ~ > 
a 

, . kt 
y = b sin - - , 
a 

showing that the projections of P upon OX and OF have simple harmonic 
motion of amplitudes a and b respectively. 


Ex. 3. A projectile is shot with an initial velocity uo in an initial direction 
which makes an angle a with the horizontal direction. Then the initial com- 
ponent of velocity in the horizontal direction is Vo cos a and in the vertical 
direction is vq sin o'. If the resistance of the air is neglected, the only force 
acting on the projectile is that of gravity. Hence if we take the origin at the 
initial position of the projectile, and the axis of x horizontal, we have 

dt^ 

dt^ 


: 0 . 


= -9. 


which give 


But when f = 0, we have 

X = 0, 2/ = 0, 


X = Cit -f C2, 

y — — \ + C4. 


: Vq coscr, and 


dy 


■ Vo sin ct. 


dx 

~di '' ’ di 

Hence the parametric equations of the path of the projectile ara 

X = cos O', 

y = sin cr — ^ gt^. 

Eliminating t from these equations, we have 

gx^ 


’ = X tan a — 


or 


2 Vq cos® a 
2 2/ cos® or = 2 tio^x sin a cos a — gx^ 


which shows that the curve is a parabola. 
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174. The derivatives. When a curve is defined by the equations 




dy 

we have, by (8), § 96, ^ ~ (1) 

dt 


P>x. For the cycloid 



From this follows a simple construction of the tangent and normal. For if 
the line NQ (fig. 182) is prolonged until it cuts the circle in Q, and PQ and PN 

are drawn, the angle CQP = Hence PQ makes the angle ^ - with OX 

2 2 2 
and is therefore the tangent. PN^ being perpendicular to PQ, is the normal. 


If it is re(|uired to Hiul we may proceed as follows: 

iLcr 

d^y d /dy\_^dt\dx^ 


dji? d, 


\x \d.rj 


dx 

dt 


Ex. For the cycloid 


... ♦ ^ 

— = cot » 

dx 2 

~ = a (1 — cos 0) = 2 a sin^ ~ . 
dd> 2 


dx'^ 


— cosec2 - 
2 2 

(h 

2 a sin2 - 
2 


4 a sin^ - 


( 2 ) 
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Formula (2) may be expanded as follows: 

( cly\ d^y dx ^ d^x dy 

dt j dd^ dt dt^ dt 
dx I /dxV 

dil \Jm) 

ePy dx (Px dy 
d^y df dt dt^ dt 
dx^ IdxS^ 

\cft) 


By multiplying equation (3), § 105, by 




we have 




i-i) 


175, Application to locus problems. In finding the Cartesian 
equation of the locus of a point which satisfies a given condition, 
it is often convenient to emjfioy the principles of parametric rep- 
resentation ; for by fixing the attention upon a single point of 
the required locus, it is frequently possible to express its coordi- 
nates in terms of a single parameter. The required equation is 
then found by eliminating the parameter. 



Fig. 183 


Ex. 1. Locus of the point of inter- 
section of perpendicular tangents to a 
parabola. 

Let the parabola be ij- — ^px 
(fig. 183), and let the equation of 
any tangent to it be written (§ 88) 

2/=:7nx+ (1) 

I'M ' ' 


If 7n is replaced by » we have 



as the equation of a tangent jrierpendicular to (1). Therefore, if P(x, y) is the 
point of intersection of (1) and (2), P is any point of the locus. 
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(3) 

(4) 


Solving (1) and (2), we find 
and 


a: = -p 


which are the parametric representations of the locus, the parameter evidently- 
being rn. But for all points of the locus x = - p, and (3) is the Cartesian equation 
of the locus. It is to be noted that in this example the elimination of the param- 
eter is unnecessary, since one of the Cijuations does not contain it. 

As (3) is the equation of the directrix, we have the proposition: Perpendicular 
tangents to a parabola meet on the directrix. 


Kx. 2. Locus of the point of 
intersection of perpendicular tan- 
gents to an ellipse. 

Let the ellipse be -f = 1 
a^ l)^ 

(tig. 184), and let the (Mpiatioii of 
any tangent to it be written (§88) 

y ~ mx L^cChn- b'^. (1) 

Then the o<iuation of a tangent 
perpendicular to (1) will be 

2 /-- + ( 2 ) 

m \ 

and P(a;, y), the point of inter- 
section of (1) and (2), will be any 
point of the locus. 

Solving (1) and (2), we find 



X = 


y- 


i m 



1/2 — -f b'^ 


m‘- -f 1 





•f -j- Va-?«- -f 6^ 

-f 1 


(3) 

(4) 


as the parametric representations of the locus in terms of the parameter m. 

To eliminate m, we square the respective values of x and y and add, the 
result being 

a:2 4. y2 _ c[2 q- 52. (6) 


The locus is seen to be a circle concentric with the ellipse and having its radius 
equal to th|JliPord joining the ends of the major and the minor axes of the ellipse. 

While (Sfand (4) form the explicit parametric representation of the locus, x 
and y being expressed explicitly in terms of the parameter m, (1) and (2) may 
be regarded as the implicit parametric representation of the locus, for x and 
the coordinates of any point of the locus, are expressed implicitly in terms of m. 
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From this point of view it is evident that we may eliminate m directly from 
(1) and (2) to liiid the Cartesian equation of the locus. Accordingly we write 
(1) and (2) in the forms 

y — rnx = ± H- 6^, 

my + x=z± Va2 -f 

and square and add, the result being 

(1 + w2) (x2 + 2/2) 3, (1 q. ,,^2) (^2 q_ 52)^ 

or (1 + wi2) (a:2 — cC^ — 6^) 0. 


As 1 4- ?n2 cannot be zero, since by hyi)othesis m must be real, we may 
cancel out this factor. The result, 


a;2 4 - y'i — a2 — [>2 _ 


is the same as that found by the previous method. 


Ex. 3. Locus of the foot of the perpendicular from the focus of a parabola to 
any tangent. 

Let the parabola be y^ = i px (fig. 185), and let 


Y 



P 

y ~ mx 4- -- (1) 

be any tangent. Then the perpendic- 
ular to the tangent from the focus is 

V = ( 2 ) 

Their point of intersection, P(x, y), 
is any point of the locus. 

Solving (1) and (2), wo find 

X = 0 (3) 

P 

and y= -• (4) 

m ' 


The locus is therefore x = 0, the tangent at the vertex of the parabola. 

If we proceed from the implicit parametric representation, we may elimi- 
nate the parameter m by substituting in (1) its value found from (2). The 
result is x[y^ (p — xy^] = 0, which breaks up into two equations, i.e. 
a; = 0, 2/2 q. (a; ~p)2 =0. As the last equation represents a single point, it is 
evident by the geometry of the problem that the required equation is x = 0, 
as was found by the other method. 

We see then that when we eliminate the parameter from the equations 
expressing x and y in terms of it, we must examine our result carefully to 
be sure that no extraneous factor is left in it. 
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Ex. 4. Locus of the foot of the perpendicular from the vertex of a parabola 
to any tangent. 

Let the parabola be = 4ipx (tig. 186), and 


y = mx -f 


( 1 ) 


be any tangent. Then the perpen- 
dicular to (1) from the vertex is 

^ ( 2 ) 


y ~ X. 

m 


Solving (1) and (2), we find 
-P 


m 


y 


2 + 1 
p 


(3) 

(4) 



m(m2 -f 1) 

as the explicit parametric represen- 
tation of the locus. The Cartesian 
equation of the locus is most readily 
found by substituting in (1) the value of m from (2), and reducing. The result is 




( 6 ) 


which is the equation of a cissoid (§ 83) situated on the negative axis of x. 

The last two loci are special examples of pedal curves, i.e. loci of the feet of 
perpendiculars drawn from any chosen fixed point to tangents to a given curve. 


176. In tlie examples of the last article the parametric repre- 
sentation of the locus was in terms of a single parameter. In 
the examples of tliis article the parametric representation, whether 
implicit or explicit, is in terms of two parameters, which are not 
independent, however, since they are connected by a single equa- 
tion. The problem of finding the Cartesian equation of the locus 
is, then, the elimination of two parameters from three equations. 

Ex. 1. Through the vertex of a parabola a line is drawn perpendicular to 
any tangent. Required the locus of the intersection of this line and the ordinate 
through the point of contact of the tangent. 

Let Pi(Xi, y\) be any point of the parabola y^ — A px (fig. 187), FiT the 
tangent at Pi, and OT the perpendicular to PiP from the vertex 0. Then the 
equation of Pi T is 

yiy = 2p(a; + Xi), (1) 

and the equation of OP is y = — — x. (2) 

2p 

The equation of the ordinate MiPi through Pi is 


X = Xi. 


( 3 ) 
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If P(x, y) is the point of intersection of (2) and (8), P is any point of the 
locus, and (2) and (3) form the implicit parametric representation of the locus 
in terms of the parameters xi and yi. Since Pi (jci, yi) is by hypothesis any 
point of the parabola, its coordinates satisfy the equation of the parabola, and 
the parameters xi and yi satisfy the equation 

2/i = 4^*1. (4) 



Fig. 187 

Solving (2) and (3) for Xi and yi and substituting their values in (4), we 
thereby eliminate them and have, as the Cartesian equation of the locus, 

= ( 6 ) 

From the form of the equation the locus is seen to be a semicubical parabola. 

It may be added that the explicit parametric representation of the locus is 
readily found to be x = Xi and y = — , where y\ = 4pxi. 
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Ex. 2. Locus of the middle points of chords of an ellipse^ drawn through one 
end of its major axis. 

Let the ellipse be f- ~ = 1 {fig. 188), and Pi(Xi, yi) be any point of the 

a^ 

ellipse. Then APi is any chord through A, and P(x, 2/), its middle point, is 
any point of the required locus. Since the coordinates of A are (a, 0), by § 18 



xi -f a 

X = 

2 

(1) 

and 

II 

>> 

(2) 


Then (1) and (2) are the explicit para- 
metric representations of the locus in 
terms of the parameters Xi and yi 
which satisfy the equation 


a2 62 ' 


(3) 


Y 



• -r-k* * A to ^ 

Since Pi IS any point of the ellipse. 

To find the Cartesian equation of the locus, we substitute in (8) the values of 
Xi and yi from (1) and (2). The result is 



(4) 


Accordingly the locus is an ellipse with its center at O) and its semiaxes 

a f> ’ 


equal respectively to - and - 
2 2 


Ex. 8. Locus of the point of intersection of tangents at the ends of conjugate 
diameters of an ellipse. 


r 



Let the ellipse be -- 4- ^ = 1 (fig. 189), and OAi and OBi be any two con- 


a* 62 


jugate diameters. If Ax is (xi, yi), Pi is by Kx. 2, § 146. 
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Then the tangents at and Bi will be respectively 



a2 62 

(1) 

and 

- Vix 

ab ab ’ 

(2) 

where 

y? 

A -t- ^ = 1. 
a2 62 

(3) 

Solving (1) and (2), we find 

6x1 - ayi 

X- t 

(4) 


6x1 + ayi 
y ~ — , 

a 

(6) 


as the explicit parametric representations of the locns. 

If we write (4) and (5) in forms bx = bxi — ayi and ay = bxi -f ayi respec- 
tively, and square and add, we have 

6^x2 -f a2y2 = 2 (h^x^ + a‘^yl), 

or bH‘^ -f a2y2 = 2 a262, (0) 

by virtue of (3). 

y2 

As (0) may be written — I =— = 1, we see that the required locus is 

(a Vi) * (6 V2)-'2 

an ellipse, concentric with the given ellipse and with the semiaxes a V2 and l> V2. 

Ex. 4. P1P2 is any chord of an ellipse perpendicular to its major axis A1A2. 
Find the locus of point of intersection of AiPi and A2P2. 



Let the ellipse be = 1 (fig. 190), and the coordinates of Pi and P2 be 

a2 62 

respectively (xi, yi) and (xi, — yi). Then the equation of AiPi and A2P2 are 
respectively ’ .. 

= a -Vi 
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which are accordingly the implicit parametric representation of the locus. The 
parameters Xi and j/i satisfy the equation 

+ = ( 8 ) 

a2 62 


Taking the product of (1) and (2), we have 

a2 — 

which may be written y 2 ~ _ ^ 2 ^^ 

by virtue of (3). 


(4) 

( 6 ) 


x2 y2 

As (5) may be written z= we see that the required locus is an 

a2 

hyperbola concentric with the ellipse and having the same semiaxes. 


PROBLEMS 

1. Show that X = y — 2pt are parametric equations of the parabola. 

2. Find the equations of the tangent and the normal to the parabola when 
the e(iuations of the parabola are as in problem 1. 

3. Find the parametric ecjuations of the parabola when the parameter is 
the slope of a line through the vertex. 

4. Find tlie equations of the tangent and the normal to a pambola when 
the equations of the curve ai*e as in problem 3. 

5. Find the parametric equations of the ellipse when the parameter is the 
slope of a straight line through the center. 

6. Find the parametric ecjuations of the ellipse wdien the parameter is the 
slope of a straight line through the left-hand vertex. 

7. Find the parametric equations of the cissoid when the parameter is the 
angle AGP (fig. 1)1). 

8. Show that x = y = are parametric equations of the witch. 

2 (Z 2 ct 

9. Show that a; = , 3 / = ai'e parametric equations of the 

cissoid. What is the geometric significance of i ? 

10. Find the equation of the tangent to the cissoid if the equations of the 
curve are as in problem 9. 
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Find the Cartesian equations of each of the following curves : 

,, tt <2 + 2 a <3 + 2< 

11. X = , y — - 

•2 + 1 " 2 + 1 

Zat Sats 


13. a; = a -f 




a(l + t^) 


y 


kH 


a (1 + ^2) 


= i-t 


l + t 
1 - 
2t 


IK < + ^ 

15. X = » y 

I - I 

+ e-' — er* 

lb. X = , y — 

(e^~-2e-*y^ (€^-2e-^Y^ 

17. x = ^2^3^ + 2, ?/ = «2_i. 

ct cV^ 


18. X =: 

(a + 6^) (1 -f 

19. Eliminate t from 


y - 


{a + 60(1 + t^) 


X _ cos t — sin t 2 / _ cos i + sin t 
a 6^ ’ a ’ 

and prove that the curve represented is a lof^arithrnic spiral (§ 178). 

20. Let O be the center of a circle with radius a, yl a fixed point, and B a 
moving point on the circle. If the tangent at B meets the tangent at A in C, 
and P is the middle point of BC, find the equations of the locus of P in para- 
metric form, using the angle AOB as the arbitrary parameter, OA as the axis 
of X, and O as the origin. Also find the Carte.sian equation of the locus. 

21. OBCD is a rectangle with OB = a ami BC — c. Any line is drawn 
through 0, meeting OB in P, and the triangle EPO is constructed so that the 
angles CEP and EPO are right angles. Find the parametric equations of the 
locus of P, using the angle DOP as the parameter, OB as the axis of x, and 0 
as the origin. Find also the Cartesian equation of the locus. 

22. Let .dP be a given line, 0 a given point, a units from AB^ and h a 
given constant. On any line through O, meeting AB in Jlf, take P so that 
OM • MP = k^. Find the parametric equations of the locus of P, using 0 as the 
origin, the perpendicular from 0 to .dP as the axis of x, and the angle between 
OX and OP as the parameter. Also find the Cartesian equation. 


23. A and P are two points on the axis of y at a distance — a and + a 
respectively from the origin. AH is any line through A meeting the axis of x 
at //. BK is the perpendicular from P on AH, meeting it at K, Through K a 
line is drawn parallel to the axis of x and through H a line is drawn parallel to 
the axis of y. These lines meet in P. Find the parametric equations of the locus 
of P, using the angle BAK as the parameter. Also find the Cartesian equation. 
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24. Let OA be the diameter of a fixed circle and LK the tangent at A, 
From O draw any line intersecting the circle at B and LK at C, and let P be 
the middle point of BC. Find the parametric equations of the locus of P, 
using the angle A OP as the parameter, OA as the axis of y, and O as the origin. 
Find also the Cartesian equation. 

25. Show that the, tangent to the ellipse at any point and the tangent to the 
auxiliary circle at the corresponding point pass through the same point of the 
major axis. 

26. Prove that the eccentric angles of the ends of a pair of conjugate 
diameters of an ellipse differ by ^ . 

27. Show that the perpendicular from either focus upon the tangent at any 
point of the auxiliary circle of an ellipse equals the focal distance of the corre- 
sponding point of the ellipse. 

28. Q is the point on the auxiliary circle of the ellipse, corresponding to 
the point P of the ellipse. The straight line through P parallel to OQ meets 
OX at L and OY at 3f. Prove PL = 6, and PM = a. 

29. Find the equation of the tangent at any point of an ellipse in terms of 
the eccentric angle at that point. 

30. What elevation must be given to a gun to obtain the maximum range 
on a horizontal line passing through the muzzle of the gun ? (In this and the 
following examples the resistance of the air and the effect of all forces except 
gravity are neglected.) 

31. What elevation must be given to a gun to obtain a maximum range on 
an oblique line passing through the muzzle of the gun and making an angle /3 
with the horizontal ? 

32. What elevation must be given to a gun that the projectile should pass 
through a point in the horizonUl line passing through the muzzle and b units 
from it ? 

33. A gun stands on a cliff h units above the water. What elevation must 
be given to the gun that the projectile may strike a point in the water b units 
from the base of the cliff ? 

34. Find the parametric equations of the curve described by any point in 
the connecting rod of a steam engine. 

35. If a circle rolls on the inside of a fixed circle of twice its radius, what is 
the form of the curve generated by a point of the circumference of the rolling 
circle ? 

36. Show that the hypocycloid generated when the rolling circle has J the 
radius of the fixed circle has the Cartesian equation F = 5^. 

37. If a wheel rolls with constant angular velocity on a straight line, 
required the velocity of any point on its circumference ; also of any point on 
one of the spokes. 
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38. If a wheel rolls with constant angular velocity on the circumference 
of a fixed wheel, find the velocity of any point on its circumference and on its 
spoke. 

39. Show that the highest point of a wheel rolling with constant velocity 
on a road moves twice as fast as each of the two points in the rim whose dis- 
tance from the ground is half the radius of the wheel. 

40. If a string is unwound from a circle with constant velocity, find the 
velocity of the end in the path described. 

41. AB and CD are perpeiKli('ular diameters of a circle of radius B. 
AM is a chord of the circle, rotating about A so that the angle BAM varies 
uniformly. AM is extended to N so that 3/iV = the chord 3fB. Find the 
path of N, the velocity of N in its path, and the components of the velocity 
respectively parallel to AB and CD. 

42. 0, O', O" are three points on a straiglit line and 0"0' = J 00'. LK is 
drawn through O' perpendicular to OO", and any point M is taken on LK. 
From M a straight line is drawn perpendicular to 0"M, and through O a 
straight line is drawn parallel to 0"M. These lines intersect in P. Kequired 
the locus of P. 

43. O is a fixed point and LK a fixed straight line. Any point M is taken 
on LK, and the line OM is drawn and prolonged to P so that OM • OP = 
where A; is a constant. Find tlie locus of P. 

44. Show that the locus of points .symmetrical to the vertex of a parabola 
with respect to its tangent lines is a ci.s.soid. 

45. Let OA be the diameter of any circle and LK the tangent at A. 
Through O draw any line intersecting the circle in D and LK in K. Lay off on 
OE produced the distance EP = OZ), and find the locus of P. 

46. Let a circle with center at O intersect the axis of y at A and the axis 
of X at C. Take two points G and E on the circle equidistant from A. If the 
ordinate of G intersects the line CE in P, prove that the locus of P is a ci.ssoid. 

47. From a point a units from the axis of x lines are drawn to OX, and 
from the point where each line meets the axis a line of the same length is 
drawn at right angles to the first line. Find the ecpiation of the locus of the 
end of this last line. 

48. OA is a diameter of a circle and LK the tangent at A. Through O any 
line is drawn meeting the dircle in B and LK in C. Through B a line Is drawn 
perpendicular to OA and meeting it in M. Finally MB is prolonged to P so 
that MP = AC. Find the locus of P. 

49. Find the path described by any point of a tangent line which rolls upon 
a circle without slipping. 

50. CD is perpendicular to OX and distant a units from O. Through A , any 
point on CD, a straight line OA is drawn, and from A a perpendicular is drawn 
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to OA^ intersecting OX at B, From B a straight line is drawn parallel to OF, 
intersecting OA at P. If m denotes the slope of OA, find the parametric and 
the Cartesian equations of the locus of P. 


51 . Prove that the pedal of a parabola with respect to any point is a cubic 
curve which passes through that point. 


52 . Prove that the pedal of the ellipse 
is the curve (x^ + -f 


X^ 

1-^=1 with respect to the center 

a2 62 


53 . A line of constant length k moves with its extremities on the two axes 
of coordinates. Find the locus described by any point of the line. 


54 . A straight line has its extremities on the coordinate axes and passes 
through a fixed point. Find the locus of its middle point. 


55 . If the ordinate NP of an hyperbola be produced to Q, so that NQ= FP, 
find the locus of Q. 

56 . Find the locus of the points of intersection of normals at corresponding 
points of the ellipse and the auxiliary circle. 

57 . P is any point of a parabola, A the vertex, and through A a straight 
line is drawn perpendicular to the tangent at P. Find the locus of the point of 
intersection of this line with the diameter through P, and also the locus of the 
point of intersection of this line with the ordinate through P. 

58 . Two ecpial parabolas have their axes parallel and a common tangent at 
their vertices, and straight lines are drawn parallel to the axes. Show that the 
locus of the middle points of the parts of the lines intercepted betw’een the 
curves is an equal parabola. 

59 . Find the locus of the intersection of the ordinate, produced if necessary, 
of any point on an ellipse with the perpendicular from the center upon the 
tangent at that point. 

60 . Two parabolas liave the same axis, and tangents are di’awn from points 
on the first to the second. Prove that the middle points of the chords of con- 
tact with the second lie on a parabola. 

61. Chords of an ellipse are passed through a fixed point. Find the locus of 
their middle points. 

62 . From a point P on an ellipse stmight lines are drawn to the vertices A 
and A', and from A and A' straight lines ai*e drawn perpendicular to AP and 
A'P. Show that the locus of their point of intei'section is an ellq^e. 

63 . Show that the locus of the point of intersection of two tangents to a 
parabola, the ordinates of the points of contact of wdiich are in a constant 
ratio, is a parabola. 

64 . If the tangent to the parabola = 4px meets the axis at T and the 
tangent at the vertex A at J5, and the rectangle TABQ is completed, show 
that the locus of Q is the parabola y^ px=^ 0. 
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65 . Find the locus of the feet of the perpendiculars from the focus to the 
normals of the parabola = 4pa;. 

66. Show that perpendicular normals to the parabola — intersect on 
the curve y^ —px — Sp^, 

67 . Find the locus of the intersection of a pair of perpendicular tangents to 
an hyperbola. 

68. Two tangents to an ellipse are so drawn that the product of their slopes 
is constant. Show that the locus of their point of intersection is an ellipse or 
an hyperbola according as the product is negative or positive. 

69 . Prove that the locus of the point of intersection of two tangents to a 
parabola is a straight line if the product of their slopes is constant. 

70 . Find the locus of the foot of the perpendicular from either focus of an 
hyperbola to any tangent. 

71 . Let AB he the diameter of a circle and 0 its center. Let NQ he the 
ordinate of a point Q on the circle and P another point of the circle, so related 
to Q that OP revolves uniformly from OA through a right angle in the same 
time that QN travels at a uniform rate from A to 0. If OP and (^N intersect 
in ii, find the locus of B, 

72 . Find the equations of the cycloid when the tangent at its highest point 
is the axis of x, the normal at the vertex is the axis of y, and the angle $ is 
the angle through which the radius has rotated after passing through the 
highest point. 

73 . Prove that the area of an arch of the cycloid above the axis of x is 
three times the area of the rolling circle. 




CHAPTER XV 


POLAR COORDINATES 

177. Coordinate system. So far we have determined the posi- 
tion of a point in the plane by two distances, x and y. We may, 
however, use a distance and direction, as follows : 

Let O (fig. 191), called the origin or pole, be a fixed point, and 
Oil/, called the initial line, be a fixed line. Take F any point in 
the plane and draw OF, Denote OF by r and tlie angle MOF by 0, 
Then r and 6 are called tlie polar coordinates of the point F{r, 6), 
and when given will completely determine F, 



Fk;. 101 


For example, the point (2, 15°) is plotted by laying ofif the 
angle il/OP=15° and measuring OP = 2. 

OF, or r, is called the radius vector and 0 the vectorial angle of F, 
These quantities may be either positive or negative. A negative 
value of 0 is laid off in the direction of the motion of the hands 
of a clock, a positive angle in the opposite direction. After the 
angle 0 has been constructed, positive values of r are measured 
from 0 along the terminal line of 0, and negative values of r from 
0 along the backward extension of the terminal line. It follows 
that the same point may have more than one pair of coordinates. 

829 
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Thus (2, 195°), (2, - 165°), 2, 15°), and (- 2, - 345°) refer to 

the same point. In practice it is usually convenient to restrict 6 
to positive values. 

Plotting in polar coordinates is facilitated by using paper ruled 
as in figs. 192 and 193. The angle 0 is determined from the num- 
bers at the ends of the straight lines, and the value of r is counted 
off on the concentric circles, either towards or away from the num- 
ber which indicates according as r is positive or negative. 

When an ecpiation is given in polar coordinates the correspond- 
ing curve may be plotted by giving to 6 convenient values, com- 
puting the corresponding values of r, plotting the resulting points, 
and drawing a curve through them. 

Ex. 1. r — a cos^. 

a is a constant wliich may be given any convenient value. We may then find 
from a table of natural cosines the value of r which corresponds to any value of B, 



Fio. 192 

By plotting the points corresponding to values of 6 from 0® to 90® we obtain the 
arc ABCO (fig. 192). Values of 0 from 90® to 180° give the arc ODEA, Values of 
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6 from 180® to 270® give again the arc ABCO, and those from 270® to 360® give the 
arc ODEA. Values of 6 greater than 300® can clearly give no points Aot already 
found. The curve is a circle (§ 184), 

Ex. 2. r = a sinS 

As 0 increases from 0° to 30®, r increases from 0 to a ; as ^ increases from 30® 
to 00®, r decreases from a to 0; the point P(r, 6) traces out the loop OAO (fig. 
193). As ^ increases from 00® to 90®, r is negative and decreases from 0 to — a; 



Fig. 193 


as 0 increases from 90® to 120®, r increases from — a to 0 ; the point (r, 0) traces 
out the loop OBO. As 0 increases from 120® to 180®, the point (r, ^) traces out the 
loop OCO. Larger values of 0 give points ali’eady found, since sin 3 (180® -f 0) 
= — sin3 0. The three loops are congruent because sin 3(00® + ^) = — sin3^. 
This curve is called a rose of three leaves. 

178. The spirals. Polar coordinates are particularly well 
adapted to represent certain curves called spirals, of which the 
more important follow. 
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Ex. 1. The spiral of Archimedes, 

r = a0. 

In plotting $ is usually considered in circular measure. When ^ = 0, r = 0, 
and as 6 increases r increases, so that the curve winds infinitely often around 



Fig. 194 


the origin while receding from it (fig. 194). In the figure the heavy line repre- 
sents the portion of the spiral corresponding to positive values of 6, and the 
dotted line the portion corresponding to negative values of 0, 

Ex. 2. The hyperbolic spiral^ 

re = a, 


a 

or r = - . 

e 

^ ^ 



Fig. 196 


As 0 increases indefinitely r approaches zero. Hence the spiral winds infi- 
nitely often around the origin, continually approaching it but never reaching it 
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(fig. 196). As e approaches zero r increases without limit. If P is a point on 
the spiral and AP the perpendicular to the initial line, 

^ sin 0 
NF =: r sin 0 =: a 

e 

Hence as e approaches zero as a limit, NF approaches a (§ 151). Therefore 
the curve comes constantly nearer to, but never reaches, the line XJT, parallel 
to 03f at a distance a units from it. This line is therefore an asymptote. In 
the figure the dotted portion of the curve corresponds to negative values of B, 

Ex. 3. The logarithmic spiral^ 

r - 

When ^ = 0, r = 1. As ^ increases r increases, and the curve winds around 
the origin at increasing distances from it (fig. 190). When 0 is negative and 
increasing numerically without limit, r approaches zero. Hence the curve 
winds infinitely often around the origin, continually approaching it. The 
dotted line in the figure corresponds to negative values of 0. 



A property of this spiral is that it cuts the radii vectors at a constant angle. 
The student may prove this after reading § 187. 

We shall now give examples of the derivation of the polar equa- 
tiott of a curve from the definition of the curve. 
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179. The conchoid. Take a fix^d point 0 (fig. 197) and a fixed 
straight line BC. Through O draw any line Oil intersecting BC 
in By and on OB lay off a constant distance BF or BQy measured 
from B in either direction. The locus of P and Q is a curve called 
the conchoid. 

From the definition the conchoid consists of two parts, one 
generated by P, the other by Q. We may obtain the whole curve, 



Fig. 197 Fio. 108 

however, by allowing the line OR to revolve in the positive direc- 
tion through an angle of 360® and always laying off the distance 6, 
measured from B in the direction of the terminal line of the angle 
AOR, Then if A OR is in the first quadrant, we obtain the upper 
half of the curve described by P; if AOR is in the second quad- 
rant, we have the lower half of the curve described hy Q] if AOR 
is in the third quadrant, we have the upper half of the curve 
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described by Q‘, and if AOR is in the fourth quadrant, we have 
the lower half of the curve described by F. 

To find its polar equation, take 0 as the origin and the line OA 
perpendicular to ^(7 as the initial line. I>et OA = a and the con- 
stant distance DP = h. 

Call the coordinates of P {r, 6), where 0 = AOR. When 6 is in 
the first or the fourth quadrant, r = OD -f- DP = OD + h ; when 0 
is in the second or the tliird quadrant, r = — OD + DQ — — OD -|- h. 



But OD — a sec 0 when 0 is in the first or the fourth quadrant ; 
and OD = — a sec 0 when 0 is in the second or the third quadrant. 
Hence for all points on the conchoid 

r — a sec 0 A-h. 

The conchoid has three shapes according as « > & (fig. 197), 
a = J (fig. 198), a <h (fig. 199). If & = 0, the conchoid becomes 
the straight line BC and its equation becomes r = a sec 0, the 
equation of the straight line (§183). 
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180. The lima 90 ii. Through aijy fixed point O (fig. 200) on the 
circumference of a fixed circle draw any line cutting the circle 
again at D, and lay off on this line a constant length measured 
from D in either direction. The locus of the points F and Q thus 
found is a curve called the lirnafon. 

Take O as the pole, the diameter OA as the initial line of a sys- 
tem of polar coordinates, and call the diameter of the circle a and 



Fig. 200 


the constant length h. Then it is clear that the entire locus can 
be found by causing OD to revolve through an angle of 360® and 
laying off DP == h always in the direction of the terminal line 
of AOD, 

Let the coordinates of P be (r, 6), where 6 — AOD. Then 
r = OD + DP when 0 is in the first or the fourth quadrant, 
and r=^ — OD+DP when 0 is in the second or the third 
quadrant. But it appears from the figure that OD = OA cos 0 
when 0 is in the first or the fourth quadrant, and OD — -—OA cos 0 
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when 0 is in the second or the third quadrant. Hence for any 
point on the lima^on 

r == a cos 0 + h. 

In studying the shape of tlie curve there are three cases to be 
distinguished. 



1, h> a, r is always positive and the curve appears as in fig. 200. 

2, b < a, r is positive wlien cos 0 > — ~ > negative when 

h I) ^ 

cos^< » and zero when cos^ = * The curve appears as 

a a 

ill fig. 201. 

3, b = a. The equation now becomes 

0 

r ^ a (cos 0 + 1) = 2 cos^ - • 

r is positive except when ^ = 180°, when it is zero. The curve 
appears as in fig. 202 and is called the cardioid. 
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The cardioid is an epicycloid for which the radii of the fixed and 
the rolling circles are the sama The proof of this is left to the 



181. The ovals of Cassini. If a point moves so that the product 
of its distances from two fixed points is constant, it generates a 



curve called an 'oval of Cassini. Let and (fig. 203) be the 
two fixed points, called the foci, and the constant product of 
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the distances of a point of the curve from and F^. Take F^F^ 
as the initial line and the point O, halfway between F^ and F^, as 
the pole of a system of polar coordinates, and let -P be a point on 
the curve. Then, by definition, 

F^P.F^P = l\ (!) 

By trigonometry, 

2 OP • OF^ cosF^OP = a^+2ra cosB, 
where (r, 6) are tlie c<jordinates of P and 2 a = Also 

2 OP ■ OF.^ cosi';OP = r"+ a"- 2 ra cos5. 

Substituting in (1), we have 

( 7 *^ + — 4 cos^ 6 = 

which is the same as 


F — 2 a V cos 2 6 + —h^ = 0, (2) 

To determine the form of the curve, it is convenient to solve (2) 
for r‘^, obtaining 

cos 2 6 ±.y/ cos’*^ 2 ^ — (ci^ — b*), (3) 

We have, then, three cases to consider 

1. < h^. The (quantity under the radical sign in (3) is posi- 
tive ami greater than cos'^ 2 0 for all values of 9, Therefore 
ill (3) has two real values, one positive and one negative. Conse- 
quently r has two, and only two, real values equal in magnitude 
and opposite in sign. The curve therefore consists of a single oval, 
symmetric with respect to the origin (tig. 203). 

(V^ — 

2. > h\ When cos^ 2 6 > - — r — the quantitv under the rad- 

a 

ical sign in (3) is positive and less than a* cos^ 2 Hence for 

these values of 0 there are two real positive values of and there- 
fore four real values of r, two positive and tw^o negative. When 

cos * 20 < - — - — the quantity under the radical sign in (3) is 
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negative, and hence all values of r are imaginary. Whe n cos^2 Q 
= ^ there are two real values of r, namely r = ± — ^ ^ • 


The curve consists of two distinct ovals (fig. 204). 



3. Equation (2) then factors into the two equations 

= 0 and r^—2 cos 2^ = 0. But = 0 is satisfied only l)y 
the origin, whicli is also a point on the second equation. 



Hence 


= 2 cos 2 (9 


( 4 ) 


is the full equation of the locus in this case. From (4) it appears 
that r has two real values equal in magnitude but opposite in sign 

when 0 < 0 < — » or - — < 6 < > or - — <0 <2it. Further, 

4 4 4 4 


’ = 0 when 6 = 


TT 3 TT 5 TT 


) or 


7 TT 


4 4 4 4 

4 4 4 4 

and is given the special name of the lemniscate. 


; and r is imaginary when 
The curve appears as in fig. 205 
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182. Relation between rectangular and polar coordinates. Let 

the pole 0 and the initial line OM of a system of polar coordinates 
be at the same time the origin and the axis of a: of a system of 
rectangular coordinates. Let P (fig. 206) be any point of the plane, 
{x, y) its rectangular coordinates, and (r, 6) its polar coordinates. 
Then, by the definition of the 
trigonometric functions, 

/, X 

cos 0 = - > 

T 

sin^ = -. 

T 

whence follows, on the one 
cos 

2/ = r sin 

and, on the other hand, 
r = sin 6 

By means of (1) a transformation can be made from rectangular 
to polar coordinates, and by means of (2) from polar to rectangular 
coordinates. 



Ex. 1. The equation of the cissoid (§ 83) is 


= 


2a — X 


Substituting from (1) and making simple reductions, we have the polar 
equation 

2 a sin® ^ 

r = 

cos^ 


Ex. 2. The polar equation of the lemniscate is 

r® = 2 a® cos 2 B, 


Placing cos 2B = cos^B — sin®0 and substituting from (2), we have the rec- 


tangular equation 


(x® -f- y^)^ = 2 a® (x® ~ 2 /®). 
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183. The straight line. Take the equation of the straight line 
in the normal form a; cos a; + y sintr — ^ = 0 and substitute the 
values of x and y from (1), § 182. There results 

r (cos 0 cos a + sin 0 sin a) — p ^ 0; 
whence r cos (0 — a) == p, 

A reference to § 33 shows that (p, a) are the polar coordinates 
of the point in wliich tlie normal from the origin meets the straight 
line. If = 0 and p == a, we have the special equation 

r cos 0 — a, 

or r = a sec 0, 

as found in § 179. 

If the straight line passes through the origin, p = 0, The equa- 
tion of tlie line then becomes 

cos — a) == 0, 

or simply 0 = ~ ^ a, 

which is of the form 0 = c*. 

184. The circle. If (d, e) are the rectangular coordinates of the 
center of the circle and a its radius, its equation is 

(x — df + (y — ey^ = d\ 

If (?;, a) are the polar coordinates of the center and (r, 0) those 
of any point, the pole and the initial line of the polar coordinates 
being the origin and the axis of x, respectively, of the rectangular 
system, we have, by (1), § 182, 

cos 0, y :=^T sin 0^ 
d~l) cos cr, e = & sin a. 

We obtain, by substitution, 

— 2 (cos 0 cos a -j- sin 0 sin a) + b^— = 0, 

7^ — 2 cos (0 — a) + 1)^— ^ 0. 


or 


( 1 ) 
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This result may also be directly obtained from fig. 207 by noticing 


that 


CF^ = OG^ + OP^— 2 0P-0C cos FOG. 


When the origin is at the 
center of the circle, J = 0, 
and (1) becomes simply 

r = a, (2) 

When the origin is on 
the circle, h == a ^ and (1) 
becomes 

r — 2 a cos (0 — cr) = 0, 
which may be written 



; COS0 + sin0, 


( 3 ) 


TT 


where aQ and are the intercepts on the lines ^ = 0 and 0 = 
respectively. 

When the origin is on the circle and the initial line is a 
diameter, (3) becomes 

r — Uq cos 0. (4) 


When the origin is on the circle and the initial line is tangent 
to the circle, (3) becomes 

r = sin 0, (5) 


185. The conic, the focus being the pole. From § 81 the equa- 
tion of a conic, when the axis of x is an axis of the conic and the 
axis of y is a directrix, is 

(x — cy + = eV, 

We may transfer to new axes having the origin as the focus and 
the axis of x as the axis of the conic by placing 

x = c + x', y = y', 

thus obtaining (x^ + 

If we now take a system of polar coordinates having the focus 
as the pole and the axis of the conic as the initial line, we have 

=zr cos 0^ z=zr sin 0. 
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The equation then becomes 

7^ = (r cos 0 + cy, 

which is equivalent to the two equations 

ce 

• r = z 

1 — e cos u 

1+ e cos 6 

Either of these two equations alone will give the entire conic. 
To see this, place 0^0^ in the second equation, obtaining 

_ ‘—ce 
^ 1 + e cos 0^ 

Now place ^ = tt + in the first equation, obtaining r = — r^. 
The points (^j, r^) and (tt + 0^, — r^) are the same. Hence any 
point which can be found from the second equation can be found 
from the first. 

Therefore r = - 

1 — ^ cos 0 

is the required polar equation. 

186. Examples. We shall now give examples of the use 

of polar coordinates in solving 
problems. 

Ex. 1. Prove that if a secant is 
drawn through the focus of a conic, 
the sum of the reciprocals of the seg- 
ments made by the focus is constant. 

Let PiP 2 (fig. 208) be any secant 
through the focus P, and let FPi = ri 
and PP 2 = r 2 , and the angle MFP = 0. 
Then the polar coordinates of Pi are 
(ri, 0) and those of Pq are (r 2 t 0 -i- tt). 
From the polar equation of the conic 
we have 
ce 

ecos^’ 

ce _ ce 

e cos (^ -}- ?r) 1 + e cos 0 



Hence 
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Ex. 2. Find the locus of the middle points of a system of chords of a circle 
all of which pass through a fixed point. 

Take any circle with the center C (fig. 209) and let 0 be any point in the 
plane. If 0 is taken for the pole and OC for the initial line of a system of polar 


coordinates, the equation of the 
circle is 

— 2rb cosO -f 6^ — = 0. (1) 

Let P 1 P 2 be any chord through 
O and let OPi = ri, OP 2 = 
Then ri and r 2 are the two roots 
of equation (1) which correspond 
to the same value of 6. Hence 

n -f r 2 = 2 6 cos 6. 

If Q is the middle point of 
P 1 P 2 , and we now place OQ = r, 
we have 

2 
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But this is the polar equation of a circle through the points 0 and C, 


187. Direction of a curve. The direction of a curve expressed 
in polar coordinates is usually determined by means of the angle 
between the tangent and the radius vector. Let P{r, 6) (fig. 210) 

V be any point on the curve, 

JjjP FT the tangent at F, and 

/j\( 'f' the angle made by FT 

and the radius vector OF. 
Give Q an increment 
^6=FOQ, expressed in 
y' circular measure, thus fix- 

A ing a second point of the 

^ N ^ curve Q(r + Ar, 6 + A6). 

To determme Ar describe 
a circle with center 0 and radius OQ, intersecting OF produced 
in E. Then 

OE = OQ = r + Ar, 

FE = Ar, 

and arc FQ = As, 


s being measured from some initial point A. 
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Draw also the chord PQ and the straight line QS perpendicular 
to OP and meeting it in S. Then 

SQ — {r-\- Ar) sin AB, 

OS = {r + Ar) cos A^, 

SR = OR — OS 

= (r + Ar) (1 — cos A0), 
and PS = PR- SR 

= Ar — (r + Ar) (1— cos Ad). 


As A^ approaches zero, the chord PQ approaches the limiting 
position PT and the angle RPQ approaches ->{r. But in the 
triangle SPQ 

t&nRPQ = ^ 

_ (r + Ar)sinA0 
Ar — (r + Ar) (1 — cos A0) 


(r + Ar) 


sin Ad 

“a^ 


Ar 

Ad 


— (r + Ar) 


1 — cos Ad 

Ad 


( 1 ) 


Now as Ad approaches zero 
Lim (r + Ar) = r, 


Lim 


Ar 

A^' 


dr , 


Lim 


sin A0 


Lim 


Ad 
1 — cos A6 
A^ 


= 1 . 

= 0(§ 151). 


Hence, by taking the limit of (1), 



dd 


( 2 ) 


If it is desired to find the angle MNP = <f>, it may be done by 
the evident relation 

(f) + d. 
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188. Derivatives with respect to the arc. 

(fig- 210) 


sin SPQ 


SQ 

chord 4? 


In the triangle FQS 


SQ (irc PQ 

iii'cPQ chord 

(/• + Ar)sm arc PQ 
As chord 

, . . sin A0 A6 arc PQ 


As approaches zero, approaclies “x/r, = 1, and 

{\ygPO 

Lini-A = 1 (§ 104); liou(3e 


(3hordi^(^> 


sin '^jr ^ r 


(is 


(1) 


lly dividing (1) just obtained by (2) of tlie previous article, 

dr 


cos = 


ds 


From (1) cmd (2) we obtain 


/ d9\^ (d.r 

v^j+U 




By multiplying (3) by ( ^ j we obtain 


ds 


dsV 2 , /drV 
yj we obtain 


( 2 ) 


(3) 


( 4 ) 
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189. Area. Let C (fig. 211) be a fixed point and P (r,0) a 
variable point on the curve r = /(^), and let A denote the area 

of the figure OCP, bounded by 
the arc of the curve CP and 
the radii OC and OP. Then A 
is a function of 9, since the 
value of 6 fixes the position of 
the point P. If 6 is increased 
by = angle POQ, A is in- 
creased by i^A = area POQ. 
From 0 describe arcs of circles 
PS and QR with radii OP = r 
and 0() = r + Ar respectively. 
Yio, 211 Then in the figure 

area POaS < A A < areaROQ. 

But the area of the sector of the circle POS is 
^OP-PS=-^r^Ad, 

and area ROQ = ^ OQ • RQ = ^ (r + ArfAd. 

We have then \ r^AO < AA <\{r A- Ary^AO ; 

whence ^ ^ + Ary\ 



Taking now the limit as Ad approaches zero, we have 


dA 

dO 




Ex. Find the area of a loop of the lemniscate r* = 2 a* cos 2 B. 

We will take C as the point for which ^ = 0, and P as any point for which 

0<^<-- Then 
4 

— = cos 2 6 : 
de 

whence A = — sin 2 ^ + c. 

2 

But when ^ = 0, A = 0 ; therefore c = 0. Also when $ — ^ ^ A=z ^ area of 

^ 4 

the loop. Hence the area of the loop is sin - = a®. 
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Plot the following curves: 

1 . r = a sin 2^. 

2. r = a cos 8^. 

2, r = a tan $, 

4 . r = a(l 4- sin0). 

6. r = a(2 + sin^). 

6. r = a(l + 2 sin(?). 

7 . r=ae-K 

B. r = a sec2 ~ . 

2 


10. r = a — bd. 

11. r = asm-. 

2 

12. r = a cos-. 

3 


PROBLEMS 

13 . 

14 . 

15 . 

16 . 

17 . 

18 . 

19 . 

20 . 

21 . 

22 . 

23 . 

24 . 

25 . 


r = a(l -4 cos 2^). 

r = a(l 4 2 cos 20), 

r = a{l — cos 20). 

r = a(l 4 cos 30). 

r = a(l 4 2 cos 30). 

r = 4 4 5 cos 5 0. 

r = 2 4 sin g 0. 

, 0 
r = a tan - . 

2 

r = a sin^ - . 

3 

sin0. 

r2 = a2 sin 3 0. 
r cos 0 = a cos 2 0. 

^ _ a a 
cos 0 sin 0 


Find the points of intersection of the following pairs of curves : 


27 . r cos / 0 I = — » r = a sm 0. 

V y 4 

28 . = a® sin $, = a* sin 3 0. 

29 . r=: a sin 2 0, r = a(l — cos 2 0). [(ri, 0i) and ( — ri, 0i 4 w*) are the same 
points.] 

30 . 0 is a fixed point and LK a fixed straight line. If any line through 0 
intersects LK in Q and a point P is taken on this line so that OP . OQ= 
find the locus of P. 

31 . A straight line OA of constant length revolves about 0. From A 
a perpendicular is drawn to a fixed straight line through 0, intersecting it 
in B. From B a perpendicular is drawn to OA intersecting it in P. Find the 
locus of P. 

32 . MN is a straight line perpendicular to the initial line at a distance a 
from O. From 0 a straight line is drawn to any point B of MN, From B a 
straight line is drawn perpendicular to OP, intersecting the initial line at C. 
From C a line is drawn perpendicular to PC, intersecting MN at D. Finally, 
from D a straight line is drawn perpendicular to CD, intersecting OB at P. 
Find the locus of P. 


26 . rcos 


(»-|)= a. rcos^ 
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Transform the following equations to polar coordinates : 

33. 2/2 ~ 4px. 36. 4- — 8 ax — 8 a?/ = 0. 

34. xy = 7. 37. + x^^/^ — a-y‘^ — 0. 


35. 


x2 2/2 38. (x2 + 2/2)2 =ra2(x2- 2/2^. 

a2'*'62~ ■ 39. a:8 + 2/3-3axy = 0. 

40. Find the polar equation of the cissoid when the pole is A and the initial 
line is OA (iig. 01). 

41. Find the polar ecjiiation of the strophoid (1) when the pole is 0 and 
the initial line OA (fig. 02); (2) when the pole is A and the initial line is OA. 

42. In the strophoid (fig. 02) show that 

2 

an' 

where AN is the projection of .^10 on AD. 


AP-APi = and — - + -- ^ : 

AP APi 


Transform the following eipiations to rectangular coordinates: 


= 12. 46. r = a tan 0. 

44 . r = a8in6i. 47 . r^ = a‘^^in0. 

45. r = a(cos 2^ -f sin 2^). 48. r2=:a2sin -. 

2 

49. Kind tlu) Carto.sian eriiiation of tlie rose of four petals r = a sin 20. 

50. Find the Cartesian eijiiation of the cardioid r = a(l — cos(9). 

51. Find the Cartesian equation of the ovals of Cassini 


43. r cos 


-f r cos + 


— 2 a2r2 cos 2 ^ -l- == 0. 


52. Find tlie Cartesian cciuation of the liuiagon r — a vos0 -|- 6. 

53. Find tlie Cartesian eijuation of the conelioid r — a seotf + b. 

54. Find the Cartesian equation of the logarithmic spiral r = 

55. In a parabola prove that the length of a focal chord which makes an 
angle of 30° with the axis of the curve is four times the focal chord perpen- 
dicular to the axis. 


56. A comet is moving in a parabolic orbit around the sun at the focus of 
the parabola. When the comet is 100,000,000 miles from the sun the radius 
vector makes an angle of 00° with the axis of the orbit. What is the equation 
of the comet’s orbit ? flow near does it come to the sun ? 


57. A comet moving in a parabolic orbit around the sun is observed at two 
points of its path, its focal distances being 6 and 15 million miles and the angle 
between them being 90°. What is its distance from the sun when it is nearest it ? 

58. If a straight line drawn through the focus of an hyperbola, parallel to 
an asymptote, meets the curve at P, prove that FP is one fourth the chord 
through the focus perpendicular to the transverse axis. 
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59 . The focal radii of a parabola are extended beyond the curve until their 
lengths are doubled. Find the equation of the locus of their extremities. 

60 . If Pi and P 2 are the points of intersection of a straight line drawn from 
any point O to a circle, prove that OPi • OP 2 is constant. 

61 . If Pi and P 2 are the points of intersection of a straight line from any 
point O to a fixed circle, and Q is a point on the same straight line such that 

00 = - , find the locus of Q. 

^ OPi + OP2 

62 . Secant lines of a circle are drawn from the same point on the circle, 
and on each secant a point is taken outside the circle at a distance equal to the 
portion of the secant included in the circle. Find the locus of these points. 

63 . From a point 0 a straight line is drawn intersecting a fixed circle at P, 
and on this line a point Q is taken so that OP • OQ = k^. Find the locus of Q. 

64 . Find the polar equation of a conic if the polo is a vertex and the initial 
line an axis. 


65 . Find the locus of the middle points of the focal chords of a conic. 

66. Find the locus of the middle points of the focal radii of a conic. 


67 . If P 1 PP 2 and Q 1 PQ 2 are two perpendicular focal chords of a conic, 

prove that 1 is constant. 

* P 1 P.PP 2 QiP-PQ 2 


68. Prove that the angle between the normal and the radius vector to any 
point of the lemniscate is twice the angle made by the radius vector and the 
initial line. 


69 . Show that for any curve in polar coordinates the maximum and the 
minimum values of r occur in general when the radius vector is perjjendicular 
to the tangent. 


70 . If a straight line drawn through the pole 0 perpendicular to a radius 

r2 

vector OP meets the tangent in A and the normal in P, show that OA = — 
dr 

and OP 

dd do 

These are called the polar subtangent and the polar subnormal respectively. 


71 . If p is the perpendicular distance of a tangent from the pole, prove 
r2 


that p = 




72 . When a point traverses the curve r=f{0) with a uniform angular 
velocity, find the rate at which r is changing and the rate of the point along 
the curve. 


73 . When a point moves along the curve r =/(&) at a uniform rate, find 
the rates at which r and 0 are changing. 
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74. Find the velocity of a point moving in a lima^on when 6 changes 
uniformly. 

76. A point moves along the radius vector with a constant velocity a, while 
the radius vector revolves about O with a constant velocity w. Find the path of 
the point. 

76. Find the total area bounded by the curve sin^. 

77. Find the area of a loop of the curve r'^ = sin 3 6. 

78. Find the area swept over by the radius vector of the spiral of Archimedes 
as 6 changes from 0 to ir, 

79. Find the area swept over by the radius vector of the logarithmic spiral 
as e changes from 0 to tt. 

0 

80. Find the area swept over by the radius vector of the curve r = a sin - 

as 0 changes from 0 to 2 tt. ^ 

81. Find the area swept over by the radius vector of the curve r = atan^ 

as 0 changes from 0 to — . 

4 

82. Fjnd the total area of the lima^on (6 > a). 

83. Find the total length of the cardioid. 

84. Prove that the length of an arc of the logarithmic spiral is proportional 
to the difference of the radii vectores drawn to its ends. 

85. Show that if the angle between the tangent to a curve and the radius 
vector to the point of contact is one half the vectorial angle, the curve is a 
cardioid. 





CURVATURE 


190. Definition of curvature. If a point describes a curve the 
change of direction of its motion may be measured by the change 
of the angle (f> (§ 59). 

For example, in the curve 
of fig. 212, if All=^s and 
= As> and if (f>^ and <f>^ 
are the values of <f> for the 
points II and respectively, 
then total 

change of direction of the 
curve between and 
If ^2 ~ expressed 

in circular measure, the 

change of direction per linear unit of the arc Regarding 

as a function of s and taking the limit of as As approaches 

zero as a limit, we have — > which 

as 

is called the curvature of the 
curve at the point ij. Hence the 
curvature of a curve is the rate 
of change of the direction of the 
ciirve with respect to the length 
of the arc (§ 109). 


ratio 


is the 




ds 


is constant, the curvature 


wise the curvature is variable, 
circle of fig. 213 of which 


is constant or uniform; other- 
Applying this definition to the 
the center is C and the radius 
363 
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= - • Hence 


^ and the circle is a curve of constant 
as a 


is a, we have A<^ = I[CP ^ ; and hence As = Therefore 

As a 

curvahire equal to the reciprocal of its radius, ♦ 

191. Radius of curvature. The reciprocal of the curvature is 
called the radius of curvaturCy and will be denoted by p. Through 
every point of a curve we may pass a circle, with its radius equal 
to p, which shall have the same tangent as the curve at the point, 
and shall lie on the same side of the tangent. Since the curva- 
ture of a circle is uniform and equal to the reciprocal of its 
radius, tlie curvatures of the curve and the circle are the same, 
and the circle shows tlie curvature of the curve in a manner 
similar to that in which the tangent shows the direction of the 
curve. The circle is called the circle of curvature. 


Since the curvature is ^ : 

ds 


J. 

d(f> 

ds 


P .7JL 


ds 

d^' 


(by (6), § 96) 


If the equation of the curve is in rectangular coordinates, 


ds 

dx 

HS)’ 

(by § 105) 


\dx/ 

(by § 59) 





dx^ 




whence 
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In the above expression for p there is an apparent ambiguity of 
sign, on account of the radical sign. If only the numerical value 
of p is required, a negative sign may be disregarded. 

Ex. Find the radius of curvature of the ellipse 1- ~ = 1. 

Here 


and 


dy __ 

b‘^x 

dx 



¥ 

dx‘^ 

iCh/ 

n — 

{ahj'^ -f i 

• • r — 

a^b^ 


Another formula for p, i.e. 


1 + 


dx 

di/ 


21 i 


dif 

may be found by defining as the angle l)etween OY and the 
tangent, and interchanging x and y in the above derivation. 

192, According to the definition, i.e. p = — , it is evident that 

dcp 

p is positive wlien s is measured so that s and cf) increase at the 
same time, and is negative wlien one increases as tlie otlier decreases. 
For convenience we sliall assume in the following work that s 
always increases from left to right* along the curve (figs. 214-217). 
Then <f) is always in the first or the fourth (piadrant, and hence 
sec (f> is always positive. 


But sec ^ = Vi+ tan'^ 


/dyY 

Ks’ 

\dx) 


Therefore in the formula 


do(? 


A 


the sign of p is the same as the sign of Hence p is positive 

dx 

when the curve is concave upward, and negative when the curve 
is concave downward. 

♦The results and the proof are the same if 6- is measured from right to left along 
the curve ; hence the proof is left to the student. 
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193. Coordinates of center of curvature. The center of the 
circle described in § 191 is called the center of curvature corre- 
sponding to the point. Let C(a, /8) (fig. 214) be the center of 
curvature corresponding to the point P (ic, y) of the curve. Draw 
CL and PM parallel to OY, and NR through P parallel to OX. 
Then 

OL = OM + ML = OM -I- PN, 

LC = LN+ NC = MP + NC. 

Now ZRPC = (f> + 90°, 

and PC = p, 


Y 



since p>0, the curve being concave upward. Therefore, by the 
definition of the trigonometric functions, 

PN = PC cos RPC — p cos -h 90°) = — p sin <f), 

NC — PC siiiPPC = p sin(<^ -f- 90°) = p coa<f>. 
a = X — p sinij), 

^ = y + pcos(f>. 

There are three other cases represented in figs. 215, 216, 217 
respectively. The construction in all these figures is the same 
as in fig. 214, and the proof from fig. 215 is the same as that 
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just given. The proof from figs. 216 and 217 differs only in that 
liPC = ^ — 90®, and PC = — p, since p < 0, the curve being con- 
cave downward. Hence the 




In the example of § 191 we found 

dy __ b’kt d'^y __ 6 ^ 

dz dx^ a?y^ 

Substituting in the above formulas and simplifying, we have 



194. E volute and involute. With the single exception when 

= 0, in which case p becomes infinite, there will be a center 
dx 

of curvature corresponding to each point of the curve. The locus 
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of these centers of curvature is a curve called the evolute of 
the given curve, and the given curve is called the involute. In 

lig. 2 18 (1) is the involute 
and (2) is the evolute. 
To hud the evolute we 
find the coordinates of 
the center of curvature 
in terms of x and y, and 
then eliminate x and y 
from these two equations 
by the aid of tlie equa- 
tion of the curve. 

Ex. To find the evolute of 
the ellipse, we have then, 
ill the example of the last 
article, to eliminate x and y from the three ecpiations 







a2 - 62 

7 

¥ '' 


2-2 y2 

a-i 


-1. 


From the lirst two eciuations 



Substituting these values in tlie 
third equation and simi)lifying, we 
have 

{aa)i + = (a2 - 62)3 

as tlie equation of the evolute. The 
ellipse and its evolute are shown in 
fig. 219. 

It may be noted that eiixm- 
tions expressing a and /3 arc, 
in fact, the parametric repre- 
sentation of the evolute, x and 
y being two independent param- 
eters connected by the equation 
of the given curve. 
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195. Properties of evolute and involute. From the equations 
a = p smcfy, /3 = y + p cos <^, we may find the slope of the 
evolute at any point by assuming a, /S, x,y, p, and as functions 
of s, the length of arc along the involute. Then 


da 

ds 


dx , dd> . , dp 

= P 00S9 — sin 9 

ds ds ds 

= cos</) — p cos<^^~^-~ sin<^ 


= — sin (f) 


dp 

ds 


dp 

ds 


dB dy . . dd> , , dp 


= sin — p sill (f> 


■ COS(f> 


dp 

ds 


d^ 


+ cos (j> ^ 
p/ ds 


d/3 


. . = — ctn 9 \ but - = -7— > 

da da da 


ds 


ds 


by (8), § 96 ; and if tau^' is the slope of the evolute at the assumed 


d^ 

point, = tan <b', and hence tan — ctn (b, 
da 


Hence </>' and 


differ by 90"^, and the tangent to the evolute at any point is 
perpendicular to the tangent to the involute at the corresponding 
point (fig. 218). 

If we square and add the above equations, we have 


\ds) \ds/ \ds/ 


But if we denote the length of arc along the evolute by s', we 

have — = + regard s', a, /3, as expressed in 

da N \da ) 

terms of s, the length of arc along the involute, we have 
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(by § 110) 


It follows, then, that as the center of curvature moves along the 
evolute the radius of curvature increases or decreases hy exactly the 
distance traversed hy the center (fig. 218). 

From these two properties we see that an involute may be 
described by a pencil attached to the end of a string which is 
unwound from the evolute, the free portion being kept taut and 
tangent to the evolute. From any one evolute any number of 
involutes may be described by changing the length of the string. 

196. Radius of curvature in parametric representation. If x 
and y are expressed in terms of any parameter t, the radius of 
curvature may be found as follows: 

ds 

= $ = 07(8). §96) 

dt 

dy 

<f> = tan"*^ = tan”*.^ ; 
dx dx 

dt 


and 
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whence 


/ dx\ «Py / di/\ d/‘x 

d<^ _ \dt) d(^ \dt} df 


if) 

(fx 

'le 

/dxV /dyV 
\dt/ ^\dt) 



jdy] 

2' 

1+ 

1 dx 1 



\dtl 



dx cPy dy 
dt df dt 


Therefore, by substitution, 



^ dx d^y dy (Px 
dt df dt dP 


Ex. Find the radius of curvature of the cycloid 

X ^ a<t> — a sin 0, 
y zz: a — a COS0. 

Here the parameter is <f>. 

dx 

— = a — a COS0, 
d^x 

dy 

-- — a sm 0, 
d(f> 


d^ 

d(t>^ 


a COS0. 


Hence, by substitution, p = 


[a^(l — co80)^ 4- a^8ing0]^ 
a(l — COS0) ' a cos0 — a8in0(asin0) 
= — 2^a(l— cos0)^ 

= — 23 a • ^2 

= — 4a 8in~* 

2 


197, Radius of curvature in polar coordinates. The equation 
of any curve in polar coordinates may always, theoretically, be 
expressed in the form r = f{0). Then, since r may be regarded 



362 


CUKVATUKE 


as a function of 6^ the equations x^r cos 6^ y :=^r sin 6, are the 
parametric equations of a curve. From them we may accordingly 
derive the formula for p in polar coordinates by substituting in 
the formula of § 196 as follows: 


dx 

le 

d^x 


dr 

Te 


cos 6 — r sin 0^ 


d^T dv 

^cos^-2^sin0 
dGF dd 


dy dr . n , a 
-7^ = -75 sm 0 + r cos B, 
dB dB 

dd‘‘ dd^ dd 


r cos 6y 


r sin 0, 


Substituting these values and simplifying, we have, as the 
required formula, 


+ 

iai Si. 

IrY 


L 

J 



r^ + 2 


(^0 


r 


d&^ 


Ex. Find the radius of curvature of the cardioid r = a(l — cos^), 
dr d^r 

Here — r= a sin^ and — = a cos^, 

ae dO^ 

[a2(l — cos 6)^ + a- sin 2^] 2 


P = 


a2(l — cos^)2 + 2a2 sin2^ a(l — cos^)a cos^ 
[2a2(l - coaff)]5 2 * 0 ,, ,,i 

= ^ = (1 — COS0)*, 

-.0 /o o o' ' ' 


or 


(3 — 3 cos 6) 

p = f(2ar)l 


PROBLEMS 

a * ~~ 

1. Find the radius of curvature of the catenary y = - (e“ + e “). 

2 


2. Find the radius of curvature of the cissoid — 




2a — X 

3. Find the radius of curvature of the four-cusped hypocycloid x^ + = a^. 

4. Find the radii of curvature of the curve — x® at the points 

(0, 0) and (a, 0). 


, 5. Find the radius of curvature of the curve 
point (0, 6). 




= 1 at the 
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6 . Find the radii of curvature of the curve — ax{x ^ a) at the points 
where it crosses the axis of x. 

7. Find the radius of curvature of the curve — sin y at the point (xi, 2 / 1 ) • 

8 . Find the slope and tlie radius of curvature of the curve y -f log(l — x^) =0 
at the origin of coordinates. 

9. Show that the radius of curvature of the curve r = a (sin 0 -f cos 0) is 
constant. 

10. Find the radius of curvature of the curve r = a (2 cos^ — 1). 

0 

11 . Find the radius of curvature of the curve r ~ a siir^ ^ • Find the greatest 

and the least values of the radius of curvatulM'-. ^ 


12. Find the radius of curvature of the leinniscat(‘. = 2 cos 26. 

13. (liven the curve x = 2 cos t — cos 2t., y —2 sin t — sin 2 1. Find the radius 
of curvature in terms of and show that it will be greatest when t = tt. 

14. Find the evoliite of the t)arab()la y'^ — 4jpx. 


15. Find the radius of curvature of the tractrix 
a , 


y ■■ 


' log 


a 4 - 


a 


- Va‘^ ~ 


-- - Va2 ■ 


16. Prove that the evolute of the tractrix is the catenary. 

17. Prove that the evolute of a cycloid is an equal cycloid. 

18. Find the evolute of the four-cusped hyjmcycloid x = a cos^^, y =za sin8 0. 

19. Find the evolute of the elli 2 )se from the parametric ecpiations x = a cos0, 
2 / = 6 sin 0. 

20. Prove that the center of curvature of any point of the logarithmic spiral 
is the point of intersection of the normal with the perpendicular to the radius 
vector. 

21 . Find the circle of curvature of the curve y— when x = 0. 

22. Show that the catenary y — ^ (c^ + e-^) and the parabola y = 1 -f ^x^ 
have the .same tangent and the same circle of curvature at their point of 
intersection. 

23. Find the point of minimum curvature on the curve y = logx. 

24. Find the points of greatest and of least curvature of the sine curve 
y = sinx. 

25. Find the points on the ellipse for which the curvature is a maximum or 
a minimum. 

26. Show that the curvature of the parabola y = ax^ + 5x + c is a maximum 
at the vertex. 
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27. Find the condition for a maximum or a minimum of the curvature fc, 


where k = 



28. At what points on the curve y = log sin x is the radius of curvature 
unity, and in what direction from the point on the curve is the center of 
curvature ? 

X 

29. Show that the product of the radii of curvature of the curve y — 
at the two points for which x = ± a is a^{e 

30. If the angle between the radius vector to the point of contact and the 
straight line drawn from the pole perpendicular to the tangent is either a maxi- 

. . 

mum or a minimum, prove that /j = — » where p is the length of the perpendicular. 



ANSWEKS 


(The answers to some problems are intentionally omithid.) 
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CIIArTER I 


1.9. 3. x-x2. 

2. X — y. 4. 4. 

9. ahc -I- 2 fgh — a/2 — bg^ — c/i2. 

10. a62 4- 6c2 -f ca2 ~ ac‘2 — 6a2 ~ clfi. 
13. 2aia2CiC2 + 016162^2 + 


6 . 17. 7. 1 . 

6 . -18. 8 . 2 ahc 

11. 7 X — 0 2 / — 5. 

12 . 3 . 

— — ai6|ci — a 26 fc 2 . 


Page 26 

.4. 

2 

26. 0, 6 ± Vn9. 

26. 8 a; + y - 13 = 0. 

27. x2 4 - y2 _ JC _ 2 / r= 0. 

28. x2 4- 2/2 _ 3^ _|. y __ 4 _ 0. 

29. x2 — (a 4 - &) X 4 - ah — — 0. 

30. X* — (a 4 - ^ + t;) x2 4 - (ah 4- be 

+ ca — /2 — g‘^ — /i2) X — a6c 
— 2 fgh 4- aP 4- bg"^ 4 - ch^ = 0. 

31. X = 1, 2 / = 2. 

32. X = 2, 2 / = - 1, 2 = 3. 


Page 27 
49. 1, 


2 


50. 22 / 24 - 62 / — 3 = 0. 


33. X = 2, y = - 2, « = f. 

34. X = — 6 , y = 0, 2 : = 4. 

35. X = — 1, 2 / = 0, 2 : = 0. 

88. X = 5 (a — 2 6 -f c 4- d), 

y = ^ (a -f 6 - 2 c 4- d), 

2 : = 1 (a 4- & + c - 2d), 

= 1 ( _ 2 a + 6 + c 4- d). 

39. Xi : X 2 : Xs = 3 : — 5 : — 2. 

40. xi : X 2 : X 3 = 1 : — 2 : 3. 

41. Xg = 0, Xi : X 2 = — 2 : 1. 

42. Xi : X 2 : Xg : X 4 = 4 : — 3 : 2 ; 5. 

43. Xi = 0, X 2 = 0, Xg : X 4 = 8 : 2. 


61. 2 / 24 . 11 ^4.12 = 0. 
52. y — 4 = 0. 

63. 52 _ (ct .j. c)2 = 0. 


CHAPTER II 

Page 45 

1. 6 + 3 V6. 7. (- 0). 10. (- 1, - 8i), (1, - il). 

6. (1*, 3H). 8. (- 2|, - 1|), (- If, If). XI. (- I, If). 

8- (H, 3H)- »• (f'> 3 ± V7). 12. (- i, - If). 
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14. (6, - 1). 16. (- 10, 31). 

16. (-14, 17). ■ 17. (2, 1), (4, - 1). 

366 


18. f Vso, } V53, V^. 

19. (16, - 3). 
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21. tan-ij. 2: 

Page 67 

26. X - 2/ - 4 = 0. 

27. 8x + 0 7/4- 8:] 

28. r)X -(){/ '^ 0. 

29. 7X - 2?/ + 8 r_r 0. 

30. 8.r. -7/ -7 = 0. 

31. X + 1 = 0. 


CHAPTER III 

. taii-'i. 23. — . 

4 


32. taii-i,+ . 

33. 2x + 8?/ - 17 = 0. 

34. Ox - 0?y - 2 rr 0. 

35. X — ij + 2 — 0. 

36. 4x — (>?/ + IT) 0 

37. 2r>x + 15 2/ - 24 = 


26. 5x — 4 2 / + 40 = 0. 


38. r)X - 2?/ - 10 0. 

39. 7x + 4?/ + 28 =: 0. 

41. 12x - 15 7/ - 8 0, 

42. 3x- 2 2 / - 7:^0. 

43. X 4-4 ?/ — 4 rr 0. 


Page 68 

44. 2 X + :^ 1/ 4- 1 •- 0. 48. ! ■; VTil. 

48. ?. 8'^ - f(- - ah 

46. (0, 2), (0, 7), (.% r.) ; • - V8'2 „-2 ' ' 

— , taii-* '% tiiii-’5. Tj 

4 ■ 51. 6V2, i'J V2. 

47. ,Vvl7. 


52. I 


58. (8, 0). 

69. 2 X — 2 / — 4 = 0. 


60. (-2}, -^1?). _ 

61. (±5iVl3, ± .J5Vl3). 


Page 69 

63. (1, 1), (- .3, 3). 66. 5x + 2 / - 12 = 0, x - 5^ + 8 = 0. 

64. 5 X - ?/ - 3 = 0 ; 2 V20. 67. 3 x - 4 ?/ - 2 = 0, x - 2 = 0. 

66. 17x + 0?/ + 34 = 0, x + 18?/ + 2 = 0. 


Page 94 

7. a=2fii = — 4^. 


CHAPTER IV 


8 . 


2 a 


Page 95 

10 . (l)fc = |; (3)l:<^ 

11. (1) = Oor4 ; (2) fc<0 orl: >4 ; 

(3) 0<A:<4. 

12 . (1) A: = -3or - l ; 

( 2 ) -3<l-<- 5 '; 

(3) fc < — 3 or k > — |. 

25. I, >(-3±3 V-3). 

32. x**^ — ax2 — (a2 + 6 )x + 

33. x^‘ — 4 ax^ + (4 a- — 6 ^ - 


26. 2,-’, -11. >+3, KliVZ?). 

27. 0, 1 (± 1 ± Vl3). 

28. 0, 6, ± ± 

29. 0, -2a, (-l±5i). 

30. ± (a + 1), ± (a - 1). 

31. 0x3 - 13x2 1 6x = 0. 

'S — ab — 0. 

2 6)x^ + 8 abx^ - (8 a^b - 2 6»)x2 = 0. 


34. x2-4x + 13_=0. 

35. (2x + 2-Vll)(2x+2+ViT). 

86. {2x + 3+V-2H2x + 3-V-2). 

87. (2ax+ I V-S)(2ax+ I - J VITs). 
38. (x + o + Va) (x + a — v'a). 
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39. (ax -f 6 + Va 4- 6^) (ax -f 6 — Va + 62). 

40. (ax -f 6 4- i V6) (a® 4* i “v^). 

41 . p2 _ 2 7 . “ 2 g 

42. 3j)g ~ * ^2 

43 AK p'^-^q 


46. p«-3r. 

47. pr. 


Page 96 

62. 1, J(.3 ± Vai)). 66. 

63. 2, 2, - 1. 67. 

64. 2, 2, - i. 68. 

68. - 3, I, 69. 

74. 4, - I, 5 (3 ± v^). 

76. ± }, J(3±V_7). 

76. - I, > (1 ± V6). 

77. 2, 3, -1, -l±Vir2. 

78. -2, ± 5, 5(_1±VZ3). 

79. I, ±1, - 2±V3. 


66. -.3, J(_l± V-3). 70. 

67. I , I, I 71. 

68 . h h - I 72 . 

69. I, - 2 ± V- 2. 73. 

80. 1, - 2, - 

87. 1.41. 

88. - 1.62. 

^ 89. 2.06, .50. 

-3). 90. 1.18, 2.87. 

91. .16, 2.93, 


70. - 5, - 1 ± Vs. 

71. -1, -1, i 5. 

72. 3, - 2, 5, 

73. 2, I, 1 ±V-2. 
- 5, 2±V3. 


CHAPTER V 


Page 118 


1. 12. 3. 0. 14. ( 45 , 665 ). 16. 105 . 

2. -3. 11. 32* + 2 / + 46 = 0. 15. tail-* 17. (2, 0), (- 2, 6). 

18. 4* + 2/ + 2 = 0, 108* + 27 2/ + 68 = 0. 

19. (-1, -G), (i, 

Page 119 

20. Increasing if x > — 2 ; decreasing if x < — 2. 

21. Increasing if x < 0 or jc > f ; decreasing if 0 <_x < J. 

22. Increasing if x > — ^2 ; decreasing if x < — ^2. 

23. Increasing ifx>lor — l<x<0; decreasing if 0 < x < 1 or x < — 1. 

24. (h lh 25. (0, \), (±2, -3|). 

26. Maximum value, y | ; minimum value, — 3. 

27. Maximum values, — 12, — 66 ; minimum values, — 34, — 88. 

29. 5 (a + 6 - Va2 + IP - ab). 

30. Altitude, base, 

’2 ’2 

31. Altitude, | a Vs ; radius of base, ^ a Vo. 

32. Altitude is one third the altitude of the cone. 33. (li^, J). 

34. The one in which the radius of the circle from which it is cut is one 
fourth the perimeter of the sector. 

35. Altitude is one half a side of the base. 

^ 37. (1) Height of the rectangle is equal to the radius of the semicircle. 

(2) Semicircle of radius 38. Ja. 


( 2 , 0 ), (- 2 , 6 ). 
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39. Length is twice the breadth. 

40. .06 

44. Upward if a; > 1 ; 
downward if x < 1. 

45. Upward if x > 0, 
downward if x < 0. 

46. (2, - 1 ). 

48. (0, - 8). 

49. (1, - 27), 

51. 0.45, 1.80, - 1.25. 


52. -2.21. 

53. 2.09. 

54. 1.20, 3.13, - 1.33. 

55. 1.61, ~ 1.18. 

56. 2, 2, ~ 3. 

57. 1, 1, — a ± Vtt^ — a. 

58. 6(5 + 4a8) = 0. 

59. 62(27a^ -6) = 0. 

60. 63-27a^ = 0. 

61. See Ex. 23, Chap. I. 


CHAPTER VII 


Page 155 

5. x2 + 2/2 + 2ax = 0. 

6. x2 + 2/2 ± 2 ax ± 2 a?/ + a2 = 0. 

7. x2 + 2/2 3 2 2/ = 0. 

8. (- 2, 6); V65. 

9. (-2, 3); 2 V 3 . 

10. (I, -1); I Vlil. 

11- (-1,1); 0. 

14. X* + y® — 3 X — 3 y = 0. 

15. x^ 4- y2 — 3x — 4 = 0. 


16. x2 + y2 + 26x + 16y - 32 = Oi 

17. x2 + y2-6x + 4y-46 = 0. 

18. x* + y2 - 20x - 20y -f 100 = 0, 
x2 + y2_4x — 4y + 4=:0. 

19. x2 + y2 - 12x - l-2y + 36 = 0, 
25x2+25 y2+60x-60y+36=0. 

20. x2 + y* + 2 X + 10 y + 1 = 0, 

»* + y® — 12 * — 4 y + 15 = 0. 

21. 2x2 + 2y* + 6x + 3y- 10 =0. 


Page 156 

22. x2 + y2 + 22 X — 34 y + 121 = 0, 
x3 + y2 _ 2 X — 10 y + 1 = 0. 

23. x2 + y2-10x-28y + 217 = 0. 

24. x2 + y2 + 22 X — 44 y — 20 = 0, 
*2 + y2 + 2 X — 4'y — 20 = 0. 

26. 4x2 + 4y2± 7y-36 = 0. 

26. 7x2+ 10 y2_ 112=0. 

27. 9x2 + 6y2- 46 = 0. 

28. 6x2+ 9y2 - 180 = 0. 


30. 16x2 + 26y2- 400 = 0. 

31. 6x2 + 9y2- 80 = 0. 

32. 16 x2 + 26y2 - 400 = 0. 

33. 196x2 + 132 y2 - 14663 = 0, 

34. 4,3; jV7; (+V7, 0). 

35. i; 3x2+42/2-.8a2 = 0. 

36. 6x2 + 9 2/2-406 = 0. 

37. x2 + 42/2 -a2 = 0; i V3. 

38. iV2. 


29. ^ V386, ^ Vl66. 


39. 3x2 + 62/3-30 = 0. 


40. 1 V2, J V3; (i^Ve, 0); 2x± Vo = 0. 


Page 157 

41. 6x2 - 42/2- 20 = 0. 

42. 32/2 -x2 - 12 = 0. 

43. 28x2 - 36 2/2 - 175 = 0. 

44. 24x2 -262/2 - 384 = 0. 

46. 3x2 - 1/2 - 3a2 = 0. 

47. 8x2-2/2-16 = 0, 

82/2 - x2 - 124 = 0. 


48. a:2 - 2/2 - 21 = 0. 

49. x2 - 82/2 + 4 = 0. 

50. 25x2 - 144 2/2 - 3600 = 0. 


51. 262/2 - 9x2 - 16 = 0. 


52. cos~i 



83. i V6, § V6. 
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64. J V 29 ; (± V 29 , 0) ; 65. 62x« - 117 y* - 676 = 0. 

2*±6y = 0. 67. 3x«'- 4y« - 84 = 0. 

68 . jVl3; (±Vl3, 0); 13*±9Vl3 = 0; 2x±3y = 0. 

Page 158 

61. j) = n. 64. y2 _ 5pa. 0. 67. 2/db5x = 0. 

62. Y a;2 + y2 + 3x - = 0. 68 . x2 - 8^2 _ gy _|. 9 == 0. 

63. 38^|. 66 . 7 X - 3 2 / + 2 = 0. 69. 2/2 4 . 4 y _ 2 x + H = 0. 

70. 91x2 + 842/2 - 24x2/ - 3C4x - 152y -f 464 = 0. 

71. 2/2-10x4- 25 = 0. 73. 4x 4- 3 2/ - 31 = 0, 4 x 4- 3 2/ 4- 10 = 0. 

72. (2/ — 2)2 4 x^ 4 - x2 = 0. 74. 6 X 4 " 2/ — 6 = 0, X — 6 2/ 4- 7 = 0. 

Page 159 

80. Circle. 83. Concentric circle. 86 . Circle. 

81. Circle. 84. Straight line. 87. Two straight lines. 

82. Circle. 85. Straight line. 90. Parabola. 

91. Parabola. 93. Two parabolas. 

Page 160 

94. Circle. 96. Hyperbola. 98. Hyperbola. 101. 8j) V3. 

95. Parabola. 97. Parabola. 99. Witch. 


Page 175 

1. (1, 1), (-2,3). 

2 . ( 0 , 1 ), 

4. (0,0), (^1, -2). 
6. (1, 2^). 

6 . (1,3), a, - 1 ) 

8. (2 ± V6, 2 4 V6). 

9. vis. 


CHAPTER VIII 

10. 2x — 2 / + 2 = 0. 

11. -3. 

la. 2 x + 3y±6V2 = 0 ^ 

13. bx — ay + ab ± ab V 2 = 0. 

16. ( 0 , 0 ), il, IJ). 

16. (± If, ± 5), (± 15 , ± 3|). 

17. (I, 0), (1, - 1). 


Page 176 

18. (2, 2). 23. (0, 0), (- 1, 0). 

19. (0, 0), {± V2, ± i V^). 24. (1, ± 2 V3), (6, ± 0 V2). _ 

20. (2, 2), (I, - p. 26. V48T3V1I, — - V 

A1 /A A\ /2a?/i2 2am*\ , \ ® ^ / 

* ■ ' ’ '’U + »n*’ l + mV' 26. (6 - a, ±2Va6). 

22. (2, 1). 27. l± 2 a, a). 

28. (0, 0), (-2a + 2aV3, ±2a V2V3-2). 

29. (0, 0), (f a, ± f a V2). 82. {±2 a, a). 

80, (2o, a). 33. 6x + 4y + 6 = 0. 

81. (±2a, a). , 84. 2x + 6y — 13 = 0. 


21. (0, 0), (; 
22 . ( 2 , 1 ). 


Page 177 

86. 3* + y-l=0. 38. 3x* + 3y* + 13x+133/-4 = 0. 

86. 6x*+6y* + 28x + 42y = 0. 39. x2 + 8y2-9 = 0. 
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CHAPTER IX 


Page 

1 . 

2 . 

3. 

4. 

5. 

6. 

7. 

8. 
9. 

10 . 

11 . 

12 . 

13. 

14. 

15. 

16. 

17. 

18. 

19. 

20 . 
21 . 


209 

9 x2 -f 14 X + 5. 

20{x 4- l){3x‘'^ 4- 6x + 2). 

2 a 

(X 4- 

6x2 

(x3 - 1)2* 

14(l-x) 

(3x2 - Ox + 1)2* 

1 

(X + 1)2* 


'/i+i+i 

,X^ X^ x^ 


j(i 


-1 


2(4x-3)+-(0-7x). 

x” 

X + 1 


2x Vx 

1/2 1^ _ 1 


-4- 


^\^X 'V^ x^x 

2(3x2-5x+6)(0x-6). 
6x(x2 + 1)2. 

8x + 6 

2V4x2 + 5x — 0 
2x + 1 

3 ^(X2 + X - 1)2 
2x 

(x2 + 1)2’ 

(x^ + x2 + iy2 

6 X 




•y(x2 + 1)^ 

5(2x-l)(2x-3) (x + l)2, 
(3x - 6) (12x2 - 55x + 31). 
2 x2 + X + 1 


Vx“ + 1 

3 X* - 10 x-'i + 6 x° + X - 2 
(x2- 4x + 3)*(x3 + l)* 

y_j_+_jL_Y 

2\Vx + 1 Vx - 1/ 

X 


23. 1 + 


24. 2x 


-L-A 

\ ^(3x2+ 1)2 ^(3x2+ 1)V 


Vx2 + 1 


25. 

26. 

27. 

28. 

29. 

30. 

31. 

32. 

33. 

34. 

35. 

36. 

37. 

38. 

39. 

40. 

41. 

42. 


1 


(X + l)Vx2 - 1 

X + 1 


(x - l)'Vx2 + 1 

X — x2 


(x2 + l)i(x3 + 1)1 
2x2 + 1 „ 

Vi+^ 


(a2 - x2)^ 

X — Va2 + x2 


a2 V a2 + x2 

4x (2 y2 _ x2) 

^x2y‘ 

5 x^ — 3 x2 
Ty“4 - 1 ’ 

3 [x2y ^ + (x - 2/)2] ^ 
3 (X - 2/) — 4 x^2/® 
3x2 - 5x4 
4 2/8-1 


X + Vx2 — 7/2 

y 

y 

X _ 2/ (x - y)2 

5x. 25 

2 7/’ 2 2/8 

x® . 6 a’^x^ 

y®’ yia 

_52x 

a27/ ’ a22/8 

a2 , 6 


3 2/^ — («^ — 3 y2)3 

3x2 .6x(l-3y2) 

37/2 + r (l + 37y2)8 • 

2(3x2^22/). 128xy 


3 y2 ^ 4 X (3 y2 4 x)8 
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Page 210 

43. tan., ?>x + 2 / + *^ = 0 ; 

nor. , X — 8 2/ + == = 

tan., 3x — 2 / + = 0 ; 

nor., X + 3 2/ — 7 r- 0. 

44. x-0?/-fl7 = (),0x-f-2/-9=:0. 

45. x + 2?/-2 = 0. 

46. 4x — 3?/ — 1 = 0. 

47. X + 2 2/ - 1 = 0. 

48. -Xi)y-yiJ:-xiyi-Sa=0. 

49. X — 3 ypj + 2 Xi — 3 = 0. 

60. 2 2 / 12 / — 3 xfx + = 0. 

51. (2 - xf)x 4- ^il/ — 3xi = 0. 

52. xr^x + 2/r^2/ = 

63 . xi~ h -h ?/r hj = ai 


64. 6 2/ + VTO X - 5 VS 

10 2 / ~ 5 VlOx 4- 4 VS ~ 0. 
56. tan., 4 x — // — ^> = ^^ ) 
nor., X 4- 4 2/ — 10 - 0 : 
tan., 4 X — 2/ 4- “ 0 ; 

nor. , X 4- 4 2 / 4- 10 r- 0. 


"■ I V' +©■'*%/*+©* 

dx, 

61. (-0.57, 2.08). 


Page 211 

62. (i J a V2, ±]b V2). 

63. / i -- , ± 

V V 4- Va-1 

73. Vp(p 4- xi). 


52 \ 


76. a^v/ix — b^Xi]/ ~ 0 ; 

77. tan-U. 

4 ^ 


Page 212 

78. 0, tan-i|. 


81. tan-^ 5 Vs. 


86. tan-i | 

86. tan- 13. 

88. — ,tan-i' 

2 

89. tan-i ^9^, 


Page 213 

95. 8 rd., 12 rd. 

96. (h’oss section is a square. 

97. Of equal length. 

98. 4 mi. from nearest point on 

bank to A. 

99. FD = {y/2. - \)AB. 


90. tan-if. 

91. 0, tau-13 V3. 

92. 0, tan-ii-y2. 

93. The length is twice 

the breadth. 

94. He walks 2.8(5 mi. 


103. Area of ellipse is ~ area of 

rectangle. 

104. Central _ angle of sector is 

IttVo. 

106. Breadth a, depth a V 3 . 

106. Breadth, JaVS; depth, f aVo. 


Page 214 

107. Velocity in still water \ a mi. 

per hour. 

108. Radius of base equals alti- 

tude. 

109. Altitude is | radius of sphere. 


110 . a mi. on land, 

Vn2 - m2 

bn . . . 

— mi. in water. 
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111. Altitude is J V2 radius of 

semicircle. 

112. Altitude is f distance between 

vertex of parabola and bound- 
ing straight line. 

118. (6, a). 

114. (± I Vs, 3). 

115. maximum value when 35=^, 
minimum value when x = 1 ; 
points of inflection when ic=: — 1 

1 ± V6 

or 

5 

122. Stationary when ^ = 0, 4, or 8 ; 

moving backward when 4 < t < 
128. 20, 10 VO; (100, 20). 


116. minimum ordinate, x = 


maximum ordinate, x=z 

points of inflection, 

(± a, 0). 

117. (± ^ V 3, 1). 

119. V27 -3 V33, 

± Vs V33 - 
12 

120. (±|V 2 , 

121. (1, 3), (6, -6). 
maximum velocity when t = 

8 . 


Va 

(0, 0), 


= 1.69 ; 


Page 215 

124. When x = 1; parallel. 

125. Velocity of top: velocity of bottom = distance of bottom from wall: 

distance of top from ground. 

126. 64 TT cu. ft. per hour. 132. 8 y = -f* Ox — 10. 

127. 380 ft. per minute. 133. 3x — 2xy - 2 = 0. 

128. 41.0 ft. per second. 134. 3y = 2x^ -f 11. 

129. 16 ft. per second. i oo ^ 

130. 0.2 in. per second. ' y ~ 


131. 17.9 mi. per hour. 


137. 1)0,000, 077^2. 


Page 216 
138. 108. 140. 


141. Ja2. 142.851. 143. 1/ tt^. 144. 10|. 145. 17iV. 


CHAFTEIi X. 

Page 225 

1. (- 1, 6), (~ 7, 7), (2, - 5). 2. + 4y2 ^ 4 = 0. 

3. y8 - 15?/2 4- 3x2 4- 76y - 6x - ^ q. 

4. 52x2 -f a2y2 __ 2 a25y = 0. ^ a - x) 

5. 52x2 -f a2y2 — 2 ab^ = 0. ^ V — ~ • 

6. 52x2 ~ - 2 a52x = 0. 2 ax2 


7. 

2a 4- » 


Page 226 


4 — 0x2 

x2 4- 4 a2 
(2 a + x)* 


9. y = . 


x2 + 4 


12 . 3 ,. = (?L±f)!. 

a - X 

13. y2 ~ 4^px 4- 4p2. 

14. = 4pz — 4p2, 


X 
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16. = 18 ii . .^_e 

16. 2*® + 3y«-6 = 0. ’ 4a 4 6 

17. ab-c. aO. *2 + 9yS + 6x-36j/ + 36 = 0. 

21. 196** + 900y* + 784* + 6400y + 8875 = 0. 
aa. **-4y*-2*-16y-19 = 0. 26. **-8* + 16y-C4 = 0. 

23. 2**-62/*- 8* + 36v- 47 =0. 26. 3** + 42/*- 12*-24y-27=0. 

24. y* + 4y - 8* +28 = 0. 27. 8** + 9y^ - 16* - 64 = 0. 


Page 227 


28. 6*2 - 42/* + 10* - 16 y- 31=0. 

29. + iy — X — 0. 

80. ^ (- 1, 2) ; (2, 2), (- 4, 2) ; (- 1 ± Vs, 2) ; 5* + 6 ± 9 V6_= 0. 

81. i VlO; (-3,2); (-3 + V6, 2); (-3 + VS, 2); 2* + 0±5V2:^0. 

82. ^ Vl3; (3, -4); (5, -4), (1, -4); (3±Vi3,-4); 13* -39 ±4 Vl3=0 ; 


Zx-ty - 17 = 0, 3* + 22/ - 1=0. 

33. I VlO; (- 1, 2); (- 1 ± V 2 , 2); (- 1 ± Vs, 2); 6* + 6 ±2 V6 = 
V3{* + l)±V2(y-2) = 0. 

34. {-}, i); (-i, - i); 3* + l=0; 8y-7 = 0. 

36. (-2, -3); (-1, -3); 2/ + 3 = 0; 4* + 13 = 0. 

36. (I V 3 , ^), (i, - ^ Vs), 40 . *2 + 14 j /2 - 14 = 0 . 


/I + V 3 1 - V3\ 

V 2 ’ 2 ■ 7 ■ 

37. *2-4y*-4 = 0. 

38. y2 = »^(3«V2-2*) 

3 a V 2 + 6x 


42. xy = — 18, or xy = 18. 

43. 17x2 + 72/2-2 = 0, 

or 7 x2 + 17 2/2 — 2 = 0. 

44. x2 i y = 0, or 2/2 + x = 0. 

45. 2x2 -2/2 -1 = 0. 


0 ; 


Page 228 

46. 5x2 + 82/2 = 40. 

47. 4x2/ = 7. 


4S - g V2 - X + y ^ 

\x — y) a V2 + X ~ y 
49. 5x2-0y2 = 30. 


CHAPTER XI 


Page 244 

1. Hyperbola; center, (—7, 2); slopes of axes, 2 and — J. 

2. Parabola; slope of axis, vertex, (||, — 4Jf). 

8. No curve. 

4. Hyperbola ; center, (—1,0); slopes of axes, 1 and — 1. 

5. Hyperbola; center, (2, — f); slopes of axes, 1 and — 1. 

6. The line x — y + 1 = 0 taken twice. 

7. Ellipse; center, (— 1, 2); slopes of axes, 1 and — 1. 

8. A pair of straight lines intersecting at (3, — 2), and having the slopes 

- 1 ± i V6. 

9. A pair of straight lines intersecting at (3, — 2), and having the slopes | 

and — f. 

10. Parabola; slope of axis, 1; vertex, 
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11. The parallel straight lines x + 3?/ — 6 = 0, x + Sy — 1 = 0. 

12. Ellipse; center, (2, ~ 1); slopes of axes, | and — 

13. Point, (0, 2). 


Page 245 

,2 

n-1 . 

A^-B 

2x2 + 3xy + 2/2 4- 12x - IZy ~ 50 = 0. 

X2/ — 2 2/2 _ 2 X -f 4 2/ = 0. 26. 

6 x2 4- 6 xy + 2/^ — 20 X — 13 2/ 4- 30 = 0. 

9x2 - 12 xy 4- 4 2/2 - 117x 4- 78 2/ 4- 380 = 0, 
or 49 x2 — 50 xy 4- 10 2/2 — 021 x 4- 35 4 y 4- 1904 = 0. 


20. tan- 

23. 

24. 

26. 

27. 


x2 - X2/ 4- 2/* - = 0. 


28 




tan2 ~ if tan - < 1, 
2 2 


tan2 ^ - 1 


the lines). 


a 

tan - 


if tan ~ > 1 (jS the angle between 
2 
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1. 5x-2/-f 3 = 0;(0,3), (-1, -2). 

2. x + y~S = 0;(0, 3), (1, 2). 

3. x-2/4-1 = 0;(- }, ^). 

4. 2/-2x4-5 = 0;(1,-3),(2,-1). 

Page 263 

9. 3x — 22/ = 0, X — 2/4-1 = 0. 

10. X = O, X — 2 / 4- 1 = 0. 

11. 3x-fy — 1 = 0. 

12. 2x — 2 / = ^l 7 2;4-22/ — 10 = 0. 

13. x4-22/ — 2 = 0, X — 32/ — 2 = 0. 

Page 264 
30. -e. 


6. (0, .3). 

6. (t, - i)- 

7. (2, 3). 

8 . ( 1 , - 2 ). 


14. X — 32/ — 2 = 0, 2* — 2/4-1= 0. 


24. At infinity. 

25. hex — 02/ = 0, te 4- aey = 0. 


31. a“ = 2 52. 
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47. {ae, ± i tan-i(±e). 
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CHAPTER XIII 


21. a cos 2 ax. 

22. a [sec2 (ax 4- h) ctn (ax 4- c) 

23. — 8csc2 4x. 

2(2ctn2x— 1) 

24 . 

CSC 2x 

3 sec 3 X (tan 3 x — 1) 

(tan 3x4-1)^ 


tan (ox + h) csc^ (ox 4- c)]. 

26. sec^x. 

27. mn sec”»nx esc" mx (tan nx — ctn mx). 

28. 2 sec2 2x(2 tan2x 4- 1). 

29. — 2 CSC 2x(2 csc24x + ctn 4x ctn 2x). 

30. cos (x cos x) (cos x — x sin x). 
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81. 

6 sin2x cos^x. 

49. 

82. 

8sec®x — 3 secx. 



\ 

50. 

88. 

— - cos X. 



V2 




51. 

84. 

sin V 1 x2. 



Vl-x2 


85. 

sec X tan x. 

52. 


1 


86. 

1 4-x2‘ 

58. 

87. 

1 

54. 


Vl - X2 

55. 

88. 

1 

56. 


(1 4- «) 

57. 


1 

58. 

89. 

Va2 — x2 

59. 


1 la 

60. 

40. 

— -y/_. 



a 4- X \x 


41. 

1 

61. 


(x 4- 1) 



2 

62. 

42. 



(x2 4- 2 x) Vx2 4- 2 X — i 


48. 

0. 

63. 

44. 

1 

64. 


a 4- 5 cos X 



2 

65. 

45. 




©» 

H 

1 

> 

66. 

46. 

1 

67. 


1 

> 

1 

68. 


1 

69. 

47. 




2 x2 4- 2 X 4- 1 

70. 

48. 

4x 



X* 4- 1 

71. 


2(» + l)e**+s» 

Ja^x 
X* -a* ' 

eV'i-T^a^ /_L«g “ . 

V(1 ~ Vl - xy 

1 

Vx^ 4- X 

atana:log a • seC^X. 

2x{l 4- 2 logx). 

loga • sec2x(sec2x 4- 2 tan^x) 

2 sec 2 X (sec 2 x + log a • tan^ 2 x) 

[2 (a 4- x) sin mx 4- wi cos mx] e<® + *>*. 
- 2 . 



2 

^2* ^ ^2ar 
8 _ _ 

3 4- 5 sill 2 X 

2 

e* 4- 

e^cosa cos (a 4- X sin a). 
4x 

sin (2 x2 4- 2 a^) 

cos“ix. 

sec ax. 

(a2 4- 
ctn-^x. 
cos-^x 

V(i - **)» 

sill mx. 
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72. 

2x ctn~i 

76. 


X 


73. 

sin-^x 


x2 

77. 

74. 

1 1 

78. 


Vx2 - a2 Va2 ~ x2 

79. 

75. 

1 jx + a 

X \x — a * 

80. 


- 1) ^og - 1) , 

(a* - 2 X)* 

1 

a 4- COS X 

4 CSC (4 X 4- 2) [1 — ctn (4x4- 2)]. 

X 

V2 ax — x2 
2 Va2 4- x2. 
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sec-i2Vx 
Vx(4« - 1)8 
V2ax-x2. 

83. 2 - 1 

2 X (x2 — 1) 

84. 

(e^ + 2) Ve2* -f 2e^ - 1 

(g!2a; -f. log (ga: ^ 2) 

V(e2* + 2 fr' - 1)“ 

86. X tan-1 Vl — x'^. 

86 . 

2 + *'! 

87. ^ _ (sees vx log sin Vx 4- 1). 
2 Vx 

y 

88 . ~ (x ctnx — log sin x). 
x‘-^ 

89. + logx 4- (logx)2j. 

90. ^/e^Q + logx^. 


91. yx*(l 4- logx). 


. rtan-i 

’■ 4 — 


(g + g) ^ log (g 4“ a?) 
4-x l4-(a4-a:R 


2 / ^tan xy — -j 
log X — X tan xy 

2*+^ 

94. L±£l. 

2y — tan-^x 

95 y 4- sin(x - y) 
8in(x — y) — sinx 

96. 

(ny +1)* 

e*' sin X 4- e® sin 2/ 
cos X — cos y 

98 

sin X — X (1 4- sin y) 

99 

X log X — x^ cos y 

too. 

X (1 4- a;2 4- y^) 
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101 ^ ^ 2(x2-f y^) 4(x4-2y) (x^-\-y^) 

' X - 2/’ (X - y)8 ’ (X - yY 

102 . - e^--i'(l 4- (1 4 - 2 e*”*'). 

108 ^ ~ 2 (X 4- y) (y^ - 1) 6(x4-y)^(i-y^) 

• x2^l’ (x2-l)2 ’ (x2-l)8 

104 ^^y 4 (X 4- y) 8(x 4-y)(l- 2x -2 ?y) 

‘ x4-y + l’ (x4-y + l)^’ (x4-y + l)^ 

105 — y y(l 4-logx)-2x 2y[l 4- logx 4 - (logx)^] - 3 x(l + logx ) 

x{l — logx)’ [x(l— logx)]2 ’ [x(l— logx)]8 

1 ~ 1 ±^33 

106. X = cos“i 

8 

107. lor 2 . _ 112. x = A: 7 r, x = 2fcir±-. 

108. tan-i2V'2. _ 3 

mo . i/o. « «\ 

109. tan-i( 2 tan-sec- 1 • / i \ 

\ 2 2/ 114. /. 1, e-lV 


112. X = to, X = 2 fcTT 4: -• 
o 


110. tan~i|, tan- 13 . 




116. Maxima when x = (2 fc 4 - 1 )-, minima when x = kn; points of inflection 

^ 2 

when X = (2 A; 4* 1) - • 

4 

117. Maxima when x =(2A: 4 - D^r, minima when x =( 2 A: 4 - |) 7 r; points of in- 
flection when X = kw. 
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118. Maximum when x = n, minimum when x = 0, (n = 2A:) : points of 
inflection when x = n ± Vn, (n 1); x = 2, (n = 1 ) ; x = 0, (n = 2 A; + 1). 

119. Circle. , 120. 2 V(s - 8) (5 - 8), 4(4 -s). 
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122. 

a. 

128. 

123. 

ah 

2 V&2 - a H '^' 


126. 

, . ^ 62sin^cos^ 

— 6sin^ times 

129. 


V a2 — 62 8in2 e 

130. 


velocity of AB, where 


S = CAB, 

131. 

127. 

. where x is the 

132. 

Vl0,000-a:2 



distance from the center. 
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133. 

8 in. 

145. 

134. 

1:V2. 

135. 

6 Vs ft. 

146. 

136. 

2. 

147. 

CO 

V2 -1. 

148. 

138. 

2. 

149. 

139. 

e — 1. 

150, 

140. 

e 

151. 

141. 

log 2. 


142. 

X = 2a. 

152. 

143. 

tt / * 

153. 

2 - e''«) + c. 

154. 

144. 

y - 3 = A: log ? . 

155. 


0 2 

156. 


CHAPTER XIV 


600 sin (z , 

- - » where z is 

Vl0,000 — x*-* sin^ a 

the distance from the center. 

16 sq. ft. ; 9.03 sq. ft. per second. 

TT a - 

each. 

2 2 

23.7. 

At an angle tan-iAc with the 
ground. 


logl = k(x- a), 
s = ce^*, 

A:7r 4- (-1)^ .6661. 

2A:?r i .667, 2fc7r±2.2O0. 
kir, 

fcTT, (2* + l)^, 

kTT fcTT ± . 

4 o 

4.4934. 

4.276. 

0.199. 

- 0.7036. 

1.857, 4.64. 


2. tan., X — ^2/ + = 0 ; nor., ^x + y — 2p« — == q. 

A 4p 4p 

■'“T- 

4. tan., — 2 + 4p = 0 ; nor., 2 t^z -f ~ 4pi2 ~ 8p = 0. 

^ a6 aht 

5. x = ±— —====, y = ±— ===• 

V52 + aH^ V62 4. a2i2 

- aib^ — m^aP) 2 a62m 

62 4 nPaP ^ 62 4 m2a2 

IT 0-9^ 2asin»<^ 

7. X = 2asin20, y 

cos<^ 

10. (l + 3«2)x-2««y-2a = 0. 


Page 323 
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11. 2/2== 


2 x 2 (a - x) 


2z — a 

12 . + 2 /® — 3 cLxy = 0 . 

18. 2 /^ (ax — a2) = x2 (a2 + /c2 - 
14. 3 2/^ — 4 X2/ + 2 2/ - 1 = 0. 


15. 2^: 


ox). 


T-tan-iy 


._ (a;+l)(ai- l)a 

3a:2 + 1 

16. (3j/-*)* = 2 Va:2-y2. 

17. 9 2 / = (x — i/)2 — 6 (* — y). 

18. (x® + j/*) {ax + by) = cxy. 


19. Vx» + 2/2 = a V2 e* 

0 OL / . & 

20. X = a cos2 - , 2 / = - I sin ^ -f tan 

2 2 \ 

21 . X = (a — c tan sin2^, 2/ = (« cosd — c sin 6) sin B] y(z^-Vy‘^) = x (ay - cx). 


h , 2 X + a la -z 

>}' 2 \ X ■ 


22. X = ^ (a2 + fc2 cos2 0), ?/ = ~ (a2 tan ^ 4 - A:2 sin 6 cos ; 
a(x - a) (x2 4- ?/2) = 

a(a^ — x2) 

23. X = a tan B^ y = a cos 2B; y == — ^ • 

a2 4- x2 


Page 325 

24. X = a sin B (cos B 4- sec B), y = a cos B (cos B 4- sec B) ; 
y (x2 ^ y^)~ a {x^ 4- 2 //2). 

29. 6x cos <f) + ay sin <p — ab — 0. 

30. -. 31.- + ^. 32. -sin- 

4 4 2 2 Vo* 

fl* 

34. X = a cos 9 + J V62 — sin''^ 0, y = {I — t) a sin 9, where the center of 

the driving wheel is the origin, a the length of the radius of the driv- 
ing wheel, b the length of the connecting rod, and lb the distance along 
the rod from the wheel to the point. 

35. Straight line. 

37. 2 aw sin w VcC^ — 2 ah cos 0 4- where w is the constant angular 
velocity. 
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38. 2 ao) sill — ? w \ a^ — 2 ah cos 6 4* hi^m 


40. a^w, where a is the radius of the circle, aB the distance through which 

the point of the string in contact with the wheel has moved along the 
rim of the wheel, and w the constant angle of velocity. 

41. X = a(cos2 ^ 4- sin2 0), 2/ = a(l 4- sin2^ — cos2^) ; 

2 V 2 aw, 2 a (cos 2 ^ — sin 2 0) w, 2 a (sin 2^4- cos 2 B) w. 

42 2 — 48. The witch. 

* ^ a — X 40. X = a(cos0 4- ^sin^), 

43. Circle. y = a (sin ^ — a cos 0). 

45. y (x^ 4 - = 2 a (x^ 4 - 2 y^), 50. x = a (1 4* y — ma (1 4- ; 

47. y = X — a. ay* = x*(x — a). 
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53. Ellipse. 

57. 

X 4- = 0, p2/^ = X®. 

54. Hyperbola. 

59. 

Concentric ellipse. 

55. Straight line. 

56. Concentric circle. 

61. 

Ellipse. 

Page 328 

65. Parabola. 

67. Concentric circle. 

72. 

X = a (0 4- «in 0), 
y = a(- 1 4- COS0). 

70. Concentric circle. 

74. 

8 a. 

w 1 1 ttx 

71. y = X ctn — . 

2a 

75. 

8 a (a 4* 6) 

6 


CHAPTER XV 


Pago 

26. 

27. 


Page 

40. 

41. 

49. 

50. 

51. 

52. 
63. 

54. 

Page 

59. 

61. 

62. 

63. 


349 


(l O.S53a, ^). 


29. (0,0),(a,i^),(a,±^j 


30. Circle. 

81. r — acoa^O. 
a cos 2 6 


32. r = ■ 


coa^$ 


350 


sin^^ cos ^ + (2 a -f r cos 6y = 0. 
r cos ^ = a cos 2 6, {r^ + a^) cos ^ + 2 ar = 0. 

(j;‘2 4. 2/2)3 _ 4 a 2 x 2 y 2 = Q. 

(x2 + 2/^4- — a2 (a:^ -f ?/2) — 0. 

(x^ -f 2/2)2 _ 2 a2 (a:2 — 7j^) 4- — 6* = 0. 

(a;2 -f 2/2 — aa:)2 = -f y2). 

(z — a)2 (x2 4- 2/2) = 62a;2, • 


log(x2 4- 2/2) = 2 a tau"i -• 
X 


56. 25,000,000. 

57. 1,200,000, or 4,800,000. 


2 c 


64. r = 


351 

r = - 

1 - cos ^ 

Straight line. 
Circle. 

Circle. 

2 ce cos 0 


65. r = 


ce2 cos ^ 

— e2 cos2 d 
ce 


66. 2r = 

1 — e cos $ 

72. «/'(()), a,V[/((?)]2+[/'(0)]«. 


1 — C2 COS2 0 

7 $. 




n7w + [7w ^[/(9)]“ + [/'(«)]* 
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Page 352 

74. w Va^ 4 - 62 4 - 2 a6 cos $, 

76. Spiral of Archimedes. 
70. 2a2 

77. Ja2 

78. i7r8a2. 


.79. ±(e»na_l). 

80. I7ra2. 

81. ia2(4~7r). 

82. |7r(a2 4-2 62). 

88 . 8 a. 


Page 362 


1 . 


2 . 


t 

a * 

(8 a — 3 x)^ 
3(2a-x)2 


CHAPTER XVI 


8. 3(axy)^. 

4. \a, a. 


Page 363 

6. f a2, I a2. 

7. 

8 . 0, i. 

a (6 — 4 cos^)^ 
9 — 6 cos^ 


10 . 

11 . 


- a 8in2 - ; greatest value, - a ; 
4 3 4 


least value, 0. 


12 . 


2a2 
3r ’ 


18. ~ sm ~ . 

3 2 

14. = — (X 

27p' 


2p)*. 


16. 


a Vo^ 


18. (X 4“ + (X - y)^ ■ 

21. x2 4- t/2 _ 2/ ~ 0. 


28. Minimum curvature when x = 

V2 


24. Maximum curvature when x = (2 A; 4~ 1) ; 

minimum curvature when x = kir, 

25. Maximum curvature at ends of major axis; 

minimum curvature at ends of minor axis. 


27. 




= 0 . 


as. (2fc + i)J. 

2 


2a§. 
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Abscissa, 36 
Acceleration, 202 

Addition of segments of a straight line, 
32 

Algebraic functions, 43, 121 
differentiation of, 178 
implicit, 188 

Angle between two lines, 67 
between two curves, 211 
eccentric, 304 
vectorial, 329 
Angles, 65 
Arc 

length of, 195 
limit of ratio to chord, 196 
derivatives with respect to, 197, 347 
Archimedes, spiral of, 332 
Area, 204 

of an ellipse, 304 
in polar coordinates, 348 
Asymptote, 128 

of an hyperbola, 146 
Auxiliary circle of ellipse, 304 
Axes 

of an ellipse, 141 
of an hyperbola, 146 
Axis, of symmetry, 121 
of a parabola, 147 
radical, 176 

Bisection of a line, 89 

Cardioid, 337 
Cassini, ovals of, 388 
Catenary, 281 
Center of a conic, 288 


Change of origin without change of 
direction of axes, 217 
of direction of axes without change 
of origin, 221 

from rectangular to oblique axes 
without change of origin, 224 
from rectangular to polar coordi- 
nates, 341 

Chord of contact, 248 
Circle, 134 

through a known point, 136 
tangent to a known line, 136 
with center on known line, 137 
through three known points, 138 
parametric equation of, 808 
involute of, 811 
polar equation of, 342 
of curvature, 864 
Cissoid, 151 
Classes of functions, 43 
Coefficient of an element of a determi- 
nant, 8 

Collinear points, 88 
Complex numbers, 81 

roots of an equation, 82 
Components of velocity, 200 
Concavity of a curve, 112 
Conchoid, 334 
Conic, 148, 229 

classification, 287 
through five points, 241 
polar equation, 343 
Conjugate complex numbers, 82 
axis of an hyperbola, 146 
diameters, 258 
hyperbolas, 202 


881 
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INDEX 


Constant, 40 

of integration, 206 
Contact, point of, 106 
chord of, 248 
Continuity, 101 
Coordinate axes, 36 
change of, 217 
Coordinates 

rectangular, 35 
transformation of, 217 
oblique, 223 
Cartesian, 224 
polar, 329 

relation between rectangular and 
polar, 341 
Curvature, 353 

radius of, 354, 300, 361 
circle of, 354 
center of, 356 

Curve, Cartesian equation of, 44 
slope of, 99 
degree of, 160 

parametric equations of, 302 
polar equation of, 330 
Curves, intersection of, 161 
Curves of second degree, 229 
Cycloid, 306 

Degree of a curve, 166 
Depressed equation, 79 
Derivative, 102 

of a polynomial, 97, 103 
sign of, 106, 111 
second, 110 
higher. 111, 187 
theorems on, 179 
of M”, 185 

illustrations of, 203 
with respect to an arc, 196, 347 
Descartes’ rule of signs, 87 
folium of, 132 
Determinants, 1 
elements of, 4 
minors of, 4 
properties of, 6 
expansion of, 8 


Diameters, of a conic, 262 
of a parabola, 254 
of an ellipse, 266 
of an hyperbola, 257 
conjugate, 268 
Differentiation, 102 

of a polynomial, 103 
of algebraic functions, 178 
successive, 187 
of implicit functions, 188 
Differentiation, formulas of 
for a polynomial, 103 
general, 184 
for w", 185 

for trigonometric functions, 272 
for inverse trigonometric func- 
tions, 276 

for exponential functions, 284 
for logarithmic functions, 284 
for hyperbolic functions, 290 
for inverse hyperbolic functions, 
291 

Direction of a curve, 197 
in polar coordinates, 345 
Directrix 

of a parabola, 146 
of a conic, 148 
of an ellipse, 140 
of an hyperbola, 149 
Discontinuity, 101 

examples of, 41, 128, 268, 282 
Discriminant, 117 

of a quadratic equation, 73, 117 
of a cubic equation, 114, 117 
of the general equation of the sec- 
ond degree, 236 

Distance between two points, 36 

of a point from a straight line, 63 

c, the number, 280 
Eccentric angle of ellipse, 304 
Eccentricity of a conic, 148 
Elasticity, 204 

Elements of a determinant, 4 
Eliminants, 23 
Elimination, 1 
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Ellipse, 139 

referred to conjugate diameters as 
axes, 269 

parametric representation of, 303 
Energy, kinetic, 203 
Epicycloid, 307 
Epi trochoid, 309 
Equation in one variable 
solution by factoring, 77 
with given roots, 70 
depressed, 79 
number of roots of, 80 
sum and product of roots of, 82 
complex roots of, 82 
solution of, 89 

Newton’s method of solution of, 
114 

multiple roots of, 116 
resultant, 101 
Equation of a curve, 44 
Equations in several variables, 
linear, 1 
systems of, 12 
homogeneous, 21 
Equations in two variables 
of first degree, 62 
of second degree, 229 
Equations, transcendental, 293 
Evolute, 367 

Expansion of a determinant, 8 
coefficient of, 204 
Explicit algebraic function, 188 
Exponential functions, 270 
differentiation of, 284 

Factoring, solution of equations by, 77 
of quadratic expressions, 79 
Factors and roots of an equation, 78 
of a polynomial, 81, 83 
Foci of an ellipse, 139 
of an hyperbola, 142 
Focus of a parabola, 146 
of a conic, 148 
Folium of Descartes, 132 
Force, 202 , 

Function, 40 


Functional notation, 44 
Functions, classes of, 43 
algebraic, 43, 121 
irrational, 44, 131 
transcendental, 44, 266 
defined by equations of the second 
degree, 127 

involving fractions, 128 
trigonometric, 266 
inverse trigonometric, 269 
exponential, 279 
logarithmic, 279 
hyperbolic, 288 
inverse hyperbolic, 291 

Graph, 40 

Graphical representation, 28 

Harmonic property of polars, 249 
division of a line, 250 
motion, 276 

Homogeneous equations, 21 
Horner’s method, 92 
Hyperbola, 142 
equilateral, 146 

referred to asymptotes as axes, 224 
referred to conjugate diameters as 
axes, 269 
conjugate, 262 
Hyperbolic functions, 288 
inverse, 291 

differentiation of, 290, 292 
Hyperbolic spiral, 332 
Hypocycloid, 309 
four-cusped, 132 
Hypotrochoid, 309 

Imaginary numbers 
(see Number, Complex) 

Implicit algebraic function, 188 

Increment, 100 

Infinity, 29, 128 

Inflection, points of, 112, 194 

Initial line, 329 

Integration, 206 

Intercepts, 53 
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INDEX 


Interchange of axes, 223 
Intersection of curves, 161 
number of points of, 169 
Involute, 367 
of circle, 311 
Irrational number, 28 

algebraic functions, 44, 131 
roots of an equation, 92, 114 
Isolated point, 126 

Kinetic energy, 203 


Latus rectum, 211 

Limit of ratio of arc to chord, 106 

. sin A . 1 — cos h __ _ 

of and , 270 

h h 


of (1 4- and 


283 


Limiting cases of a conic, 234 
Limits, 97 

theorems on, 178 
Locus, 46 

Locus problems, 316 
Logarithm, Napierian, 280 
Logarithmic function, 279 
differentiation of, 284 
spiral, 333 
Lemniscate, 340 
Lima^on, 336 


Maxima and minima, 108, 112, 192 
Minors of a determinant, 4 
Momentum, 203 
Motion, uniform. 199 
harmonic, 276 

Multiple roots of an equation, 116 


Napierian logarithm, 280 
Newton’s method of solving numerical 
equations, 114 
Normal, 64, 191 

Normal equation of straight line, 64 
Number, real, 28 
complex, 31 

Oblique coordinates, 228 


Ordinate, 36 
Ovals of Cassini, 388 

Parabola, 146 

referred to tangent at ends of 
latus rectum, 132 
referred to a diameter and a tan- 
gent as axes, 265 
cubical, 74 
semi-cubical, 131 
Parallel lines, 66, 69 
Parametric representation of curves, 
302 

Pedal curves, 319 
Perpendicular lines, 67, 69 
Plotting, 36, 329 
Point of division, 38 
Polar of a point, 247 
Polar coordinates, 329 
Polars, reciprocal, 261 
Pole of a straight line, 247 

of a system of polar coordinates, 
329 

Polynomial, 43 

of first degree, 50 
of second degree, 70 
of nth degree, 74 
factors of, 81, 83 
derivative of, 97 
square root of, 121 
Problems on straight lines, 68 
Products, graphs of, 83 
Projection, 34 

Radical axis, 176 
Radius vector, 329 

of curvature, 364, 360, 361 
Rate of change, 203 
Rational algebraic function, 43 
number, 28 
roots, 89 

Reciprocal polars, 261 
Resultant, 28 
equation, 161 
Roots of an equation 
and factors, 78 
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Root» of an equation 
number of, 80 
sum and product of, 82 
complex, 82 
location of, 86 
rational, 89 
irrational, 92, 114 
multiple, 116 
Rose of three leaves, 331 
Rotation of axes, 221 

Slope of a straight line, 54 
of a curve, 99 
Solution 

of simultaneous equations, 12 
of algebraic equations, 77, 89, 114 
of transcendental equations, 293 
Spiral 

of Archimedes, 332 
hyperbolic, 332 
logarithmic, 333 
Straight line, 60 

satisfying two conditions, 58 
normal equation of, 64 
parametric equations of, 302 
polar equation of, 342 
Strophoid, 162 
Subnormal, 210 
polar, 361 
Sub tangent, 210 
polar, 361 

Supplemental chords, 264 
Sylvester’s method of elimination, 24 
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Systems of curves with common points 
of intersection, 171 

Tangent, 73, 84, 104, 190 

to a conic with given slope, 163 
to a conic at a given point, 246 
Tractrix, 299 

Transcendental functions, 44, 266 
equations, 293 

Transformation of coordinates, 217, 
341 

Transverse axis of hyperbola, 146 
Trigonometric functions, 266 
differentiation of, 272 
inverse, 269 

differentiation of, 276 
Trochoid, 806 

Turning points of a graph, 107 

Variable, 40 
Variation of sign, 87 
Vector, radius, 329 
Vectorial angle, 329 
Velocity, 198 

components of, 200 
Vertex, 71 

of a parabola, 147 
Vertices 

of an ellipse, 141 
of an hyperbola, 144 

Witch, 149 

Zero, 29 











